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Lemma and_intro: forall A B: Prop, A -> B -> A /\ B.
Proof.

intros A B HA HB.

G o0, FEIEHANLELE _[A /\ Bl_ %)

split.
+ (k. BN XWFIEA LR _[A]_ *)
apply HA.

(#x FEH _[apply] #HAXTELHFERN SR, XFEA - FLELELLLHB
RE K E . *)
+ (ex F AL R AFIE A 4R & _[B]_ )
apply HB.
Qed.

IR AT — AT R R “ R PO H R 27 B, BATTATAE Coq HH ] [destruct 1
R AR BN o

Lemma projl: forall P Q: Prop,

P /\Q ->P.
Proof.
intros.
Gex oA, SREHEFRA — AR
- H: P /\ Q %)

destruct H as [HP HQJ].
(x* e, HEIEEH B &FH A A R

- HP: P
- HQ: Q *)
apply HP.

Qed.

TiAh destruce R WATLIAELTT G IATIRNA T, Coq = HBN @4 .

Lemma proj2: forall P Q: Prop,
P/\NQ —> Q.
Proof.
intros.
destruct H.
(x+ /5, LAIEHEFHH AR
- H: P
- HO: Q *)
apply HO.
Qed.

ARSI T, #A A KRR, BATHBET BN sprie 50, LHEMH] destruce 152



Theorem and_comm: forall P Q: Prop,
P/\NQ ->Q /\ P.
Proof.
intros.
destruct H as [HP HQJ].
split.
+ apply HQ.
+ apply HP.
Qed.

Coq IERABIAR 1. apply #8%. WRFFUEHSEILS A AT E0E @ B2 A0 F ) drd, 4 mt v LUH
apply TH2 TEHGIER] . AR AT IR BUE B b B S BN MERR B 1], appry WLRESERGEN] . BTN, TR =
5851053 59T 18 A S

H: forall x: Z, x < x + 1

Zib:u+ 1< (u+1) +1

apply H EZ%‘ apply (H (u + 1) %Kﬂu%ﬁiﬂ%o Bﬁ“ﬂﬂiZﬁl‘, apply Tﬁé\ﬂ‘ﬂu%fiﬁﬂ%ﬂ%ﬁfiqj@@*
BB IS B L . 10T, Z.mul_nonneg nomneg X 2% Coq itk e F I i BE U3 1) 2

forall nm, 0 <=n -> 0<=m->0<=n *m
T2, WERZNE o <=5« HUATLUEH T HIMIEHIESZ —:

apply Z.mul_nonneg_nonneg
apply (Z.mul_nonneg_nonneg 5)

apply (Z.mul_nonneg_nonneg 5 n)

EANTRRCR AR L ANEY HARTF 2P 2 3IEY] 0 <=8 5 (0 <= n XML, 0] LU IEY]

e
apply (Z.mul_nonneg_nonneg 5 n ltac:(lia))
XEERGRHBINLIN 0 <= E AT .

SR 1. BEAMEA] taute F5MIENL ML T4

Theorem and_assocl: forall P Q R: Prop,
P/\ (Q /\R) -> (P /\ Q /\R.
(x HELAENRWIER, U_[Qedl _£E XK. *)

Theorem and_assoc2: forall P Q R: Prop,
(P /\NQ /\R ->P /\ (Q /\ R).
(x EAEBAEANRHWIER, _[Qedl _ XK. *)
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Fact or_example:
forall P Q R: Prop, (P -> R) -> (Q -> R) -> (P \/ Q -> R).
Proof.
intros.
(x* ¥4 F, CoqiE B H &2 o /1 = AN AT 4% -
- H: P ->R
- HO: Q -> R
- Hi: P \/ Q
FFAEBH %6 & _[R]1_. T @ H _[destruct] _# A 4 _[H11_4 Kit#h . =%
destruct H1 as [HP | HQJ.
+ Gk MR, _[PI_ I (F4E_[HP]_D %)
pose proof H HP.
apply H1.
+ v F AW, _[Q1_x (E4E_[HQI_D *)
pose proof HO HQ.
apply H1.
Qed.

