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state = var _name — Z
B0, BECRARIA e WAT AT LAY E SN e TERANETFIRE LIE.

[e] : state — Z J&— MRS BV HH) B 5L
[e] (s) FREIER e (ERPERA 5 LHRELER,

BT —GE, v LVS R EARE X
e [n](s)=n
o [2] (s) = s()
o [er +e2] (s) = [er] (s) + [e2] (s)
o [er — e (5) = [ea] (5) — [e2] (s)
o [er#ex] (s) = [ex] (s) * [e2] (s)

Hr s e states
i e AT DU R T LS Coq ARES .

Definition state: Type := var_name -> Z.

Fixpoint eval_expr_int (e: expr_int) (s: state) : Z :

match e with

| EConst n => n

| EVar X => s X

| EAdd el e2 => eval_expr_int el s + eval_expr_int e2 s
| ESub el e2 => eval_expr_int el s - eval_expr_int e2 s
| EMul el e2 => eval_expr_int el s * eval_expr_int e2 s

end.



2 1TRFM
BT REBRARIL IIE SUE X eval_expr_ine » FRATATLLE SCBHCERARIE A Z 18] AT NS IR
ESCEE: PIANRIER e 5 a2 AF A HACH BRI FPIRES LR SRAE S5 RAA A .
eg =ey iff. Vs. [er] (s) = [e2] ()

X% X5 Coq "PERE T X MEHRMRIENX WK —ITR R,

Definition iequiv (el e2: expr_int): Prop :=
forall s, [ e1 1 s =1 e2 1 s.

ZE&“]){%‘E Coq ':P)ﬂ el ~=~ e2 ?%/jf\‘ iequiv el e2 o

3 Coq RELEH: FMNXEK

?ﬁﬁﬁﬁd[]*”ﬁﬁ Coq Uﬂéﬁﬂ%‘é?&‘%ﬁﬂﬂ@iﬁiﬁ(Tiﬁm tree E:X*Héﬁ*ﬁjﬂg"é same_structure o ﬁd[]
iZ_:ﬁEHEJ‘\‘i, same_structure ,E\Aﬁ’ﬁz:i%'l‘i ( same_structure_trans ), %ii; ﬁiﬂ‘]ﬂ\%ﬂﬁ same_structure ZEé#/[\
FEMRR! HEL, —ADTRR =7 R ADEM KRR Y HACY B L T i =M

L E&Té forall a, a = a
o XFHRME: forallab, a=b->b=a
i F?iﬁﬁ forallabc,a=b->b=c->a=c

Coq br#fE EFRHE T B R WHIR AL 1B SN R — 08 X HHE T IR G — 8 AR T rewrite  reflexivity
PR A X FF. P =25FEH A, [Reflexive «  Symmetric 5 |Tramsitive st Coq FrifEFEXTT H . XFRE
LR E o Coq MrEFEILEIX =N EM R T Coq B Class, XfififF Coq BEMEHE Mt — LedF & HIE I
YHFe XHEB XA WA M Lemma X Theorem , MR instance , XK/~ Coq H47E 5 LLE Bt #2
HON [same_structure TEMLHE KR XITFREGALIEA R LT3 FF.

Coq KX =M RFTEAERK, E XL THM KR Equivalence o AL Coq FIEH same_structure & —
MEMRR, UM sprie 82, B “SEMRR” LN “BHRME" “XIRRIE” 5 “AEiEt”.

4 Coq K#&E#Y: Morphism
Coq Pr#EFEAR L T (Proper KR “OREFSEMIME”.

Definition any {A: Type} (a b: A): Prop := True.

#[export] Instance Node_same_structure_morphism:

Proper (same_structure ==>
any ==>
same_structure ==>

same_structure) Node.

JX/I\‘@B’E%?:E}F% Node %Q/I\Efﬁlglﬁy ﬁﬂ%xﬁ;g\:%#/l\%ﬁ{ﬁ same_structure /}E:ﬁ%y XUL/E\:%:/\%QE%Z%(’E
%:/Ej:%’ [EH?X#;H\:%E/I\%%@{& same_structure &jﬁ%’ %Bzﬁ%zﬁ@ﬁ%i‘l—%%%m%{ﬁ same_structure
A FEUEIX — 45100, TESEIT proper [M3E X, METHEIRIT == [13E X, B Coq % T /& respecttul



Proof.
intros.
unfold Proper, respectful.
intros t11 t21 ? nl n2 _ t12 t22 7.
simpl.
tauto.
Qed.

