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o “HHALE: <
L “E”: True
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o “’fEX ¢ False
. “ﬁ?ﬂ?”: exists
o« “ ’ff%a\”: forall o
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Definition convex (f: Z -> Z): Prop :=
forall x: Z, £ (x - 1) + f (x + 1) >= 2 * f x.

ZJa, AT LA mono £ /\ convex £ FK/NEAEL £ & — I N IMEREL
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Fact logic_exl: forall T: (Z -> Z) -> (Z -> Z),
(forall f, mono f -> mono (T f)) ->
(forall f, convex f -> convex (T f)) ->

(forall £, mono f /\ convex f -> mono (T f) /\ convex (T £f)).

AHERIL, X VR AUE S SRR R E SO, WA PR E 9%, X — B AIER] R # H 2H h %
AT SR . T2 Coq UEH,



Proof.
intros.
(#* f£_[intros] 4 #AT/E, CoqiE HE T £ A = F A& :
- H: forall f, mono f -> mono (T f)
- HO: forall f, convex f -> convex (T f)
- H1: mono f /\ convex f x)
pose proof H f.
(x* KA/ — A H AR
- H2: mono f -> mono (T f) *)
pose proof HO f.
(k+ KA/ —AH AR
- H3: convex f -> convex (T f) x*)
tauto.
Qed.

Ba—E RS vaueo S22 JESCHIA “tautology” MIARE, Fom MATIE Hbfig — a4k 5, wf
PAEBHER . 76 LIHEM P, R nono £ 5 [convex £ ICAERMTE b1 5 a1, K mono @ 6 B
PE—ANHEAICAE b2, R convex @ ) WHE—MEMICH a2 » WAUEMIRS taueo TESLALUENI
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o a1 HEMEH a2 (HUIE w8 )
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Fact logic_ex2: forall P1 Q1 P2 Q2: Prop,

P1 /\ Q1 ->

(P1 -> P2) ->

@t ->Q2) ->

P2 /\ Q2.
Proof.

intros P1 Q1 P2 Q2 H1 H2 H3.
tauto.
Qed.
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Fact logic_ex3: forall {A: Type} (P Q: A -> Prop),
(forall a: A, P a -> Q a) ->
(forall a: A, ~ Q a -> ~ P a).

Proof. intros A P Q H a. pose proof H a. tauto. Qed.

Fact logic_ex4: forall {A: Type} (P Q: A -> Prop),
(forall a: A, ~Q a -> ~ P a) ->
(forall a: A, P a -> Q a).

Proof. intros A P Q H a. pose proof H a. tauto. Qed.
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Fact logic_exb5: forall {A: Type} (P Q: A -> Prop),
(forall a: A, P a -> Q a) ->
(forall a: A, P a) ->
(forall a: A, Q a).

(x FERKLENREIER, M_[Qed]l £ XK. =*)

SR 2. i5/E Coq HEH M4 L.

Fact logic_ex6: forall {A: Type} (P Q: A -> Prop) (a0: A),

P a0 ->
(forall a: A, P a -> Q a) ->
Q ao0.

(v FERKALENREIER, M_[Qed]l £ XK. *)

SIRR 3. iETE Coq HEMH M HIZE 1L

Fact logic_ex7: forall {A: Type} (P Q: A -> Prop) (a0: A),
(forall a: A, P a -> Q a -> False) ->
Q a0 ->
~ P a0.

(v FHELALENREIER, M_[Qed]l £ XK. =*)

SRR 4. iETE Coq HHEM RIS L,

Fact logic_ex8: forall {A B: Type} (P Q: A -> B -> Prop),
(forall (a: A) (b: B), Pab ->0Q a b)) ->
(forall (a: A) (b: B), ~P ab \/ Qab).

(x HENLENREIER, U_[Qedl_&E XK. *)

SR 5. i5fE Coq HHER FHZEL.

Fact logic_ex9: forall {A B: Type} (P Q: A -> B -> Prop),
(forall (a: A) (b: B), ~P ab \/ Q ab) ->
(forall (a: A) (b: B), Pab ->0Q a b).