FHAH, WEREE — 208 a v/ 8 ESIREHE, RAOTMATFEIEY & 5 8 W& Z— ALt P
To fE Coq FIIHELZ: 1ett 5 rigne o BN, T ZIEREA M EIH]T .

Lemma or_introl: forall A B: Prop, A -> A \/ B.
Proof.
intros.
(ex EER, EIUEHAMNELE _[A \/ Bl_. %)
left.
(e EELZME, ZIEANELZ _[AI_. *)
apply H.
Qed.

N I A

Lemma or_intror: forall A B: Prop, B -> A \/ B.
Proof.
intros.
(e R, ZIEFAWLE L Z _[A\/ Bl_. *)
right.
v HEAME, ZIUEHBE L _[BI_. *)
apply H.
Qed.

SRR 2. BEAAER] taute FEAMIEDL NIEM R4,

Theorem or_comm: forall P Q: Prop,
P\/Q ->Q\/P.
(x HAENLALENREIER, U_[Qedl_&E XK. *)

SRR 3. TBEAEH] taute F5HIEDL MM T4 1.

Theorem or_assocl: forall P Q R: Prop,
P \/ (@ \/ R) -> (P \/ Q) \/R.
(x BHENLLENREIER, L_[Qedl_&E XK. *)



Theorem or_assoc2: forall P Q R: Prop,
(P\/ Q@ \/ R ->P\/ (Q\/ R).
(x FEELAENRWIER, U_[Qedl _E XK. *)
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Theorem iff_refl: forall P: Prop, P <-> P.
Proof.
intros.
(% RITH, RILHEE AR _[P <-> PI_ %)
unfold iff.
(x BTG, HILHMEFEZ _[(P -> P) /\ (P -> P)]_ %)
split.
+ Gx B A XFEIUEHE_[P -> P]_ *)
intros.
apply H.
+ (k% BEZANHDXHFRILHA_IP -> P1_ %)
intros.
apply H.
Qed.

Coq Hjﬁ:ﬁﬁ?mﬁﬂ‘ “i—/lﬂai—/l” E@fE’)‘(EﬂLﬁjﬂiﬂq split Ei destruct TE%I&EWE@%

Theorem and_dup: forall P: Prop, P /\ P <-> P.
Proof.
intros.
(+ HFow, FIEABNEFE_P /\ P <> PI_ %)
split.
+ (x Fioa, FASXFEZIEHA_P /NP -> PI_ %)
intros.
destruct H.
apply H.
+ (kx o, EASXFEILH_[P -> P /\ P1_ %)
intros.
split.
- apply H.
- apply H.
Qed.

Theorem iff_imply: forall P Q: Prop, (P <-> Q) -> (P -> Q).
Proof.
intros P Q H.
(* #4J5, B4R _H]_E& H_[P <-> Q1_ %)
destruct H.
(* ks, REIFAFNRE:
- H: P ->Q
- HO: Q -> P %)
apply H.
Qed.



SRR 4. TBEANMER] taute FEMIELL ML T4,

Theorem or_dup: forall P: Prop, P \/ P <-> P.
(+ EEMAENRWIER, U_[Qedl _E XK. *)
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Coq IEFABIA 2. left #5895 right 8<%, WRFHENSIRAA p v/ o KIEX, B4 1ee ATLLRIZ
GRMZIN p , (rigne AT RLRIZESIBAN @ .

Coq JERARIZAR 3. #RLZEEIERAHRY split 3§84, WRFHEWHLSERESR » A o BIER, A spric 7]
PB4 BTE B H A L2 A AN B 8 S AR B H br, eATRIRTIR S EAE W H AR BRI AR R, e 4518 43
ANr 5o

Coq MERREIA 4. @RRIBHIERAAY destruct 8%, WIERIFHR AT ¢ BAEX » Ao BEGEA
P\/Q » WTFTDIEH destruce 1 F54. 4w BAERK p A q B, ZIESSHICATIR S MAETE »
Ha . 4a BAENA pva B, RS YANEH BARZ AW ANER Hir, HP— MK o« g
Mo e, I NERETEE B 2508 e .