NIANEIUEY] s any 2 DERKR

#[export] Instance any_refl: forall A: Type, Reflexive (Q@any A).
(* IEH ¥ L CoqiR R A . %)

5 1TAFNMEIMER
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#[export] Instance iequiv_refl: Reflexive iequiv.
#[export] Instance iequiv_symm: Symmetric iequiv.
#[export] Instance iequiv_trans: Transitive iequiv.
#[export] Instance iequiv_equiv: Equivalence iequiv.

#[export] Instance EAdd_iequiv_morphism:

Proper (iequiv ==> iequiv ==> iequiv) EAdd.

#[export] Instance ESub_iequiv_morphism:

Proper (iequiv ==> iequiv ==> iequiv) ESub.

#[export] Instance EMul_iequiv_morphism:

Proper (iequiv ==> iequiv ==> iequiv) EMul.

6 EBESFMNXE
Xﬁ%%‘é@ B J:E‘J:fﬁéé/% R » EIU\%)‘(:E?%/% pointwise_relation A R

Definition pointwise_relation
(A: Type) {B: Typel}
(R: B -> B -> Prop)
(f g: A -> B): Prop

forall a: A, R (f a) (g a).

)

74N
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#[export] Instance pointwise_equivalence:

forall {A B: Type} {R: B -> B -> Prop},
Equivalence R ->

Equivalence (pointwise_relation A R).

(* EBH # W CoqiE R A . =)

7t Coq ', HHMES = SEPRE—A Notation, HEEHE XLFN eq - X2—NELEJCIHA,
BN eeq z ?%ﬂ—? CREBAHTE, leeq Qist 29 Kon “EEEFIFRMTE”. ZANFESRRW HE” ARME—
MNEMRR, X —EHE Coq brEEH AL T :

eq_equivalence: forall {A : Typel}, Equivalence (Qeq A)

it —2, PINRAON a - MREL “ENHE & MK AR BAE S BN RAES RAARE " mtm] LU
N IERAKIR

Definition func_equiv (A B: Type):
(A ->B) -> (A -> B) -> Prop :=
pointwise_relation A (@eq B).

&ﬂ]%ﬂﬁ, func_equiv ﬂj*ﬂ'?m*/\ﬁgf}l?@/\c

#[export] Instance func_equiv_equiv:

forall A B, Equivalence (func_equiv A B).
Proof.

intros.

apply pointwise_equivalence.

apply eq_equivalence.
Qed.

B TR DAE SCRR B (B AR R R 2 A, I AT BUSCGRE SRA I B O S S5 4 K &R

Theorem equiv_in_domain:
forall {A B: Type} (f: A -> B) (R: B -> B -> Prop),
Equivalence R ->
Equivalence (fun al a2 => R (f al) (f a2)).
(x IEBH# W CoqiBE R A . =)

7 FIRASHERBEXERIEX
e S A SARIE SRR ST

Definition add_sem (D1 D2: state -> Z) (s: state): Z :
D1 s + D2 s.

Definition sub_sem (D1 D2: state -> Z) (s: state): Z :
D1 s - D2 s.

Definition mul_sem (D1 D2: state -> Z) (s: state): Z :
D1 s * D2 s.

XA B A R IL S TE S 2 T I -



o [er +ex] =add sem([ei], [e2])
o [er — ea] = sub_sem([e1], [ez2])
o [e1 * ex] = mul_sem([e1], [e2])

FTDAIER, 3% =AM SRR U RE DR f7 pR IR 45

#[export] Instance add_sem_congr:

_ ==>

Proper (func_equiv
func_equiv _ _ ==>

func_equiv ) add_sem.

#[export] Instance sub_sem_congr:
Proper (func_equiv _ _ ==>
func_equiv _ _ ==>

func_equiv ) sub_sem.