(v FERKLENKREIER, M_[Qed]l XK. *)
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Lemma and_intro: forall A B: Prop, A -> B -> A /\ B.
Proof.

intros A B HA HB.

(x* FoF, TEIUEAHLELE _[A /\ BI_ *)

split.
+ (k% B Ao XWRHIEHSZ B Z _[A]1_ %)
apply HA.

(x+ LEW _[apply]l _HEARTEEAYEN —F0R, AFEAN —LFEELEHEHD
RERGIE, %)
+ (k% B oA XWRHIEH S B Z _[B]1. %)
apply HB.
Qed.

IR ET AT R R A “ Rl PO R el 27 B, BATTATAAE Coq M [destrues 1
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Lemma projl: forall P Q: Prop,

P /\ Q ->P.
Proof.
intros.
Gex Froa, SWIEHEFRF AR
- H: P /\ Q%

destruct H as [HP HQJ.
(x* o fe, LEIEEH B ARA A AR

- HP: P
- HQ: Q *)
apply HP.

Qed.

Fih, aestrucy FEA MR IR A IR G IATSEII4 T, Coq = A BT 4

Lemma proj2: forall P Q: Prop,
P/\NQ > Q.
Proof.
intros.
destruct H.
G+ HofE, LRIEHE KA H AR
= (g 2
- HO: Q *)
apply HO.
Qed.

TR ST, HA A BRHE, ROTEET MM spie 52, NFHEMH destruce 154

Theorem and_comm: forall P Q: Prop,
P/\NQ ->Q /\ P.
Proof.
intros.
destruct H as [HP HQ].
split.
+ apply HQ.
+ apply HP.
Qed.

Coq EFARIZA 2. apply #5<.  WURFHEMISE IS5 R AT IR & B2 A R A arel, 382l DU
apply 1R SERIEN] . WUR AR BCE B e A S WM, appry BAESERIEN . B0, 2704 u
52518735 0T T e



H: forall x: Z, x < x + 1

Zit:u+ 1< (u+1)+1

apply H Ey%‘ apply (H (u + 1) %BHIU\?BEMEE@Q B%JH:Z&I‘, apply Tﬁé\ﬁﬂuﬁfiﬁﬂﬁsﬁ%%fiqj@;ﬁ*
YU NS5 FI S 0 o 140,  Z.mul_nonneg_nomneg X 5% Coq bt e H 1) i B U T A2

forall nm, 0 <=n -> 0<=m ->0<=n *xm
TiE, WIRZNEH] o <=5+ a HUATLMEH T HEAERIESZ —:

apply Z.mul_nonneg_nonneg
apply (Z.mul_nonneg_nonneg 5)

apply (Z.mul_nonneg_nonneg 5 n)

EATRIRCRA R L AHEM HARTF 2P 23EY] 0«5 5 0 <= a XMWAEEL. 0] LU HHEY]

R
apply (Z.mul_nonneg_nonneg 5 n ltac:(lia))
RFERARMBINLIN 0« n Xl T,

SRR 6. TEEAME vaute FEHINEIL T IER] RIS L.

Theorem and_assocl: forall P Q R: Prop,
P/\N (Q /\R) -> (P /\ Q) /\R.
(x HENALENREIER, U_[Qedl_&E XK. *)

Theorem and_assoc2: forall P Q R: Prop,
(P /\NQ /\R ->P /\ (Q /\ R).
(x HELAENRHWIER, U_[Qedl _E XK. *)

2 KT “sk” EVIEFA
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Fact or_example:
forall P Q R: Prop, (P -> R) -> (Q -> R) -> (P \/ Q -> R).

Proof.
intros.
(x* Hf2-7, CoqiE Bl H 47 ¥ A = A al 48 :
- H: P ->R
- HO: Q -> R
- Hi: P \/ Q

FFAEFA 46 & _[R]1_. T @M _[destruct] _#4A X _[HII_4 Ktk . =
destruct H1 as [HP | HQJ.
+ (ex B —FpfEA, _[PI_K (RI4E_[HP]_) %)
pose proof H HP.
apply H1.
+ Gex FfEA, _[Q_Kx (R4 _[HQ]_ D %)
pose proof HO HQ.
apply H1.
Qed.
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Lemma or_introl: forall A B: Prop, A -> A \/ B.
Proof.
intros.
e BHEA, BEHMEDRRE _[A\/ Bl_. *)
left.
(¢ EBEAEME, BUEFAMNELE _[AI_. %)
apply H.
Qed.