Coq FCYFH FEH] destruct ... as ... 82X destruct B RIFIHTATIRFAIE Mm% . Bl m EHHE
A P A Q B, destruct H as [H1 m2l T 2WEAR AT I ANIE B A2 :

H1: P

H2: Q

XY w BAER p /o B, destruct H as it | B2 THAWATUUH TFahinf. 5 intros 2R
E—HE, UTERX destruct 5K —H o Faam A M 7 —H o Bad & e, rTRUER RS 2 RRI
WEREH Coq HEIM AN T .

Coq FeVFHH 2 0 2 AN HTHE A 0T destruct 84,91 W1 destruct H, Ho HEFR NG destruce B Ff destruct HO
. Coq WRFH FE—% destruct 82X destruct HI%E R HE— Do alt— 2 o Rkihie, HAKRTE
B /)R, TFEMHA destruct ... as ... FEAMMCEARULI. Blun, X a HAER

@ /ANQ /N R/ S

lﬁ‘, destruct H as [? [? ?7]] TE‘/%%H% H éj\ﬁﬁj"j P/AQ ~ R 5 S ﬁlﬁ destruct H as [[? 7] 7] TE{/%%H% H
SRERN R o 5 rAs o HiAh X IREH” 5 Y8 KRS KR AT UEERE, Bl % s
HARA

P/ANQD\NR

i, FTLAMEH] destruct o as Ciwp Q) | #R] 4 1E X IEIF I A RIS A — AN 70 SRR 1) 70 SO AT it —

Ry

Coq ﬁEHHHH]ZK 5. g])\*ﬁﬁ- ﬁﬁﬁaﬁ:ﬁ\éﬁ, destruct ... as ... Eé‘ﬂﬂ*ﬁ(‘ﬁ%ﬁﬁ%?ﬁ\ﬁ‘]ﬁﬂﬂjﬁ%
PR, X 7T, as ZJRMIZMBON “ I Gintro-pattern). AN 25 H AT KK
JURRGI AR 2

(] ﬁ‘Xﬂ‘ “ #E” E‘ éﬁ@?ﬁ:% [intro_patternl intro_pattern2] ;
(] %’I‘Xﬁ “EE” Eméj\%iﬂ‘i/t\‘ [intro_patternl | intro_pattern2] ;

o WOIAKAT, Bl w



o ®ontl Coq RGABNMAMIT 2 ;
o RORELEFHIEGRNTRLZL

B 7 destruct 8224, intros 845 pose proof 84 tHAT LT 5l AL, 7E 58 U5 A TR it LAt
AT — IR destruct. WU, intros [H1 H2] [H3 | H3] AHH THKIRIUAT:

intros H1 H2
destruct H1 as [H1 H2]

destruct H3 as [H3 | H3]

ﬁﬁ pose proof H x y as [H1 H2] *a%%{&b}(j’}m’?ﬁ“

pose proof H x y as H1

destruct H1 as [H1 H2] o
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Theorem modus_ponens: forall P Q: Prop,
P/\N (P ->0Q) ->Q.
(¢ FHELBALENREIER, M_[Qed]l £ XK. *)

S 6. iH{E Coq HIEN] “IFH” X “8” B

Theorem and_or_distr_1: forall P Q R: Prop,
P /\ (Q \/ R) <>P /\Q \/ P /\R.
(x FEEMAENRHWIER, U_[Qedl _E XK. *)

SR 7. WHAE Coq HHEN] “B” Xt “IFH” BB

Theorem or_and_distr_1: forall P Q R: Prop,
P \/ (@ /\ R) <=> (P \/ Q) /\ (P \/ R).
(x BHENLLENREIER, U_[Qedl_&E XK. *)

S 8. THAE Coq HHEH] “IFH” X “” AR,

Theorem and_or_absorb: forall P Q: Prop,
P /\ (P \/ Q) <> P.
(x FEBAEANRWIER, U_[Qedl _F XK. *)

SR 9. IHAE Coq HHEW] “B” Xt “IFH” AN

Theorem or_and_absorb: forall P Q: Prop,
P \/ (P /\ Q) <-> P.
(v HAENALENREIER, U_[Qedl_&F XK. *)



3@t 10. IH{E Coq FHER] “If H” BELRFFIZHFME .

