T IR AMITERRIE X

1 A XRRTIEFEAIEX

(s1,82) € [c] BHBEAM s WEHEHITREF ¢ KURRTFIRE s, &1L,

2 —XREMEH

(iL',Z) € RioRy %HW%T?E Yy 'TE?T_EII‘ (17>Z/) e R ijE— (yvz) € Ry
I, ={(a,a) | a€ A},
W X < A, B4 test(X) = {(a,a) | ae X}

3 # Coq PRTAEASEZRXAR

1E Coq FAEFER x: & > prop KRFRFERA & FUREMMHTIES x « FHLEE, XHEM 2 > prop
Forn x 2 a P RBAGE L, XA T x 2N RT a FonEMEN . TR 0 F
TCER a ME, a FFEEMR x FNT & WNKmE xa NE, XENT o 26 x TR, 1
SetsClass X — iR ET WM EESE aecx o

KU, £ Coq HHHHEH R:a>8>prop KKK 2 5 8 PHURZAM LK R F¥
I, “Ta w ZES R PTHRIITER” TLSE @b er , SetsClass #hEFEMTRRNIXALKIE, B4R, B
£ Coq THISEPRE St R ab X AFREHL .

SetsClass #hJ@ il T H REE K — RIE L. Hln:

- M g BE MR SRR, N Sets.empty

- AR BN sets.eann (BERALTIIHRRFS);

- outk: Hl—XI5H SRR, € NN sets.singleton ;

- #ME: 8 XN sets.complement (AMER A LI THIZRRFF S );
- JFHE: M o R, BN (sets.union

- & H A BoR, E N [sets.intersect

- A H o= BR, BN Sets.equiv ;

- LR SEERFR: H e For, BN setsm ;

- THEXKAHR: M e Ror, %X sets.included ;

FEIXLERT 5, AMEDLEH AN Coq BEUMIILSE SR, KRNI, HENILHHR, EEH
% BEUE SR TS MRS EK.
SetsClass #hJ R g fit 7 IXLER T e R R ME Le
—:ﬁ%%%%*ﬁ' }Eﬁ o %%ﬁ?; I'Ej(jl‘j Rels.concat
MR SN Retsie GEHETIFORER);
-Uﬂ“ﬁﬁ %Xﬂ‘j Rels.test (?ﬁﬁ?f]ﬁ‘]ﬂ%ﬂ?ﬁ%)o



4 FEFIBAIRVIEIRIENXNENX
4.1 WEIEA

[ =e] ={(s1,52) | s2(z) = [e] (s1),for any y € var _name, if x # y, s1(y) = s2(y)}

4.2 ZiEF]

[skip] = {(s, s) | s € state}

4.3 RFHITIES)

[er; e2] = [er] o [ea] = {(s1,83) | (s1,52) € [ea], (52, 83) € [c2]}

4.4 FHRZER
1
[if (c) then{er} else {eo}] = ({(s1,52) | [e] (1) = T} m [eu] )
({(s1,52) | [e] (s1) =F} n [ea])
€ 2:
[if (e) then{c} else {co}] = test_true([e]) o [e1] L test_false([e]) o [ez]
o,

test _true([e]) = {(s1,52) | [e] (s1) = T,s1 = s2}
test_false([e]) = {(s1,s2) | [e] (s1) =F,s1 = sa}o

4.5 TEMIERIESR
E X 1:
iterLBo([e] , [¢]) = test_ false([e]);

iterLB,,1([e] , [c]) = test_true([e]) o [¢] o iterLB,,([e] , [¢]):
[while (e) do {c}] = U, oy iterLB,([e], [c])-

E X 2
boundedLBy([e] , [c]) = &

boundedLB,,;1([e] , [¢]) = test_true([e]) o [¢] o boundedLB,,([e] , [¢]) w test_ false(X)
[while (e) do {c}] = |,y PoundedLB,, ([e] , [c])

5 Coq FENXEFIZAIHIEIRITNX

Record asgn_sem
(X: var_name)
(D: state -> Z)
(s1 s2: state): Prop :=
{
asgn_sem_asgn_var: s2 X = D si;
asgn_sem_other_var: forall Y, X <> Y -> s2 Y = sl1 Y;
Yo



Definition skip_sem: state -> state -> Prop :=
Rels.id.

Definition seq_sem (D1 D2: state -> state -> Prop):
state -> state -> Prop :=
D1 o D2.

Definition test_true
(D: state -> bool):
state -> state -> Prop :=

Rels.test (fun s => D s = true).

Definition test_false
(D: state -> bool):
state -> state -> Prop :=
Rels.test (fun s => D s = false).