N R A O R

Lemma or_intror: forall A B: Prop, B -> A \/ B.
Proof.
intros.
e HHEH, BEHMEDR R _[A\/ Bl_. *)
right.
e BEALAMGE, FIEHB LR E _[BI_. *)
apply H.
Qed.

SRR 7. EEAEA] taute f5MIEDL N IEM T4

Theorem or_comm: forall P Q: Prop,
P\/Q ->Q\/ P
(x FENLLENREIER, L_[Qedl_&E XK. *)

S 8. BEAMMEH] taute 5 MIEHL ML T4,

Theorem or_assocl: forall P Q R: Prop,
P\/ (Q \/R) -> (P \/ Q \/R.
(x FELAENRHWIER, U_[Qedl _E XK. *)

Theorem or_assoc2: forall P Q R: Prop,
(PN Q@ \/ R ->P\/ (Q\/ R).
(x FEBAEANRWIER, U_[Qedl _ XK. *)

3 XT “HHEME” #ViEfA
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Theorem iff_refl: forall P: Prop, P <-> P.

Proof.
intros.
(% RITH, RIEHEE AR _[P <-> PI_ %)
unfold iff.
(xx BIFE, HIEAMEFZ_[(P -> P) /\ (P -> P)I_ *)
split.
+ (k% FE— AP XFEIUEHA_IP -> PI_ *)
intros.
apply H.
+ (k% BZAHDXHFREILHA_P > P1_ %)
intros.
apply H.
Qed.

Coq Hjﬁ:ﬁﬁ?mﬁﬁ “i—/lﬂai—/l” EtJ/"\'_E')‘(HﬂL?jMﬁﬁﬁ split Ei destruct TE%J&EWEED%

Theorem and_dup: forall P: Prop, P /\ P <-> P.
Proof.
intros.
(kx Froul, FIEHMEFE _[P /\ P <=> PI_ %)
split.
+ (x Fioa, FASXFZEHA_P /NP -> PI_ %)
intros.

destruct H.

apply H.
+ (xx T, E-_A2XFEILH_[P -> P /\ P1_ %)
intros.
split.
- apply H.
- apply H.
Qed.

Theorem iff_imply: forall P Q: Prop, (P <-> Q) -> (P -> Q).
Proof.
intros P Q H.
(e 4 J5, B4R _H]_E& _[P <-> Q1_ %)
destruct H.
(* HFofE, REIFAFNRE:
- H: P ->Q
- HO: Q -> P x)
apply H.
Qed.

S 9. BEMMEH] taute F5MENL ML 4R,

Theorem or_dup: forall P: Prop, P \/ P <-> P.
(¢ FERAENRWIER, L_[Qed] _£E K. *)
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Coq ERARIZA 4. dpREZEUERAHAY split 84, WRAFFEHELES p Ao BIER, A spric 7
PLKE M ATUE B B AR 2 A A S T B IR R H A, 1R S R B AR ISR R, eI 18 )
e 5o

Coq MERREIA 5. @RRIBHIERAHHY destruct 8. WIERIEMR AT & BAERX » Ao BEAEA
pP\/Q > WATDUEH destruce 1 F54. 4w BAERK p A q B, ZIESSH LTRSS AETIE »
5a o Ya BAENA pva B, ZEASSE SANEH BARZ AP ANER Hbr, Hb— At 5 #
MM e, NG B 508 e .

