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then Some n

else None.

Definition var_sem (x: var_name) (s: state): option Z :=

Some (s x).

Definition add_sem (D1 D2: state -> option Z) (s: state): option Z :=

match D1 s, D2 s with
| Some il, Some i2 =>

if (i1 + i2 <=7 Int64.max_signed) &&

(i1 + i2 >=? Int64.min_signed)

then Some (il + i2)

else None
| _, _ => None

end.
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Definition sub_sem (D1 D2: state -> option Z) (s: state): option Z :=

match D1 s, D2 s with
| Some il, Some i2 =>

if (i1 - i2 <=7 Int64.max_signed) &&

(i1 - i2 >=7? Int64.min_signed)

then Some (il - i2)

else None
| _, _ => None

end.

Definition mul_sem (D1 D2: state -> option Z) (s: state): option Z :=

match D1 s, D2 s with
| Some il, Some i2 =>

if (i1 * i2 <=7 Int64.max_signed) &&

(i1 * i2 >=7 Int64.min_signed)

then Some (il * i2)

else None
| _, _ => None

end.
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Fixpoint eval_expr_int (e: expr_int): state -> option Z :=

match e with
| EConst n =>

const_sem n
| EVar X =>

var_sem X
| EAdd el e2 =>

add_sem (eval_expr_int el) (eval_expr_int e2)
| ESub el e2 =>

sub_sem (eval_expr_int el) (eval_expr_int e2)
| EMul el e2 =>

mul_sem (eval_expr_int el) (eval_expr_int e2)

end.
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Definition arith_sem
(Zfun: Z -> Z -> Z)
(D1 D2: state -> option Z)
(s: state): option Z :=
match D1 s, D2 s with
| Some i1, Some i2 =>
if (Zfun il i2 <=7 Int64.max_signed) &&
(Zfun i1 i2 >=7 Int64.min_signed)
then Some (Zfun il i2)
else None
| _, _ => None

end.
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Example arith_sem_add_fact: forall D1 D2 s,

arith_sem Z.add D1 D2 s =

match D1 s, D2 s with

| Some il, Some i2 =>
if (i1 + i2 <=7 Int64.max_signed) &&

(i1 + i2 >=? Int64.min_signed)

then Some (il + i2)
else None

|

end.

=> None

Proof. intros. reflexivity. Qed.
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Fixpoint eval_expr_int (e: expr_int):
state -> option Z :=
match e with
| EConst n =>
const_sem n
| EVar X =>
var_sem X
| EAdd el e2 =>
arith_sem Z.add
(eval_expr_int el) (eval_expr_int e2)
| ESub el e2 =>
arith_sem Z.sub
(eval_expr_int el) (eval_expr_int e2)
| EMul el e2 =>
arith_sem Z.mul
(eval_expr_int el) (eval_expr_int e2)

end.
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Definition arith_computel_nrm
(Zfun: 2 -> Z -> 2)
(i1 i2 i: Z): Prop :=
i = Zfun i1 i2 /\

Int64.min_signed <= Zfun il i2 <= Int64.max_signed.



Definition arith_computel_err
(Zfun: 2 -> Z -> 2)
(i1 i2: Z): Prop :=
Zfun il i2 < Int64.min_signed \/
Zfun il i2 > Int64.max_signed.
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Definition arith_seml_nrm
(Zfun: Z -> Z -> Z)
(D1 D2: state -> Z -> Prop)
(s: state)
(i: Z): Prop :=
exists i1l i2,
D1 s il /\ D2 s i2 /\

arith_computel_nrm Zfun il i2 i.

Definition arith_seml_err
(Zfun: Z -> Z -> Z)
(D1 D2: state -> Z -> Prop)
(s: state): Prop :=
exists il i2,
D1 s i1l /\ D2 s i2 /\

arith_computel_err Zfun il i2.
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Record denote: Type := {
nrm: state -> Z -> Prop;

err: state -> Prop;
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Definition arith_seml Zfun (D1 D2: denote): denote :=

{l
nrm := arith_seml_nrm Zfun D1.(nrm) D2.(nrm);
err := Di.(err) U D2.(err) u
arith_seml_err Zfun D1.(nrm) D2.(nrm);
1}.