Theorem and_congr: forall P1 Q1 P2 Q2: Prop,
(P1 <-> P2) ->
(Q1 <-> Q2) ->
(P1 /\ Q1 <-> P2 /\ Q2).

(v HEWLAEANREIER, MU _[Qedl _#EX. *)

SRR 11. i§(E Coq FIEM] “B” REfRFFIZIESENE.

Theorem or_congr: forall P1 Q1 P2 Q2: Prop,
(P1 <-> P2) ->
(Q1 <-> Q2) ->
(P1 \/ Q1 <-> P2 \/ Q2).

(v HERLENKREIER, MU _[Qed]l XK. *)

SRR 12, iF(E Coq FIEM] “B” REfRFFIZIHSEM1E.

Theorem imply_congr: forall P1 Q1 P2 Q2: Prop,
(P1 <-> P2) ->
Q1 <-> Q2) ->
((P1 -> Q1) <-> (P2 -> Q2)).

(v FERKLENKREIER, M_[Qed]l XK. *)

SR 13. WEAE Coq HHEW] “FFH” 5 “WPR-IBA” ZIAKKR. R BEMNATLMEH lassere $841IE
W B

Theorem and_imply: forall P Q R: Prop,
(P /\Q ->R) <-> (P -> Q -> R).
(x FEELAENRHWIER, U_[Qedl _E XK. *)

S8 14. TE Coq ) “H” 5 “HIR A" ZIMIHE R, $omk: LT LM assere 154 ]
FREE R -

Theorem or_imply: forall P Q R: Prop,
(P \/ Q ->R) <-> (P ->R) /\ (Q -> R).
(x HELAEANRWIER, U_[Qedl _ XK. *)

AREZJFHABRTRENART YRR “AHAE” 5 B BRERTT I, RS e fUE B i AR
P R dim R A (R A o RAEAE ] BT A AR S FE 77 3, B4 [eauee FH4 0 IR AN TR A
tauto TE/Q"\O
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MEHEMZE RN : “FE—A x 5.7 AT UM lexists FEHIFTEMA = MEFAFZIER KL,

Lemma four_is_even: exists n, 4 = n + n.

Proof. exists 2. lia. Qed.



S]@ 15.

Lemma six_is_not_prime: exists n, 2 <= n < 6 /\ exists q, n * q = 6.

(v FERKRLENKREIER, MU_[Qed]l £ XK. *)

MEAIRIE N “AFAE—A = 7.7, BATTEMER Coq T [aestruce THAHEATIER . X —IEW]HR
DMBTHEAE T RS E DN = o

Theorem dist_exists_and: forall (X: Type) (P Q: X -> Prop),

(exists x, P x /\ Q x) -> (exists x, P x) /\ (exists x, Q x).

Proof.

intros.

destruct H as [x [HP HQ]].

Gex #f 4 J5 B RT3 O -

- HP: P x
- HQ: Q x *)

split.

+ (xx BN X FEIEH: _[exists x0: X, P x0]_, XECoqRA BEF M EBLFTREEN
_[exists x]1_# 7T &4 £, ¥_[xI_K AT _[x0]_# % 5 _ [destruct]l _H#4AF 4K
_Ix1I_E L. %)

exists x.
apply HP.
+ (k% B AN XFEIEWH: _[exists x0: X, @ x0]_. *)
exists x.
apply HQ.
Qed.

M ETHEB AT LA H, Coq H AT LAME 5] AR — N AR ar iR 40, FF H S ARG A IREE A .
SIRR 16. 154E Coq FUFRA I -

Theorem exists_exists: forall (X Y: Type) (P: X -> Y -> Prop),
(exists x y, P x y) <-> (exists y x, P x y).
(¢ FELBALENREIER, M _[Qed]l £ XK. *)

6 XT “E=" HVIEPA

T, 5 A7 B ERELZ “ER7, B Coq T forann o HSLHATELAE Coq FHEM
TWERT forann WL 5 WAVIE T2 AR pose proot 154 NHIZ—MEHKIF] T



Example forall_exl: forall (X: Type) (P Q R: X -> Prop),
(forall x: X, P x -> Q@ x -> R x) ->
(forall x: X, P x /\ Q@ x -> R x).