Coq FUFH FAEH] ldestruct ... as ... 82X destruct HRIFIH TR FaIEHin . Bl 5 HEE
o P A Q0 B, destruct H as [Ht H2l F52KFAE A% N TP ANIE B AT HE

Hi: P

H2: Q

MY w HAEER e/ o B, destruct Has (1 | 2 FHA AU TFshar4. 5 intros $84HHIM
E—FE, ATEX destruct &5 R —E > Fhan A M 5 —E 5 B Ay, nTUMEH S 2 KRB
TRl Coq HBNM AT

Coq RVFH X Z AR HE [EI I $UT destruct $5 4, B W1 | destruct H, Ho MK /NG destruct B Ff |destruct HO
o Coq ALV I fE—%& destruct 82 H X destruct &5 R — 0 et —2 nditw, HEKTE
B /)2, TREMHA destruct ... as ... TEAMCEARUIH. B, X EAER

P /A /N R/ S)

Hj-, destruct H as [? [? 7]] ?E‘/%\%)I% H éj\ﬁg-j"j P/\NQ ~ R 5 S ﬁzﬁ destruct H as [[? 7] 7] TE{‘/%\%)I%‘ H
SEN P .o 5 RaAs o 4 X CIEH” 5 BT M0 S KRR DU B ERE, Flin, 2w
HARA

®/NQ® \R

i, AILA#H  destruct B as [P HQD | BR] T2 7540 Z U8 1 R B X6 e A — AN 43 SR8 19 0 SO6TET $e fidt —
Wk

Coq IERBRIA 6. SIAIER. HIHCEZENE, destruct ... as ... T8 A L—VETE BUGE TR ) A ALY
AR EIX—FAH, as ZJEMEHBCN “5I AR (intro-pattern). LLF2&5 H AT AHEH
JUFR I AN

(] %‘f‘%j “jfl:ﬁ” E"Jéﬁﬂaﬂ?ﬁ:% [intro_patternl intro_pattern2] ;

Bt “BL” #420281118 | lintro_patternt | intro_pattern2] ;
WMIANKBT, Bl e

o Fontl Coq RGEMMHMIS (2 ;
FORHEEEFRIERN TR

B 7 destruct f§4-24b, intros 845 pose proof TR WA UAEH Sl AR, 7858 U5 A T Re it 2Ll
AT — IR destruct. WU, intros [H1 H2] [H3 | H3] HH THKIRIUAT:

intros H1 H2
destruct H1 as [H1 H2]

destruct H3 as [H3 | H3] ;

ﬁﬁ pose proof H x y as [H1 H2] *H%l?{&?)}(#l/f?



pose proof H x y as H1

destruct H1 as [H1 H2] o

INHE 7 N S Tb o LN N N AT R PAT St Py

T A (P PR T 58 A THIE BH
SIER 10. 157E Coq "HERH “fR = HEH” FN.

Theorem modus_ponens: forall P Q: Prop,
P/\N (P ->0Q ->Q.
(x FELAENRHWIER, U_[Qedl _E XK. *)

SR 11, WEAE Coq HHEH] “FFH” X “5” By EhE.

Theorem and_or_distr_1: forall P Q R: Prop,
P/\ (Q \/R) <=>P /\Q \/ P /\R.
(x BHENLLENREIER, L_[Qedl_&E XK. *)

SRR 12, iF(E Coq FIEM] “B” XF “IFH” i BoHt.

Theorem or_and_distr_1: forall P Q R: Prop,
P \/ (@ /\ R) <-> (P \/ Q@ /\ (P \/ R).
(x FELAENRHWIER, U_[Qedl _E XK. *)

SR8 18. 1H1E Coq FHEH] “IFH” xF “H0” HmRUct.

Theorem and_or_absorb: forall P Q: Prop,
P /\ (P \/ Q) <-> P.
(x BHENLLENREIER, L_[Qedl_&E XK. *)

SRR 14. iH(E Coq FUEM] “B” XF “IfH” It

Theorem or_and_absorb: forall P Q: Prop,
P \/ (P /\ Q) <-> P.
(x HAENALENREIER, U_[Qedl_ & XK. *)

S 15. T5{E Coq HHEH] “Jf H” RELRFFIZHAF1E.

Theorem and_congr: forall P1 Q1 P2 Q2: Prop,
(P1 <-> P2) ->
Q1 <-> QR2) ->
(P1 /\ Q1 <-> P2 /\ Q2).