Definition const_sem (n: Z): denote :=
{l
nrm := fun s i =>
i=n/\
Int64.min_signed <= n <= Int64.max_signed;
err := fun s =>
n < Int64.min_signed \/

n > Int64.max_signed;



Definition var_sem (X: var_name): denote :=
{1
nrm :
err := (J;
[

fun s 1 => i = s X;
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Fixpoint eval_expr_int (e: expr_int): denote :=
match e with
| EConst n =>
const_sem n
| EVar X =>
var_sem X
| EAdd el e2 =>
arith_seml Z.add (eval_expr_int el) (eval_expr_int e2)
| ESub el e2 =>
arith_seml Z.sub (eval_expr_int el) (eval_expr_int e2)
| EMul el e2 =>
arith_seml Z.mul (eval_expr_int el) (eval_expr_int e2)

end.
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Inductive val: Type :=
| Vuninit: val
| Vint (i: Z): val.

BEFIREHAZNAZELE] var FIREL.
Definition state: Type := var_name -> val.
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Record denote: Type := {
nrm: state -> Z -> Prop;

err: state -> Prop;
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Definition var_sem (X: var_name): denote :=
{l
nrm := fun s i => s X = Vint i;
err := fun s => s X = Vuninit;

I}.
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Fixpoint eval_expr_int (e: expr_int): denote :=
match e with
| EConst n =>
const_sem n
| EVar X =>
var_sem X
| EAdd el e2 =>
arith_seml Z.add (eval_expr_int el) (eval_expr_int e2)
| ESub el e2 =>
arith_seml Z.sub (eval_expr_int el) (eval_expr_int e2)
| EMul el e2 =>
arith_seml Z.mul (eval_expr_int el) (eval_expr_int e2)

end.
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Definition arith_compute2_nrm
(Zfun: Z -> Z -> Z)
(i1 i2 i: Z): Prop :=
i = Zfun i1 i2 /\
i2 <> 0 /\
(i1 <> Int64.min_signed \/ i2 <> - 1).

Definition arith_compute2_err (il i2: Z): Prop :=
i2 = 0 \/
(i1 = Int64.min_signed /\ i2 = - 1).

TEEXE@[:EE&@%%%%U)%T CompCert }_{45%%5(] comparison %iﬂﬂl Int64.cmp @ﬁo

Definition cmp_prop

(c: comparison)

(i1 i2: Z): Prop :=
match ¢ with
| C1t => i1 < i2
| Cle => il <= i2
| Cgt => i1 > i2
| Cge => i1 >= i2
| Ceq => il = i2
| Cne => i1 <> i2

end.

Definition cmp_compute_nrm
(c: comparison)
(i1 i2 i: Z): Prop :=
cmp_prop ¢ il i2 /\ i =1 \/
~ cmp_prop ¢ il i2 /\ i = 0.
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Definition neg_compute_nrm (il i: Z): Prop :
i= - i1 /\
il <> Int64.min_signed.

Definition neg_compute_err (il: Z): Prop :=

il = Int64.min_signed.

Definition not_compute_nrm (i1 i: Z): Prop :=
il <> 0 /\i=0\/
it =0 /\i-=1.

e, Ui RIBERAT TR R S HORE IR DL . TE X P HI4ES se &R short circuit.

Definition SC_and_compute_nrm (il i: Z): Prop :=
il =0 /\1i=0.

Definition SC_or_compute_nrm (il i: Z): Prop :=

il <> 0 /\i=1.

Definition NonSC_and (il: Z): Prop :=
il <> 0.

Definition NonSC_or (il: Z): Prop :=
i1 = 0.

