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Class Monad (M: Type -> Type): Type := {
bind: forall {A B: Type}, M A -> (A -> M B) -> M B;

ret: forall {A: Type}, A -> M A;
Fo
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Module SetMonad.

Definition M (A: Type): Type := A -> Prop.

Definition bind: forall (A B: Type) (f: M A) (g: A -> M B), M B :=
fun (A B: Type) (f: M A) (g: A -> M B) =>

fun b: B => exists a: A, a € f /\ b € g a.

Definition ret: forall (A: Type) (a: A), M A :=
fun (A: Type) (a: A) => Sets.singleton a.

End SetMonad.

#[export] Instance set_monad: Monad SetMonad.M := {|
bind := SetMonad.bind;
ret := SetMonad.ret;

3.
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Module StateMonad.
Definition M (Z A: Type): Type := L -> I * A.
Definition bind (Z: Type):
forall (A B: Type) (f: M £ A) (g: A ->M I B), M £ B :=
fun A B £ g s1 =>
match £ s1 with
| (s2, a) => g a s2
end.
Definition ret (Z: Type):
forall (A: Type) (a: A), M T A :=

fun A a s => (s, a).

End StateMonad.

#[export] Instance state_monad (I: Type): Monad (StateMonad.M %)
bind := StateMonad.bind I;
ret := StateMonad.ret IL;

I}.
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Definition any_Z: SetMonad.M Z := Sets.full.

o BeAiFe .

Definition multi_two: Z -> SetMonad.M Z :=

fun x => ret (x * 2).

o BHon—:

Definition plus_one: Z -> SetMonad.M Z :=

fun x => ret (x + 1).

o FEHUEHH R

Definition bind_ex0: SetMonad.M Z :=
bind any_Z multi_two.

o AEBUCBHCR —HN—

Definition bind_exl: SetMonad.M Z :=
bind (bind any_Z multi_two) plus_one.

Definition bind_ex2: SetMonad.M Z :=

bind any_Z (fun x => bind (multi_two x) plus_one).

{l
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Notation "

(at level 61,

Notation "

(at level 61,

X

Notation "'

(bind c1 (fun
(at level 61,

pat

Notation "el ;;

(at level 61,

x <- c1 ;; c2" := (bind c1 (fun x => c2))

cl at next level, right associativity) : monad_scope.

<- cl1 ;; c2" :=(bind c1 (fun x : T => c2))
cl at next level, right associativity) : monad_scope.
<SHclIEREE c 2=

x => match x with pat => c2 end))

pat pattern, cl at next level, right associativity)

e2" := (bind el (fun _: unit => e2))

right associativity) : monad_scope.

F13% % Notation W] PAH S if i (1 — L5411

o AEBUBHFR

Definition bind_ex0': SetMonad.M Z :=

x <- any_Z;; ret (x *x 2).

o AEBUBHCR —Hn—:

Definition bind_exl1': SetMonad.M Z :=

X

<- any_Z;; y <- multi_two x;; ret (y + 1).

EERTHEINET

Definition choice {A: Type} (f g: SetMonad.M A):

SetMonad.M A
fug.

Definition test (P: Prop): SetMonad.M unit :=

fun => P.

Definition compute_abs (z: Z): SetMonad.M Z :=

choice

(test (z >= 0);; ret z)
(test (z <= 0);; ret (-z)).

N HIE R SRS T PR
HEH T BAT MRk

monad_scope.



#[export] Instance bind_mono (A B: Type):
Proper (Sets.included ==> Sets.included ==> Sets.included)
(@bind _ set_monad A B).
Proof.
unfold Proper, respectful.
unfold set_monad, bind, SetMonad.bind;
sets_unfold; intros f1 f2 Hf gl g2 Hg.
intros b [a ?]; exists a.
specialize (Hf a); specialize (Hg a b).
tauto.

Qed.

HEH TRIFHE A

#[export] Instance bind_congr (A B: Type):
Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv)
(@bind set_monad A B).

Proof.

unfold Proper, respectful.

unfold set_monad, bind, SetMonad.bind;

sets_unfold; intros f1 f2 Hf gl g2 Hg.

intros b; split; intros [a ?7]; exists a.

+ specialize (Hf a); specialize (Hg a b).
tauto.

+ specialize (Hf a); specialize (Hg a b).
tauto.

Qed.
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Lemma bind_union_distr_1:
forall A B (f: SetMonad.M A) (gl g2: A -> SetMonad.M B),
bind f (g1 U g2) == bind f gl U bind f g2.

Lemma bind_union_distr_r:
forall A B (f1 f2: SetMonad.M A) (g: A -> SetMonad.M B),
bind (f1 U f2) g == bind f1 g U bind f2 g.

Lemma bind_indexed_union_distr_1:
forall A B I (f: SetMonad.M A) (g: I -> A -> SetMonad.M B),
bind £ (|J g) == |J (fun i: I => bind £ (g i)).

Lemma bind_indexed_union_distr_r:
forall A B I (f: I -> SetMonad.M A) (g: A -> SetMonad.M B),
bind (| J £) g == |J (fun i: I => bind (f i) g).