(x FHERKALENREIER, M_[Qed]l £ XK. =*)

3@ 16. 1H{E Coq THEM “8l” RefReFZ RSN L.

Theorem or_congr: forall P1 Q1 P2 Q2: Prop,
(P1 <-> P2) ->
Q1 <-> Q2) ->
(P1 \/ Q1 <-> P2 \/ Q2).

(x FERKLENREIER, M_[Qed]l £ XK. =*)
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S 17. H{E Coq HIIEW] “BL” REORFFZIRSEM L.

Theorem imply_congr: forall P1 Q1 P2 Q2: Prop,
(P1 <-> P2) ->
(Q1 <-> Q2) ->
((P1 -> Q1) <-> (P2 -> Q2)).

(v HEWLAEANREIER, MU _[Qedl _#EX. *)

SRR 18. i5(E Coq "EM] “JFH” 5 “WIR-IPBA” ZIEFIKFR. FTn: BERATUMEH] lassere T521E
WY B A5

Theorem and_imply: forall P Q R: Prop,
(P /\Q ->R) <-> (P -> Q -> R).
(¢ FAELARENGREIER, MU _[Qedl _& K. *)

SRR 19. TE1E Coq HHEH] “B” 5 “WR-MA” ZIHKIKR. #m: DEI AT LUER] assere 52EH]
UL ED

Theorem or_imply: forall P Q R: Prop,
(P \/ Q ->R) <-> (P ->R) /\ (Q -> R).
(x FELAENRHWIER, U_[Qedl _E XK. *)

AREZFRNFETRANGART EE" AEE” 5 487 BRI, AR IE B IE NS AR
W Rt R B B 0 2 RS A B A R S M T 50, BAE taute F54 . ST R AN P BR 1) £

tauto Tgé\o
5 XT “F&E” AUIERA
LFFENSERTE RN “AAE—D x 157, AT AH lexists TR AT (= AAZVET AL,

Lemma four_is_even: exists n, 4 = n + n.

Proof. exists 2. lia. Qed.

SI@ 20.

Lemma six_is_not_prime: exists n, 2 <= n < 6 /\ exists q, n * q = 6.

(¢ FEBALENREIER, M _[Qed]l £ X. *)

HERI N “AHAE A = 5.7 BARTEMEM Coq Y [destruce T2 HEATUEM . IX—UEWITH
LM A THAER TR RS E DN = .
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Theorem dist_exists_and: forall (X: Type) (P Q: X -> Prop),

(exists x, P x /\ Q x) -> (exists x, P x) /\ (exists x, Q x).

Proof.

intros.

destruct H as [x [HP HQ]].

Gex #f 4 J5 B R 4R -

- HP: P x
- HQ: Q x *)

split.

+ (xx BN XFEIEH: _[exists x0: X, P x0]_, XECoqRA EF M E BT E LN
_[exists x1_# 7T &4 £, ¥_[x1_K AT _[x0]_# % 5 _ [destruct]l _ A~ 4K
_Ix1I_E L. %)

exists x.
apply HP.
+ (k% B AN XFEIEWH : _[exists x0: X, @ x0]_. *)
exists x.
apply HQ.
Qed.

M ETHEB AT BLE H, Coq H AT LS 5] AR — NEEYE R e /i 40, FF H 5 ARG A IREE A .
SIRR 21. 154E Coq FHUFEA R -

Theorem exists_exists: forall (X Y: Type) (P: X -> Y -> Prop),
(exists x y, P x y) <-> (exists y x, P x y).
(¢ FELBALENREIER, M _[Qed]l £ XK. *)

SIRR 22. WHLE Coq "FUERH N HITER .

Theorem exists_or: forall (X: Type) (P Q: X -> Prop),
(exists x, P x \/ Q x) <-> (exists x, P x) \/ (exists x, Q x).
(+ FEEMAENRHIER, U_[Qedl _E XK. *)

6 XT “EE" HIERA

e, 15 AR MIRMBIRAR “HER7, B Coq Hil) ety . LIBATTEAE Coq HiE M
TYEKT froraat WA, BN TLIEDT TR G0 [pose prost) 164, TR — MR IHI T,

Example forall_exl: forall (X: Type) (P Q R: X -> Prop),
(forall x: X, P x -> Q x -> R x) ->
(forall x: X, P x /\ Q x -> R x).