Definition NonSC_compute_nrm (i2 i: Z): Prop :=
i2 =0 /\1i=0\/
i2 <> 0 /\ i = 1.
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Definition state: Type := var_name -> val.

Record EDenote: Type := {
nrm: state -> Z -> Prop;

err: state -> Prop;
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Definition and_sem_nrm
(D1 D2: state -> Z -> Prop)
(s: state)
(i: Z): Prop :

exists il,
D1 s i1 /\
(SC_and_compute_nrm il i \/
NonSC_and il /\
exists i2,

D2 s i2 /\ NonSC_compute_nrm i2 i).



Definition and_sem_err
(D1: state -> Z -> Prop)
(D2: state -> Prop)
(s: state): Prop :=
exists i1,

D1 s i1l /\ NonSC_and il /\ D2 s.

Definition and_sem (D1 D2: EDenote): EDenote :=
{l
nrm := and_sem_nrm D1.(nrm) D2.(nrm);

err := Dl1.(err) U and_sem_err D1.(nrm) D2.(err);

1%

Definition or_sem_nrm
(D1 D2: state -> Z -> Prop)
(s: state)
(i: Z): Prop :=
exists il,
D1 s il /\
(SC_or_compute_nrm il i \/
NonSC_or il /\
exists 1i2,

D2 s i2 /\ NonSC_compute_nrm i2 i).

Definition or_sem_err
(D1: state -> Z -> Prop)
(D2: state -> Prop)
(s: state): Prop :=
exists il,

D1 s i1 /\ NonSC_or i1l /\ D2 s.

Definition or_sem (D1 D2: EDenote): EDenote :=
{l

nrm := or_sem_nrm D1.(nrm) D2.(nrm);

Sieie

I},

Di.(err) U or_sem_err Di.(nrm) D2.(err);
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Definition unop_sem (op: unop) (D: EDenote): EDenote :=
match op with
| ONeg => neg_sem D
| ONot => not_sem D

end.



Definition binop_sem (op: binop) (D1 D2: EDenote): EDenote :=
match op with

00r => or_sem D1 D2

0OAnd => and_sem D1 D2

OLt => cmp_sem Clt D1 D2

OLe => cmp_sem Cle D1 D2

0Gt => cmp_sem Cgt D1 D2

0Ge => cmp_sem Cge D1 D2

|

|

|

|

|

|

| OEq => cmp_sem Ceq D1 D2
| ONe => cmp_sem Cne D1 D2

| OPlus => arith_seml Z.add D1 D2
| OMinus => arith_seml Z.sub D1 D2
| OMul => arith_seml Z.mul D1 D2

| ODiv => arith_sem2 Z.div D1 D2

| OMod => arith_sem2 Z.rem D1 D2

end.
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Fixpoint eval_expr (e: expr): EDenote :=
match e with
| EConst n =>
const_sem n
| EVar X =>
var_sem X
| EBinop op el e2 =>
binop_sem op (eval_expr el) (eval_expr e2)
| EUnop op el =>
unop_sem op (eval_expr el)

end.
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Lemma const_plus_const_nrm:
forall (n m: Z) (s: state) (i: Z),
(eval_expr (EBinop OPlus (EConst n) (EConst m))).(nrm) s i ->
(eval_expr (EConst (n + m))).(nrm) s i.
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Record CDenote: Type := {

nrm: state -> state -> Prop;

err: state -> Prop;

inf: state -> Prop

A TE

Definition skip_sem: CDenote :=

{l
nrm := Rels.id;
err := (J;
inf := (J;

[p
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Definition asgn_sem
(X: var_name)