Lemma bind_assoc:
forall (A B C: Type)
(f: SetMonad.M A)
(g: A -> SetMonad.M B)
(h: B -> SetMonad.M C),
bind (bind f g) h ==
bind f (fun a => bind (g a) h).
(x HAENLALENREIER, U_[Qedl_&E XK. *)
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Lemma bind_ret_1:

forall (A B: Type)

(a: A)
(f: A -> SetMonad.M B),
bind (ret a) f == f a.

(v FERKLENREIER, M_[Qed]l £ XK. *)

S 3. BaHTIARLLITE ret:

Lemma bind_ret_r:
forall (A: Type)
(f: SetMonad.M A),
bind f ret == f.
(v FERKALENREIER, M_[Qed]l £ XK. =*)
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Inductive ContinueOrBreak (A B: Type): Type :=

| by_continue (a: A)
| by_break (b: B).

T AAS FE X repeat T .

Definition repeat_break_f

{A B: Typel}
(body: A -> SetMonad.M (ContinueOrBreak A B))
(W: A -> SetMonad.M B)
(a: A): SetMonad.M B :=

x <- body aj;;

match x with

| by_continue a' => W a'

| by_break b => ret b

end.

Definition repeat_break
{A B: Type}

(body: A -> SetMonad.M (ContinueOrBreak A B)):
A -> SetMonad.M B :=

Kleene_LFix (repeat_break_f body).

NHIUEY] [repeat_break s JEHRIRIELEN], IR M iR AN Sl i i B BT & LA .

Lemma repeat_break_unrolll:
forall {A B: Typel}
(body: A -> SetMonad.M (ContinueOrBreak A B))
(a: A),
repeat_break body a =

x <- body aj;;

match x with

| by_continue a' => repeat_break body a'
| by_break b => ret b

end.

NHE AT PASE XAEIAAE ) continue 1EA)F break W),



Definition continue {A B: Typel} (a: A):
SetMonad.M (ContinueOrBreak A B)

ret (by_continue a).

Definition break {A B: Type} (b: B):
SetMonad.M (ContinueOrBreak A B)
ret (by_break b).

4 BT LMERESE
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Definition Hoare {A: Type} (c: SetMonad.M A) (P: A -> Prop): Prop

forall a, a € ¢ -> P a.

FLAIER], B R 2 R iR .

Theorem Hoare_bind {A B: Typel}:
forall (f: SetMonad.M A)

(g: A -> SetMonad.M B)
(P: A -> Prop)
(Q: B -> Prop),

Hoare f P ->

(forall a, P a -> Hoare (g a) Q) ->

Hoare (bind f g) Q.

Theorem Hoare_ret {A: Type}:
forall (a: A) (P: A -> Prop),

P a -> Hoare (ret a) P.

Theorem Hoare_conseq {A: Type}:
forall (f: SetMonad.M A) (P Q: A -> Prop),
(forall a, P a -> Q a) ->
Hoare f P ->
Hoare f Q.

Theorem Hoare_conjunct {A: Typel}:
forall (f: SetMonad.M A) (P Q: A -> Prop),
Hoare f P ->
Hoare f Q ->
Hoare f (fun a => P a /\ Q a).

Theorem Hoare_choice {A: Typel:
forall (f g: SetMonad.M A)
(P: A -> Prop),
Hoare f P ->
Hoare g P ->
Hoare (choice f g) P.



Theorem Hoare_test_bind {A: Type}:
forall (P: Prop)
(f: SetMonad.M A)
(Q: A -> Prop),
(P -> Hoare f Q) ->
(Hoare (test P;; f) Q).

Theorem Hoare_repeat_break {A B: Type}:
forall (body: A -> SetMonad.M (ContinueOrBreak A B))
(P: A -> Prop)
(Q: B -> Prop),
(forall a, P a ->
Hoare (body a) (fun x => match x with
| by_continue a => P a
| by_break b => Q b
end)) ->
(forall a, P a -> Hoare (repeat_break body a) Q).

BEFIEIERG—: 3x + 1

Definition body_3x1 (x: Z): SetMonad.M (ContinueOrBreak Z Z) :=
choice
(test (x <= 1);; break x)
(choice
(test (exists k, x = 2 * k);;
continue (x / 2))
(test (exists k, k <> 0 /\ x = 2 % k + 1);;

continue (3 * x + 1))).

Definition run_3x1: Z -> SetMonad.M Z :=

repeat_break body_3x1.

Theorem functional_correctness_3x1:
forall n: Z,
n > 1 ->

Hoare (run_3x1 n) (fun m => m = 1).

BEFEIERAIZ. Z98EK

Definition body_binary_search (P: Z -> Prop):
Z * Z -> SetMonad.M (ContinueOrBreak (Z * Z) Z) :=
fun '(lo, hi) =>
choice
(test (lo + 1 = hi);; break lo)
(test (lo + 1 < hi);;
let mid := (lo + hi) / 2 in
choice
(test (P mid);; continue (mid, hi))
(test (~ P mid);; continue (lo, mid))).



Definition binary_search (P: Z -> Prop) (lo hi:

SetMonad.M Z :=

repeat_break (body_binary_search P) (lo, hi).

Theorem functional_correctness_binary_search:
forall (P: Z -> Prop) lo hi,
(forall nm, n <= m -> Pm -> P n) ->
P lo ->
~ P hi ->
Hoare (binary_search P lo hi)
(fun x => P x /\ ~ P (x + 1)).

Z):
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