Proof.
intros X P Q R H x [HP HQ].

G+ AEWIEHARE T H=ANRR:

- HP: P x

- HQ: Q x

- H: forall x: X, P x -> Q x -> R x %)
pose proof H x HP HQ.
(¢ A EWIEHIE FH TR :

- HP: P x
- HQ: Q x
- H: forall x: X, Px -> Q x -> R x
- HO: R x *)
apply HO.

Qed.

A I AEUE PR H AR DR F A ) o 5 20— R A R HE W B AR ) o X AT DUE I revers $E4
%ﬁio %%'#%XJ:%’ revert TE'/Q’\IEI% intros Tlé/v\ﬂgfiﬁéfﬁo

Example forall_exl_alter_proof: forall (X: Type) (P Q R: X -> Prop),
(forall x: X, Px -> Q x -> R x) ->
(forall x: X, P x /\ Q x -> R x).
Proof.
intros X P Q R H x [HP HQ].
Gex FLEBIEH AR F 8 = w R
- HP: P x
- HQ: Q x
- H: forall x: X, P x -> Q x -> R x
Bl B4 4: R x )
revert x HP HQ.
(¥ HEilrevertif A HP. HQGx M AWM B FHBER T, MERMEH T -
forall x: X, P x -> Q x -> R x *)
apply H.
Qed.

AW, AT B R B — DMBARIETSE, A & ZEE A E R, SR QR EETE pose
proof 154 Ja M % 5 an i, REVE AL B AR NI . XA UE Coq HHY specialize 54 SEHL

Example forall_ex2: forall (X: Type) (P Q R: X -> Prop),
(forall x: X, Px /\ Q x -> R x) ->
(forall x: X, P x -> Q@ x -> R x).

Proof.
intros X P Q R H x HP HQ.

e FEBIEWAE F 8 =8 R

- HP: P x

- HQ: Q x

- H: forall x: X, P x -> Q x -> R x %)
specialize (H x ltac:(tauto)).
(o FAEWIEATR KT LERA = MEE

- HP: P x

- HQ: Q x

- H: R x %)
apply H.

Qed.

f£ EHERIF, specialize 382 I BCH A BGH I RTIR, 2L EAKRTR & SO THRMLER Rx » i
B2, ARG % 7. £ Coq MEMIH, FRATATLLRGEMA Coq ALK B ALIEWIHE S, Flan,



FERTER A, AVER taueo F52KKEA TUERH . RETRATHFABLE —FFIEMMAEH  taueo ELHETEHUIE
W, BN

forall a: A, Pa /\Q a
forall a: A, P a

forall a: A, Q a

XA A R AR IR AR AN REA DU I fr I R HE S 2, W0 E T BIMARR T forann AP

Theorem forall_and: forall (A: Type) (P Q: A -> Prop),
(forall a: A, P a /\ Q a) <-> (forall a: A, P a) /\ (forall a: A, Q a).
Proof.
intros.
split. (% X _[<->I1_# 4 . *)
+ intros.
split. Ckx 4 _[/\I_#f 4 . *)
- (x X XWIEWHE AR
- H: forall a: A, P a /\ Q a
- % : forall a: A, P a., *)
intros a.
specialize (H a).
Gex 6B IE B B AT oF B9 R R R 4 N -
-H: Pa/\Qa
- %#%: P a
B b3t 7T LA _[tauto]l _ T REAKIEAT , AAANSL X ELEEM. *)
tauto.
- (x X — 2 XWIEH B AT R
- H: forall a: A, P a /\ Q a
- £ : forall a: A, Q a. *)
intros a.
specialize (H a).
tauto.
+ intros [HP HQJ.
(e X — 4 X WIEH B A2 -
- HP: forall a: A, P a
- HQ: forall a: A, Q a
- %4 : forall a: A, P a /\ Q a. *)
intros a.
specialize (HP a).
specialize (HQ a).
tauto.
Qed.

