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[TRUE] = state
[FALSE] = &

o s€[er <eo] HEME [er] (s) < [e2] ()
ler&&es] = [er] N [e2]

[le1] = state\ [e1]
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Definition true_sem: state -> Prop := Sets.full.
Definition false_sem: state -> Prop := .

Definition 1lt_sem (D1 D2: state -> Z):
state -> Prop :=
fun s => D1 s < D2 s.

Definition and_sem (D1 D2: state -> Prop):
state -> Prop :=
D1 n D2.

Definition not_sem (D: state -> Prop):
state -> Prop :=

Sets.complement D.

Fixpoint eval_expr_bool (e: expr_bool): state -> Prop :=
match e with
| ETrue =>
true_sem
| EFalse =>
false_sem
| ELt el e2 =>
1t_sem (eval_expr_int el) (eval_expr_int e2)
| EAnd el e2 =>
and_sem (eval_expr_bool el) (eval_expr_bool e2)
| ENot el =>
not_sem (eval_expr_bool el)

end.
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Definition bequiv (el e2: expr_bool): Prop :=

[ e1l==10~e21.
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#[export] Instance lt_sem_congr:

Proper (func_equiv _ _ ==>

func_equiv _ _ ==>

Sets.equiv) 1lt_sem.

#[export] Instance and_sem_congr:
Proper (Sets.equiv ==>
Sets.equiv ==>

Sets.equiv) and_sem.

#[export] Instance not_sem_congr:

Proper (Sets.equiv ==> Sets.equiv) not_sem.
#[export] Instance bequiv_equiv: Equivalence bequiv.

#[export] Instance ELt_congr:

Proper (iequiv ==> iequiv ==> bequiv) ELt.

#[export] Instance EAnd_congr:
Proper (bequiv ==> bequiv ==> bequiv) EAnd.

#[export] Instance ENot_congr:

Proper (bequiv ==> bequiv) ENot.
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(51, 52) € [c] SEACGM s, WATEHITRR ¢ LRSS s ZiE.
2.1 W{EEA

[ =e] ={(s1,52) | s2(x) = [e] (s1),for any y € var_name, if x # y, s1(y) = s2(y)}

2.2 ZTiEA]

[skip] = {(s, s) | s € state}

2.3 RFHITIER
[ers eo] = [er] o [ea] = {(s1,83) | (s1,52) € [ea], (52, 83) € [c2]}



2.4 FHNXEA
E X 1:
[if (e) then {c1} else {co}] = ({(s1,82) | 51 € [e]} N [en] )L
({(s1,52) | s1 ¢ [e]} N [e2])

5E X 2:

[if (e) then {c1} else {ca}]] = test_true([e]) o [e1] L test_false([e]) o [ez]
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test__true([e]) = {(s1,s2) | 51 € [e] , 51 = s2}
test false([e]) = {(s1,s2) | s1 ¢ [e] ,s1 = s2}o

2.5 TRMMEENER)
E X 1
iterLBo([e] , [¢]) = test_ false([e]);
iterLB,, 1 ([e] , [c]) = test_true([e]) o [] o iterLB,.([e] , [¢]);
[while (e) do {c}] = U, oy iterLB, ([e], [c])-
E S 2:
boundedLBy([e] , [¢]) =

boundedLB,, 1 ([e] , [¢]) = test__true([e]) o [¢] o boundedLB,,([e] , [c]) L test_ false([e])
[while (e) do {c}] = U, oy boundedLB,,([e] , [¢])
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Definition asgn_sem
(X: var_name)
(D: state -> Z)
(s1 s2: state): Prop :=
s2 X =D s1 /\ forall Y, X <> Y -> s2 Y = s1 Y.

Definition skip_sem: state -> state -> Prop :=
Rels.id.

Definition seq_sem (D1 D2: state -> state -> Prop):
state -> state -> Prop :=
D1 o D2.

Definition test_true
(D: state -> Prop):
state -> state -> Prop :=
Rels.test D.

Definition test_false
(D: state -> Prop):
state -> state -> Prop :=
Rels.test (Sets.complement D).



Definition if_sem
(DO: state -> Prop)
(D1 D2: state -> state -> Prop):
state -> state -> Prop :=

(test_true DO o D1) U (test_false DO o D2).