#[export] Instance mul_sem_congr:

Proper (func_equiv _ ==>

func_equiv _ _ ==>
func_equiv _ _) mul_sem.

FeT BT IZE =AH B e BOE SCRTE SCHT, AT RLE R E U ARIE 4R R 3o

Definition const_sem (n: Z): state -> Z :=

fun s => n.

Definition var_sem (X: var_name): state -> Z :=

fun s => s X.

Fixpoint eval_expr_int (e: expr_int): state -> Z :=

match e with
| EConst n =>

const_sem n
| EVar X =>

var_sem X
| EAdd el e2 =>

add_sem (eval_expr_int el) (eval_expr_int e2)
| ESub el e2 =>

sub_sem (eval_expr_int el) (eval_expr_int e2)
| EMul el e2 =>

mul_sem (eval_expr_int el) (eval_expr_int e2)

end.

I, ATt TT DA B 50RH 25 5K 58 SCRIE AT S M1 P o 50 45 R AC S M B RAIE B AT D S84 AR
PN -

Definition iequiv (el e2: expr_int): Prop :=
(L e1 I == T e2 1)%func.

#[export] Instance iequiv_equiv: Equivalence iequiv.



#[export] Instance EAdd_congr:

Proper (iequiv ==> iequiv ==> iequiv) EAdd.

#[export] Instance ESub_congr:

Proper (iequiv ==> iequiv ==> iequiv) ESub.

#[export] Instance EMul_congr:

Proper (iequiv ==> iequiv ==> iequiv) EMul.

8 ThI/RFTIENHIENX

XTAEEAREZILK e BATHUEEHITE XL [e] Z—MEFREZIHAEMRE, FREEX e £ED
FER IR ERSRES R

[TRUE] (s) = T

[FALSE] (s) = F

o [er < e (s) NEHHALY [ed] (s) < [e2] (s)
o [er&&es] (s) = [e1] (s) and [e2] (s)

[le1] (s) = mot [ex] (s)

7 Coq WA LLAN R & X

Definition true_sem: state -> bool :=

fun s => true.

Definition false_sem: state -> bool :=

fun s => false.

Definition lt_sem (D1 D2: state -> Z):
state -> bool :=
fun s =>
if Z_1t_dec (D1 s) (D2 s)
then true

else false.

Definition and_sem (D1 D2: state -> bool):
state -> bool :=
fun s => andb (D1 s) (D2 s).

Definition not_sem (D: state -> bool):
state -> bool :=

fun s => negb (D s).



Fixpoint eval_expr_bool (e: expr_bool): state -> bool
match e with
| ETrue =>
true_sem
| EFalse =>
false_sem
| ELt el e2 =>
1t_sem (eval_expr_int el) (eval_expr_int e2)
| EAnd el e2 =>
and_sem (eval_expr_bool el) (eval_expr_bool e2)
| ENot el =>
not_sem (eval_expr_bool el)

end.

SEBHERARIL AT AN 8 L —FF, BATEAT U B O 88 52 AT R RIE AT R EE

Definition bequiv (el e2: expr_bool): Prop

([ e1 1 [ e2 1)%func.

?ﬁ%iﬁlﬁz/\%ﬁ')‘(ﬁ¥ 1t_sem -
A IR FEIE AT A IR

and_sem £§ not_sem

#[export] Instance lt_sem_congr:

Proper (func_equiv _ _ ==>
func_equiv _ _ ==>
func_equiv _ _) 1lt_sem.

#[export] Instance and_sem_congr:

Proper (func_equiv ==>

func_equiv ==>

func_equiv ) and_sem.

#[export] Instance not_sem_congr:

Proper (func_equiv _ _ ==> func_equiv _ _) not_sem.

#[export] Instance bequiv_equiv: Equivalence bequiv.

#[export] Instance ELt_congr:

Proper (iequiv ==> iequiv ==> bequiv) ELt.

#[export] Instance EAnd_congr:

Proper (bequiv ==> bequiv ==> bequiv) EAnd.

#[export] Instance ENot_congr:

Proper (bequiv ==> bequiv) ENot.

AE DRFF R UM 55, 7 P R B8O 558 (1 2 I
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