SIRR 17. V54E Coq HHIERA M -

Theorem forall_forall : forall (X Y: Type) (P: X -> Y -> Prop),
(forall x y, P x y) -> (forall y x, P x y).
(v FEWLAEANREIER, MU_[Qedl _&EX. *)

SIRR 18. 154E Coq FHUFRA T I -

Theorem forall iff : forall (X: Type) (P Q: X -> Prop),
(forall x: X, P x <-> Q x) ->
((forall x: X, P x) <-> (forall x: X, Q x)).

(x HELAENRHWIER, U_[Qedl _E XK. *)
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7 XT “4” EVIEFA

“AE7 R A UZ AR ERGE, T A MR EIEMER: SRS ER. PR, N T EE—
e P, P 5AE P PEEDSH A NH. £ Coq brifEEFHEP AN (crassic , NG ER T4
Coq N FHHEFH T %

Example not_exl: forall nm: Z, n < m \/ ~n < m.
Proof.

intros.

pose proof classic (n < m).

apply H.
Qed.

FEERVKE, M T ESEE P, P 59 P AREHNE. 1£ Coq 1, WERAEMATHE PRI HESH P 53k
Pl EWE S V. XML tauto 5EMGEM .

Example not_ex2: forall P Q: Prop,
P ->~P ->0Q.

Proof. intros. tauto. Qed.

ST A" WL, S 5 0T A BB s E9.

Theorem not_and_iff: forall P Q: Prop,
~ (P /\ Q) <> ~P \/ ~Q.

Proof. intros. tauto. Qed.

Theorem not_or_iff: forall P Q: Prop,
~ (P \/ Q) <> ~P /\ ~ Q.

Proof. intros. tauto. Qed.

Theorem not_imply_iff: forall P Q: Prop,
~ (P ->Q) <->P /\ ~ Q.

Proof. intros. tauto. Qed.

Theorem double_negation_iff: forall P: Prop,
~ ~ P <-> P.

Proof. intros. tauto. Qed.

FEUER] “4F” &I Cexists » forant ) [MISRARNS, AW AIRET ZAEHHEH . FHEIEME, R
AEE A = 15 p x BOL, AR TR = ME, #A - x B W, AR HE, Xt
FR—MREEN = HATHRNE, RRR px BOLIER “px BOL. WREEE, WAEANCETRT
UER]. SRR, WP DA SRR (AMEE—D = 1S 2 x HOL) HIFE

11



Theorem not_exists: forall (X: Type) (P: X -> Prop),
~ (exists x: X, P x) -> (forall x: X, ~ P x).
Proof.
intros.
(kx S BFEYAT# # _[H: ~ exists x, P x]_ *)
pose proof classic (P x) as [HO | HOJ.
+ assert (exists x: X, P x).
{ exists x. apply HO. }
(% LT _[assert] #EWE® Gal# _HI_FHE. *)
tauto.
+ apply HO.
Qed.

NEFHEY, WORIFAEREAS x #WIL px , BABAAE D = T - e x ROL. WATEREFAM
HEPAREAT IR o

Theorem not_forall: forall (X: Type) (P: X -> Prop),

~ (forall x: X, P x) -> (exists x: X, ~ P x).
Proof.
intros.
pose proof classic (exists x: X, ~ P x) as [HO | HOJ.
+ tauto.
+ pose proof not_exists _ _ HO.
assert (forall x: X, P x <-> ~ ~ P x). {
intros.
tauto.
}

pose proof forall_iff _ P (fun x => ~ ~ P x) H2.
tauto.

Qed.
MBI TH 2518, FATEFTLAEY] not_arn KL A FRA .

Corollary not_forall_imply: forall (X: Type) (P Q: X -> Prop),
~ (forall x: X, P x -> Q x) -> (exists x: X, P x /\ ~ Q x).
Proof.
intros.
pose proof not_forall _ _ H.
destruct HO as [x HOJ.
exists x.
pose proof not_imply_iff (P x) (Q x).
tauto.
Qed.
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