Proof.

intros X P Q R H x [HP HQJ.
HERREAEE R E =08 - HP: Px-HQ: Q x- H: forallx: X, Px-> Qx-> R x
pose proof H x HP HQ.
BUE IR A PO RTHE: - HP: P x- HQ: Q x - H: forall x: X, Px-> Q x-> R x- HO: R x

apply HO.
Qed.

11



HIEUEA T, AOIATE R EMEH MR, MR 52 SR — AR, LN W R EE7E pose
proof #8424 JE & s, RS IERH B AR NG . X PAMEH Coq H Y specialize 84 5Z3 .

Example forall_ex2: forall (X: Type) (P Q R: X -> Prop),
(forall x: X, Px /\ Q x -> R x) ->
(forall x: X, P x -> Q@ x -> R x).

Proof.

intros X P Q R H x HP HQ.

WAEFEA SR E = E1HE: - HP: P x- HQ: Q x- H: forall x: X, Px->Qx->Rx

specialize (H x ltac:(tauto)).
MAEMUE AR L2 R A = A Fi$e: - HP: Px- HQ: Qx-H: Rx

apply H.
Qed.

fE_EHIUERIH,  specialize 354 I BCH A BGH I ATIR, 1218 AT MRTIR v SO8 TRMELER) Rx » i
B, ARG % 7. £ Coq WEMIH, FRATATLLRGEMA Coq #RALHI B ALIEWIHE S, Hil,
FENHE A, FRAVER [taueo F8 R KWL TIE o RAERNIIEAREE — UL [vauto BLHETERUIE
W, KN

forall a: A, Pa /\ Q a
forall a: A, P a

forall a: A, Q a

R =A il 8] 2 AR IR A REIDOE I a2 R HE S 2, M0 E IR R forann IPENT

12



Theorem forall_and: forall (A: Type) (P Q: A -> Prop),
(forall a: A, P a /\ Q a) <-> (forall a: A, P a) /\ (forall a: A, Q a).
Proof.
intros.
split. (% Xf_[<->1_# 4 . *)
+ intros.
split. Ckx X _[/\I_#F 4 . *)
- (ex X — 4 XWIEHBE AR E
- H: forall a: A, P a /\ Q a
- % forall a: A, P a, %)
intros a.
specialize (H a).
Gex U6 B IE B B AT oF B9 B4R R 4 0
-H: Pa/\Qa
- %#%:Pa
B st 7T LA _[tauto]l _ T MR AIEH T, FHBANSS X HE LM, %)
tauto.
- (G X — 4 LWIEHE R
- H: forall a: A, P a /\ Q a
- % : forall a: A, Q a. *)
intros a.
specialize (H a).
tauto.
+ intros [HP HQ]J.
(e X — 2 XWIEH B AR
- HP: forall a: A, P a
- HQ: forall a: A, Q a
- 4#: forall a: A, P a /\ Q a. *)
intros a.
specialize (HP a).
specialize (HQ a).
tauto.

Qed.

SIRR 23. 154E Coq FHUFEA I -

Theorem forall_forall : forall (X Y: Type) (P: X -> Y -> Prop),

(forall x y, P x y) -> (forall y x, P x y).
(x FELAENRHWIER, U_[Qedl _E XK. *)

SIRR 24. WH1E Coq "FUERH T HTER -

Theorem forall_iff : forall (X: Type) (P Q: X -> Prop),
(forall x: X, P x <-> Q x) ->
((forall x: X, P x) <-> (forall x: X, Q x)).

(x HENALENREIER, U_[Qedl_ & XK. *)

SRR 25. 157E Coq FUFEA T -

Theorem forall_or: forall (A: Type) (P Q: A -> Prop),
(forall a: A, P a) \/ (forall a: A, Q a) ->
(forall a: A, P a \/ Q a).