Fixpoint iterLB
(DO: state -> Prop)
(D1: state -> state -> Prop)
(n: nat):
state -> state -> Prop :=
match n with
| 0 => test_false DO
| S n0 => test_true DO o D1 o iterLB DO D1 nO

(e FE—F R X F K *)
Definition while_sem
(DO: state -> Prop)
(D1: state -> state -> Prop):
state -> state -> Prop :=
U (iterLB DO D1).

Fixpoint boundedLB
(DO: state -> Prop)
(D1: state -> state -> Prop)
(n: nat):
state -> state -> Prop :=
match n with
| 0 =>
| S n0 =>
(test_true DO o D1 o boundedLB DO D1 n0) uU
(test_false DO)

end.
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Definition while_sem
(DO: state -> Prop)
(D1: state -> state -> Prop):
state -> state -> Prop :=
|J (boundedLB DO D1).
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Fixpoint eval_com (c: com): state -> state -> Prop :=
match ¢ with
| CSkip =>
skip_sem
| CAsgn X e =>
asgn_sem X (eval_expr_int e)
| CSeq cl c2 =>
seq_sem (eval_com c1) (eval_com c2)
| CIf e c1 c2 =>
if_sem (eval_expr_bool e) (eval_com cl) (eval_com c2)
| CWhile e c1 =>
while_sem (eval_expr_bool e) (eval_com cl)

end.
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Definition cequiv (c1 c2: com): Prop :=

[ ct D ==10<¢c21.
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#[export] Instance asgn_sem_congr:

Proper (eq ==> func_equiv _ _ ==> Sets.equiv) asgn_sen.

#[export] Instance seq_sem_congr:

Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv) seq_sem.

#[export] Instance test_true_congr:

Proper (Sets.equiv ==> Sets.equiv) test_true.

#[export] Instance test_false_congr:

Proper (Sets.equiv ==> Sets.equiv) test_false.

#[export] Instance if_sem_congr:

Proper (Sets.equiv ==>
Sets.equiv ==>
Sets.equiv ==>

Sets.equiv) if_sem.
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#[export] Instance cequiv_equiv: Equivalence cequiv.

#[export] Instance CAsgn_congr:

Proper (eq ==> iequiv ==> cequiv) CAsgn.



#[export] Instance CSeq_congr:

Proper (cequiv ==> cequiv ==> cequiv) CSeq.

#[export] Instance CIf_congr:

Proper (bequiv ==> cequiv ==> cequiv ==> cequiv) CIf.
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Lemma seq_skip:

forall c, [[ c¢; skip 1] ~=~ c.

Lemma skip_seq:

forall c, [[ skip; c 1] ~=~ c.
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Lemma seq_assoc: forall cl c2 c3,
BN Cc1:ic2)ic SRR =[N 1% (c 21 c 3)Aff:
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Lemma while_seml_while_sem2_equiv:
forall DO D1,
WhileSeml.while_sem DO D1 ==
WhileSem2.while_sem DO D1.
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Theorem boundedLB_inc: forall DO D1 n m,
boundedLB DO D1 m & boundedLB DO D1 (n + m).

#[export] Instance while_sem_congr:
Proper (Sets.equiv ==>
Sets.equiv ==>

Sets.equiv) while_sem.

#[export] Instance CWhile_congr:

Proper (bequiv ==> cequiv ==> cequiv) CWhile.
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Lemma while_unrolll: forall e c,
[[ while (e) do {c} 11 ~=~
[[ if (e) then { c; while (e) do {c} } else {skip} 11.

o ;EH: [while (e) do {c}] = test_true([e]) o [¢] o [while (e) do {c}] U test_false([e])

o iEH]:

[while (e) do {c}]
U boundedLB,, ([e] , [])

neN

U boundedLB,, 1 ([e] , [¢])

neN

U (test_true([[e]]) o [¢] o boundedLB,, ([e] , [c]) v test_false([[e]]))

neN

test__true([e]) o [¢] o U boundedLB,,([e] , [c]) U test_ false([e])

neN

test_true([e]) o [¢] o [while (e) do {c}] U test_false([e])