Definition if_sem
(DO: state -> bool)
(D1 D2: state -> state -> Prop):
state -> state -> Prop :=
(test_true DO o D1) U (test_false DO o D2).

Fixpoint iterLB
(DO: state -> bool)
(D1: state -> state -> Prop)
(n: nat):
state -> state -> Prop :=
match n with
| 0 => test_false DO
| S n0 => test_true DO o D1 o iterLB DO D1 nO

(e FE—F R X F A %)
Definition while_sem
(DO: state -> bool)
(D1: state -> state -> Prop):
state -> state -> Prop :=
U (iterLB DO D1).

Fixpoint boundedLB
(DO: state -> bool)
(D1: state -> state -> Prop)
(n: nat):
state -> state -> Prop :=
match n with
| 0=>g
| S n0 =>
(test_true DO o D1 o boundedLB DO D1 n0) uU
(test_false DO)

end.



(e B Z 02 X 7R *)
Definition while_sem
(DO: state -> bool)
(D1: state -> state -> Prop):
state -> state -> Prop :=
U (boundedLB DO D1).

FRATE R —FhE o
N R AR AR SR U E X

Fixpoint eval_com (c: com): state -> state -> Prop :=
match ¢ with
| CSkip =>
skip_sem
| CAsgn X e =>
asgn_sem X (eval_expr_int e)
| CSeq cl c2 =>
seq_sem (eval_com cl1) (eval_com c2)
| CIf e cl c2 =>
if_sem (eval_expr_bool e) (eval_com cl1l) (eval_com c2)
| CWhile e c1 =>
while_sem (eval_expr_bool e) (eval_com c1)

end.

6 £&. XFE5ZEWER Coq IERA

6.1 FEWEEKIERSZE

Sets_unfola 15 ] LUK AR & ML 5T (b 03B 4 i

EHEHER—NEMRR, £505FEAAREMLEME. EERNE. HEMMEZHMAR “6
a7 WA KR, BLHFREAME YR, SetsClass i FEHLEL T L R I0TE, T SCHR
rewrite ?Eé\iE%%é'ri;ﬁo
6.2 NESHEMRM Coq iEFA

UEWIR S STk

Sets_equiv_Sets_included:

forall x y, x == y <->x Sy /\y C x

IEHI S SR AP -

cynz ATUIBIIRZAN
c z ATLIBMZIN [
= WA AL

E Coq ':F‘, Eﬁ*ﬁﬂlﬁﬁ)ﬁﬂuﬁﬂ apply Tﬁ@[ﬁ?&fﬂo

M
n
<
D
n
<
dr
L
n
N

M
D
<
n
N

N

N

XNy

<
N
N
o

Sets_included_intersect:

forall x yz, x Sy ->xCz->xCynz

Wﬁ)ﬁﬁﬁiﬁ%ﬁﬂﬁﬁ rewrite Fﬁ%lfﬁifﬁ‘o



Sets_intersect_includedl:
forall x y, x Ny € x
Sets_intersect_included?2:

forall x y, x Ny Sy

(k% ... EFHE N CoqiR KA ... %)
(k% ... EHF N CoqiERA ... %)
(k% ... EH ¥ LCoqE KA ... %)

UEWIHFERAT R PR «

B
N

yuz AJRAHEHZN «
y Uz WATDIEZ ;
yEZﬂu%ﬁ%ﬂg‘]y\jx_z'ﬁygza

N
<

i

"
N
B3

N

z

M
C
n

E Coq EP7 ﬁﬁ%%*iﬁwﬂuﬁﬁy\gﬁﬂg rewrite —Fﬁglﬁifﬂo

Sets_included_unionl:
forall x y, x &S x U Yy
Sets_included_union2:

forall xy, y € x Uy

ﬁ‘ﬁ)ﬁ—ﬁ‘ﬁ%)ﬂﬂﬁﬂﬂ\ﬁﬁ apply —Fﬁgl @;Iﬂo

Sets_union_included:

forall x y z, x €Sz ->y C z ->x UyC z;

A, w5 e EMPMEES AR —DIFE, FESLMAZEXT T IFER A fEfEH]