(D: EDenote): CDenote :=

{l
nrm := fun s1 s2 =>
exists i,
D.(nrm) si1 i /\ s2 X = Vint i /\
(forall Y, X <> Y -> s2 Y = s1 Y);
err := D.(err);
inf := J;
3.
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o [ec1;¢] -(nrm) = [eq] .(nrm) o [ea] . (nrm)

e C1;C2 P HERENAEPM: o B, e BITXILE ¢ B
[er; e2] -(err) = [er] -(err) U Jer] -(nrm) o [ez] . (err)

o [ec1;ca] -(inf) = Je1] -(inf) U [e1]) -(nrm) o [ez] - (inf)

Definition seq_sem (D1 D2: CDenote): CDenote :=

{1
nrm := D1.(nrm) o D2.(nrm);
err := D1.(err) U (D1.(nrm) o D2.(err));
inf := D1.(inf) U (D1.(nrm) o D2.(inf));
1}.
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Definition test_true (D: EDenote):
state -> state -> Prop :=
Rels.test

(fun s =>

exists i, D.(arm) s i /\ i <> 0).

Definition test_false (D: EDenote):
state -> state -> Prop :=
Rels.test (fun s => D.(nrm) s 0).

Definition if_sem
(DO: EDenote)
(D1 D2: CDenote): CDenote :=

{l
nrm := (test_true DO o Di.(nrm)) U
(test_false DO o D2.(nrm));
err := DO.(err) U

(test_true DO o D1.(err)) uU
(test_false DO o D2.(err));
inf := (test_true DO o D1.(inf)) U
(test_false DO o D2.(inf))
I}.

While &) )5 X

o [while (e) do {c}] .(nrm) & Nk B EL I Fe/NAB) £ 2
F(X) = test_true([e]) o [¢] .(nrm) o X U test_false([e])
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o [while (e) do {c}] .(err) J& TR EREHI B/ NAF) A
F(X) = test_true([e]) o [¢] .(nrm) o X U

test_true([e]) o [¢] .(err) U [e] .(err)

While GBI ANLILRITEHL 0 NWR . BRRPATIEIMARE P #0E 7 1847 2 b H S T+ — B 2 1524
ABEHAT TS 2 IRAEIAE ;s FEIRPATIEIMARS, PATIEIE RIS FEAR S AL,
While 15A) AN 1L 150

o [while (e) do {c}] .(inf) & Nk ERE I FRAB) £
F(X) = test_true([e]) o ([c] .(nrm) o X U [c] .(inf))

o MARMEFREITE s A%, AT AT — UAEAE 5 R PRSI R AT 2R
£E5 X, BiHL:
X < test_true([e]) o ([c] .(nrm) o X U [c] .(inf))

N E Y assane A T BLUF R TREPRGES x MM MES x PRER MRS K, iF
FORAFATGRENE (BAXTE B, EAESEIITE, BaEFsfTLIF & ET 54
(TR =) x EaTrPRE L, BEAMm s A& L.

Definition is_inf
(DO: EDenote)
(D1: CDenote)
(X: state -> Prop): Prop :=
X € test_true DO o ((D1.(arm) o X) u D1.(inf)).

ZRE—R, MEAAEAERIEOURT LUE SCNPTA A2 1s_ine PEBTIVER & IIFEE

Definition while_sem
(DO: EDenote)
(D1: CDenote): CDenote :=

{l
nrm := Kleene_ LFix
(fun X =>
test_true DO o Di1.(nrm) o X U
test_false DO);
err := Kleene_LFix
(fun X =>
test_true DO o Di1.(nrm) o X U
test_true DO o D1.(err) u DO.(err));
inf := || (is_inf DO D1);
I}.
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Fixpoint eval_com (c: com): CDenote :=
match ¢ with
| cSkip =>
skip_sem
| CAsgn X e =>
asgn_sem X (eval_expr e)
| CSeq cl c2 =>
seq_sem (eval_com c1) (eval_com c2)
| CIf e c1 c2 =>
if_sem (eval_expr e) (eval_com c1) (eval_com c2)
| CWhile e c1 =>
while_sem (eval_expr e) (eval_com cl1)

end.
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