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Print nat.
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Inductive nat := 0 : nat | S: nat -> nat.
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Inductive nat :=
| 0: nat
| S (n: nat): nat.
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Fixpoint add (n m: nat): nat :
match n with
| 0 =>m
| Sn' =>8S (add n' m)

end.
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Theorem add_comm:

forall n m, add n m = add m n.
Proof.

intros.

induction n; simpl.
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Abort.
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Lemma add_O_r: forall n, add n 0 = n.
Proof.

intros.

induction n; simpl.

+ reflexivity.

+ rewrite IHn.

reflexivity.

Qed.
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Theorem add_comm: forall n m,
add n m = add m n.
Proof.
intros.
induction n; simpl.
+ rewrite add_O_r.
reflexivity.
+ (ox ARSBEFEEHAAT _[add (S n) m = add m (S n)]_, TR _[add] B = X,
[add (S n) m =8 (add n m)]_. AN, R FELILHG E
_f[add m (S n) =8 (add m n)]_, HATLUHEFHEHE _[add n m = add m n] _# HE
B E BT o *)
Abort.
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Lemma add_succ_r: forall n m,

add n (S m) =S (add n m).
Proof.

intros.

induction n; simpl.

+ reflexivity.

+ rewrite IHn.

reflexivity.

Qed.
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Theorem add_comm: forall n m,
add n m = add m n.
Proof.
intros.
induction n; simpl.
+ rewrite add_O_r.
reflexivity.
+ rewrite add_succ_r.
rewrite IHn.
reflexivity.

Qed.
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Fixpoint mul (n m: nat): nat :=
match n with
| 0=>0
| S p=>add m (mul p m)

end.
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Theorem add_assoc:
forall n m p, add n (add m p) = add (add n m) p.

Theorem add_cancel_1:

forall nm p, add pn = add pm <->n = m.

Theorem add_cancel_r:

forall n m p, add n p = add m p <-> n = m.

Lemma mul_O_r: forall n, mul n 0 = 0.

Lemma mul_succ_r:

forall n m, mul n (S m) = add (mul n m) n.

Theorem mul_comm:

forall nm, mul n m = mul m n.

Theorem mul_add_distr_r:

forall n m p, mul (add n m) p = add (mul n p) (mul m p).

Theorem mul_add_distr_1:

forall n m p, mul n (add m p) = add (mul n m) (mul n p).

Theorem mul_assoc:

forall n m p, mul n (mul m p) = mul (mul n m) p.

Theorem mul_1_1: forall n, mul (S 0) n = n.

Theorem mul_1_r: forall n, mul n (S 0) = n.
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Fixpoint iter {A: Type} (n: nat) (f: A -> A) (x: A): A :=
match n with

| 0 =>x

| Sn' =>f (iter n' f x)
end.
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Theorem iter_S:

forall {A: Type} (n: nat) (f: A -> A) (x: A),
Nat.iter n £ (f x) =

Nat.iter (S n) f x.
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Proof.
intros.
induction n; simpl.
+ reflexivity.
+ rewrite IHn; simpl.

reflexivity.
Qed.
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Theorem iter_add:

forall {A: Type} (n m: nat) (f: A -> A) (x: A),
Nat.iter (n + m) f x

Nat.iter n f (Nat.iter m f x).
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Theorem iter_mul:

forall {A: Type} (n m: nat) (f: A -> A) (x: A),
Nat.iter (n * m) f x
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Nat.iter n (Nat.iter m f) x.
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Fixpoint div2 (n: nat): nat

match n with

| 0=>0
| S n' => match n' with
| 0=>0

| Sn'' => 8 (div2 n'")
end
end .
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Lemma div2_succ_succ: forall n, Nat.div2 (S (S n)) = S (Nat.div2 n).

Proof. intros. simpl. reflexivity. Qed.
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Theorem div2_double: forall n, Nat.div2 (2 * n) = n.
Proof.
intros.
induction n.
+ (e EESBEFERANEHA _[Nat.div2 (2 * 0) = 0]_, XEBRH . %)
simpl.
reflexivity.
+ (ox PR/ RFERANIEN _[Nat.div2 (2 * S n) =S nl_, RMNTUETERK L &
2% (Sn) =2x*n+2=2+2%n-=2S8 (S (2% n))
ATE T RATE —F N E _(Nat.div2] _ W HHER, SFERABEREK.
rewrite Nat.mul_succ_r.
rewrite Nat.add_comm.
unfold Nat.add.
Gex I, HATR FAEP _[Nat.div2 (S (S (2 * n))) = S nl_7 %)
rewrite div2_succ_succ.
rewrite IHn.
reflexivity.

Qed.
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Theorem div2_succ_double: forall n, Nat.div2 (S (2 * n)) = n.
(+ EHENLCoqBERD ., *)
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Theorem double_div2:
forall n,
2 * Nat.div2 n = n \/
S (2 * Nat.div2 n) = n.
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2 * Nat.div2 n = n \/
S (2 * Nat.div2 n) = n
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2 * Nat.div2 (S n) = n \/
S (2 * Nat.div2 (S n)) =n
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Proof.
intros.
(v BEBXAEAMBEH & A, X7 UEL _[assert] _FH4A T K .
MBEWH A AEAT UEE R4 A, XFLUEL_ [tauto]l _FHA T K. *)
assert ((2 * Nat.div2 n = n \/
S (2 * Nat.div2 n) n) /\
(2 * Nat.div2 (S n) S n \/
S (2 * Nat.div2 (S n)) = S n)); [l tauto].

induction n.
+ o XEALAXEWEESE, CFEXKMNEARS ALK . %)
split; simpl.
- left.
reflexivity.
- right.
reflexivity.
+ (o XELAXEWANSR, HELNAEAF DR LN AHBERE A LA, EHE_[tauto] KM . %)
split; [tauto |[].
G HTHRMNAFEH _[]_#_[S (Sm)]_, FIUKMAKETLXFHBEZ _[IHn] _W £
Fa, HELEHMEA . %)
destruct IHn as [IHn _].
(e Ehb, KMNARFEHFTHERBR
2 * Nat.div2 n = n \/
S (2 * Nat.div2 n) = n
WEEA T E & ® B .
2 * Nat.div2 (S (S n)) =85 (S n) \/
S (2 * Nat.div2 (S (S mn))) =S (S n)o
EAATEREENT % T K
2 * Nat.div2 (S (S n)) =
2 x (S (Nat.div2 n)) =
S (S (2 x (Nat.div2 n)) *)
simpl Nat.div2.
rewrite Nat.mul_succ_r, Nat.add_comm.

unfold Nat.add.
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S (S8 (2 * Nat.div2 n)) =S (S n) \/
S (S (S (2 * Nat.div2 n))) = S (S n) *)
destruct IHn as [IHn | IHn].
- left.
Gk W RPHBENE - NATFARL, HL2ERFTELREE-—ANAFHRL,
IHn: 2 * Nat.div2 n = n
# W
S (S (2 * Nat.div2 n)) =S (S n) x*)
rewrite IHn.
reflexivity.
- right.
(o WRPFTHBERNE - AFARL, HLrEhFPELEFS A FHRT,
IHn: S (2 * Nat.div2 n) = n
1
S (8 (S (2 * Nat.div2 n))) = S (S n) *)
rewrite IHn.
reflexivity.

Qed.
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Theorem double_div2':
forall n, Nat.div2 n + Nat.div2 (S n) = n.
(+ EEMAENRHIER, U_[Qedl _E XK. *)
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