(v FERALENREIER, M_[Qed]l £ XK. *)
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7 XT “4” EVIEFA

“AE7 R A UZ AR ERGE, T A MR EIEMER: SRS ER. PR, N T EE—
e P, P 5AE P PEEDSH A NH. £ Coq brifEEFHEP AN (crassic , NG ER T4
Coq N FHHEFH T %

Example not_exl: forall nm: Z, n < m \/ ~n < m.
Proof.

intros.

pose proof classic (n < m).

apply H.
Qed.

FEERVKE, M T ESEE P, P 59 P AREHNE. 1£ Coq 1, WERAEMATHE PRI HESH P 53k
Pl EWE S V. XML tauto 5EMGEM .

Example not_ex2: forall P Q: Prop,
P ->~P ->0Q.

Proof. intros. tauto. Qed.

ST A" WL, S 5 0T A BB s E9.

Theorem not_and_iff: forall P Q: Prop,
~ (P /\ Q) <> ~P \/ ~Q.

Proof. intros. tauto. Qed.

Theorem not_or_iff: forall P Q: Prop,
~ (P \/ Q) <> ~P /\ ~ Q.

Proof. intros. tauto. Qed.

Theorem not_imply_iff: forall P Q: Prop,
~ (P ->Q) <->P /\ ~ Q.

Proof. intros. tauto. Qed.

Theorem double_negation_iff: forall P: Prop,
~ ~ P <-> P.

Proof. intros. tauto. Qed.

FEUER] “4F” &I Cexists » forant ) [MISRARNS, AW AIRET ZAEHHEH . FHEIEME, R
AEE A = 15 p x BOL, AR TR = ME, #A - x B W, AR HE, Xt
FR—MREEN = HATHRNE, RRR px BOLIER “px BOL. WREEE, WAEANCETRT
UER]. SRR, WP DA SRR (AMEE—D = 1S 2 x HOL) HIFE
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Theorem not_exists: forall (X: Type) (P: X -> Prop),
~ (exists x: X, P x) -> (forall x: X, ~ P x).
Proof.
intros.
(kx S BFEYAT# # _[H: ~ exists x, P x]_ *)
pose proof classic (P x) as [HO | HOJ.
+ assert (exists x: X, P x).
{ exists x. apply HO. }
(% LT _[assert] #EWE® Gal# _HI_FHE. *)
tauto.
+ apply HO.
Qed.

NEFHEY, WORIFAEREAS x #WIL px , BABAAE D = T - e x ROL. WATEREFAM
HEPAREAT IR o

Theorem not_forall: forall (X: Type) (P: X -> Prop),

~ (forall x: X, P x) -> (exists x: X, ~ P x).
Proof.
intros.
pose proof classic (exists x: X, ~ P x) as [HO | HOJ.
+ tauto.
+ pose proof not_exists _ _ HO.
assert (forall x: X, P x <-> ~ ~ P x). {
intros.
tauto.
}
pose proof forall_iff _ P (fun x => ~ ~ P x) H2.
tauto.

Qed.
MBI TH 2518, FATEFTLAEY] not_arn KL A FRA .

Corollary not_forall_imply: forall (X: Type) (P Q: X -> Prop),
~ (forall x: X, P x -> Q x) -> (exists x: X, P x /\ ~ Q x).
Proof.
intros.
pose proof not_forall _ _ H.
destruct HO as [x HOJ.
exists x.
pose proof not_imply_iff (P x) (Q x).
tauto.
Qed.

SIRR 26. H1E Coq "FUER N HTER

Theorem forall_not: forall (X: Type) (P: X -> Prop),
(forall x: X, ~ P x) -> ~ (exists x: X, P x).

(v HERALENREIER, M _[Qed]l £ XK. *)

SRR 27. VELE Coq HHUE N MR -

Theorem exists_not: forall (X: Type) (P: X -> Prop),
(exists x: X, ~ P x) -> ~ (forall x: X, P x).

(¢ FEBALENREIER, M_[Qed]l £ XK. *)

15