FEARUEW RIS

Sets_equiv_Sets_included:

forall x y, x == y <-> Xx

N
<

/Ny € x
Sets_intersect_includedl:

forall x y, x Ny € x
Sets_intersect_included2:

forall x y, x Ny Sy
Sets_included_intersect:

forall x yz, x Sy ->x<S z->xC ynNz
Sets_included_unionl:

forall x y, x &S x U Yy
Sets_included_union2:

forall xy, y €S x Uy
Sets_union_included:

forall x yz, x €Sz >y Sz ->xuUyCaz
Sets_intersect_union_distr_r:

forall x yz, (x Uy) Nz==xN2zUynNz
Sets_intersect_union_distr_1:

forall x yz, x n (y uz) ==xNyuUuzxnaz

FoAtH RO S -

Sets_union_included



Sets_intersect_comm:

forall x y, x Ny ==y N X
Sets_intersect_assoc:

forall x y z, (x ny) nz==xn (y N 2z)
Sets_union_comm:

forall x y, x Uy ==y U X
Sets_union_assoc:

forall x y z, (x U y) Uz ==3x U (y U 2z)
Sets_union_intersect_distr_1:

forall x y z, x U (y n 2z) == (x U y) Nn (x U z)
Sets_union_intersect_distr_r:

forall x y z, (x ny) uz-==(xuUz)n(yuz

6.3 T&H. 28, TBEREXHFHMEM Coq kPR
SetsClass i & EX T E RIS R L Z B LU TRE VRGN TE.

Sets_empty_included: forall x, g < x

FAXIRLRY, — VIR G H R R T4 .

Sets_included_full: forall x, x © Sets.full

BT IRPIFAET, TTRNE 2 A ISR . SetsClass 2L #F LA

Sets_union_empty_1: forall x, @ U X == X
Sets_union_empty_r: forall x, x U (J == x
Sets_intersect_empty_l: forall x, J N x == J
Sets_intersect_empty_r: forall x, x N @ ==
Sets_union_full_1: forall x, Sets.full U x == Sets.full
Sets_union_full _r: forall x, Sets.full U == Sets.full
Sets_intersect_full_1l: forall x, Sets.full N x == x
Sets_intersect_full_r: forall x, x N Sets.full == x
Sets_equiv_empty_fact: forall x, x & (J <-> x ==

Sets_equiv_full_fact: forall x, Sets.full € x <-> x == Sets.full

SetsClass #i &SRt 7 AP SCHFIE 5 S SR AN TR I Lo EATRNIEN 7 XS E @K IF 5504k
FAIE R 75 2 AU o

- TR RS I U X 5 Sets.indexed_union X
{x|Fiel X;}
- BT ERNESR: () X » Sets.indexed_intersect X
{o|Viel X;}
- T 3E: L[| U , Sets.general_union U
{z]|3XeU ze X}
- TN [TU , Sets.general intersect U

{z | VX eU ze X}



NI SetsClass DAL R TETTLEELITIHE GETIRE) M.

Sets_included_indexed_intersect:

forall xs y, (forall n, y € xs n) ->y € () xs
Sets_included_indexed_union:

forall n xs x, xs n & LJ XS
Sets_indexed_union_included:

forall xs y, (forall n, xs n S y) -> |J xs C y
Sets_indexed_intersect_included:

forall n xs, (1 xs © xXs n
Sets_intersect_indexed_union_distr_r:

forall xs y, |J xs ny == |J (fun n => xs n N y)
Sets_intersect_indexed_union_distr_1:

forall x ys, x n [J ys == J (fun n => x N ys n)

MRS XA ST SO ITER .

Sets_general_intersect_included:
forall Ux, Ux -> [| U C x

Sets_general_union_included:
forall U y, (forall x, U x -> x

N

v > U

N
<

Sets_included_general_union:
forall Ux, Ux ->x € || U
Sets_included_general_intersect:
forall U y, (forall x, Ux ->y

N

x) >y c[]U

6.4 BB Coq SERR
THEAZUER] “FFHE”. “B7 5 Y BEACY” BEHRIEREASIL S SRR

Coq ERABIZAR 1. left 3§45 right 1§84, WRFFEHERES p v a FIER, A e ATLLEZ
GEBIRZIN b, rigne A LUERZSEIBMIZIN @ .

Coq EFABIZAR 2. REUZHEIERAAY split 35S, WRFFHEPLSEIEESE »p Ao BIER, A spric 0
PB4 BT E B H A L2 A AN B S AR B B br, TR RTIR S EE Y H AR RTEARE, e 4518 4 )
ANr 5o

Coq MERREIA 3. @RRIZHEIERAHHY destruct 8. WIERIEMF AT & BAERX » Ao BEAEA
pP\/Q ,» WIFTLMEA] aestruct 1 5% 4 1 HAENX p A a B, ZIEL R UICHTIR AP ATHE (2
5q . Ha BAKENA pva B, RS SA0EH BARZAPANER B, Hb— MRt 5 #
MO e, AN B 508 e .

Coq FUFH F A H] ldestruct ... as ... 82X destruct HRIFIH TR FaIEin . Bl 5 HEE
o P A q B, destruct H as [Ht H2l FH2KFAE AR N TR ANIE B AT HE

Hi: P

H2: Q

XY w BAE 2/ q B, destruct B as 1 | w20 FEAWMATUUH T FE 4. 5 intros 54 H AT
JE—FF, HTEX destruct &5 R —# o TFahar imx 5 —&rBshar 4, ATUERFES 2 RZR8
LT E W Coq HBM AL T

Coq R0 VFH P X Z AT HE RIS #0077 destruct $84, 1 U | destruct H, Ho BiK /NG destruct B F |destruct HO
o Coq HARVFH FE—%% destruct F82H X destruct &5 R — B R alilt— 2 dihe, HEKTE
B2 /)R, TEATH destruct ... as ... FEAMCEAAULH . #lWn, Y4 w BAER

®/AQD /N R/ S)



HTJ‘, destruct H as [? [? 7]] Tgé\é\qg‘ H %ﬁgj"j P/AQ ~ R 5 H ﬁﬁ destruct H as [[? 7] 7] ?El‘/?\éqg‘ H

S
RN R a5 RAs o FAh X ORHT 5 BT S RN M EIRE, B, 4 e
AT

P /ANQD\NR

I, FTLAMEH] destruct H as Ciwp Q) | #R] - 7E 73T 18 A [FINE T HL o — > 70 SRR ) 70 SO AT St —

iy

Coq iIEHHHﬂ]ZIK 4. g])\*ﬁﬁ- ﬁﬁﬁﬂ%‘:f[\?@, destruct ... as ... TE%ﬂH*W\ﬁ%Eﬁ%?W\E‘Jﬁ@ﬁ%
PR, X7 H, as ZJRMIZMBON “ I Gntro-pattern). AN 25 H A=A K
JURRGI AR

o EPXF “IEH” B EEYFAE lintro_patternt intro_pattern2] ;
Xt “B” #2025 8 [ lintro_patterni | intro_pattern2] ;
eI PN O L I

o Xl Coq REHMMHMIS (2 ;
FRBEHEAT ISR TRIZ &

B 7 destruct 8224, intros #8425 pose proof At AT AL 51 AR, 7858 AE A ThRen 2t L,
P T —IX destruct. B, intros [H1 H2] [H3 | H3] AH A THKIKIAT:

intros H1 H2
destruct H1 as [H1 H2]

destruct H3 as [H3 | H3] ;
[iii} pose proof H x y as [H1 H2] *H%%@Eﬁ\?ﬂ/ﬁt

pose proof H x y as H1

destruct H1 as [H1 H2] o

Coq IERARIA 5. XT “F&” WOIERR. AFHEWERIEIY: “AAE— x 45,7, AL fexists
R R TS (= A% UKL

HIRTIRIE A : A 2 (5.7, AT LMER] Coq HH (aestruce 52 REATIEM] . X —iEWI4R
DAL THCAEM PR RS E DN = .

6.5 Ik ZREEMKEA Coq IERH

TIURRINEBHEME: - 456 Gopoz=x0 (o2
- JEFAIJG: Rels.id o x == x

- HHALTG:  x o Rels.id == x

-ENHE: xoGuUz =xoyuxoz

-HEE: Uy oz=x0zUyoz

FEh, CIUR AR IR S B T IR 55 IR AR AL



Rels_concat_assoc:

forall x y z, (x 0y) 0z ==x0yoO0z
Rels_concat_id_1:

forall x, Rels.id o x == x
Rels_concat_id_r:

forall x, x 0 Rels.id == x
Rels_concat_union_distr_1:

forall x y1 y2, x o (y1 U y2) == x 0 y1l U x 0 y2
Rels_concat_union_distr_r:

forall x1 x2 y, (x1 U x2) oy ==x1 0y U x20y
Rels_concat_indexed_union_distr_1:

forall x ys, x © LJ ys == LJ (fun n => x o ys n)
Rels_concat_indexed_union_distr_r:

forall xs y, |J xs o y == |J (fun n => xs n 0 y)

MR R Re1s.test A FIHJLSAEEME .

Rels_test_full: Rels.test Sets.full == Rels.id
Rels_test_empty: Rels.test (J ==
Rels_test_is_id:

forall x, x == Sets.full -> Rels.test x == Rels.id
Rels_test_is_empty:

forall x, x == -> Rels.test x ==

7 FEFEAEETRIEX AR

NI LSRR P A SR — MEVEE B 3RATE S5 mT DAIERT, DA while 156035 U 5E U7 255
T

Lemma while_seml_while_sem2_equiv:
forall DO D1,
WhileSeml.while_sem DO D1 ==
WhileSem2.while_sem DO D1.

j&ﬂ U\ﬁE Eﬁ »  boundedLB %%i E(J °

Theorem boundedLB_inc: forall DO D1 n m,
boundedLB DO D1 m & boundedLB DO D1 (n + m).

NHE SR B R BT 55T -

Definition cequiv (cl c¢2: com): Prop :=

[ ct D ==1T<¢c21.

ﬂulﬁwy mﬁ{al%/ﬂ\ J”r)j}?ﬁh’/ﬁ\ if ig‘/@;ﬁ] Whﬂe i%/@ijEgngﬁ% asgn_sem ~ seq_sem ~ if_sem 5
ahitesen A FHAR IR BR AR SR A T SE B B RIIAE . B0y, JEWA if B0 while WBAVERRI, 7%k
iEEﬁ test_true *ﬂ test_false ﬁ%@%ﬂa*ﬁlﬁlﬁ@@i&ﬁr%ﬁ%ﬂ*ﬁﬁE‘J%Ao

#[export] Instance asgn_sem_congr:

Proper (eq ==> func_equiv _ _ ==> Sets.equiv) asgn_sen.



#[export] Instance seq_sem_congr:

Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv) seq_sem.

#[export] Instance test_true_congr:

Proper (func_equiv _ _ ==> Sets.equiv) test_true.

#[export] Instance test_false_congr:

Proper (func_equiv _ o ==> Sets.equiv) test_false.

#[export] Instance if_sem_congr:

Proper (func_equiv _ _ ==>
Sets.equiv ==>
Sets.equiv ==>

Sets.equiv) if_sem.

#[export] Instance while_sem_congr:
Proper (func_equiv _ _ ==>
Sets.equiv ==>

Sets.equiv) while_sem.

NHEUEM Simplewhile F£ 78G4T NN BIACKENE R .

#[export] Instance cequiv_equiv: Equivalence cequiv.

#[export] Instance CAsgn_congr:

Proper (eq ==> iequiv ==> cequiv) CAsgn.

#[export] Instance CSeq_congr:

Proper (cequiv ==> cequiv ==> cequiv) CSeq.

#[export] Instance CIf_congr:

Proper (bequiv ==> cequiv ==> cequiv ==> cequiv) CIf.

#[export] Instance CWhile_congr:

Proper (bequiv ==> cequiv ==> cequiv) CWhile.

E%?@?ﬁ?ﬁ?ﬂ%ﬁﬁﬁﬁﬁiﬂu@%%%%%%%l‘éﬁ@fﬁ%ﬁﬁﬁw, seq_skip 5 skip_seq %%EET
T3 M5 AT v 22 R R ) A R AT N

Lemma seq_skip:

forall c, [[ c; skip 11 ~=~ c.

Lemma skip_seq:

forall c, [[ skip; c 1] ~=~ c.

RN, seqassoc K UIMFFHAT LS S IUF REAZIRE AT I, R, AT SR i g fE oAl 7 AR RS
oot 5 1) RE AR M WU ST R 25 45 7 3K

10



Lemma seq_assoc: forall cl c2 c3,
[[ Ccl; c2); c3 11 ~=~ [[ c1; (c2; c3) 11.

HTHEISE 2], while JAMEAIRIAT B AT IR . HEAEIASRATRROL, e AT IR A L AT IR . 3K
ATRTVAER,  BATTH A e SRR 715 AT A1 — P

Lemma while_unrolll: forall e c,
[[ while (e) do {c} 11 ~=~
[[ if (e) then { c; while (e) do {c} } else {skip} 1].

o JEP: [while (e) do {c}] = test_true([e]) o [c] o [while (e) do {c}] U test_false([e])
o iEH:

[while (e) do {c}]
- U boundedLB, ([e] , [¢])

= U boundedLB,,1([e] , [¢])
= U (testitrue(ﬂe]]) o [[¢] o boundedLB,,([e] , [¢]) v testifalse([[e]]))
= test_true([e]) o [c] o U boundedLB,, ([e] , [¢]) U test_false([e])

neN

= test_true([e]) o [¢] o [while (e) do {c}] U test_false([e])
Tﬁﬁ'ﬁ]iﬁ%; ﬁﬂf]f‘ﬁﬁﬁi@)‘(ﬁ@ remove_skip g’i?ﬁ%%ﬁﬁ?ﬁ%ﬁ@&

Theorem remove_skip_sound: forall c,

remove_skip c¢ ~=~ c.
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