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S1={(z,z+1) | z€Z}
So ={(z,x+2) | z€Z}
S.={(x,9) €ZXZ | z<uy}
S<=A{(z,9) €eZXZL | z <y}
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S10S. =508 ={(x,y) €EZXZ | x+1<y} < S
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TICRFR. BRI, BATEZLE HEMB T A NMER ZoiR R, HERR” 5 IR,

Iy ={(a,a) | a € A}
WR X < A, B4 test(X) = {(a,a) | a e X}
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SetsClass X — iR ETMEESE aecx -

FALH, 7E Coq FHHEHMEMH r:ia >8 >prop KFER 0 5 8 FIHURZAP UK R HE
I, “Ta w ZES R TRITER” WTLSE @b er , SetsClass $hEFEMTRFRNIX ARKIE, HA, B
7E Coq HHISEFRE /2 R a b IXASATRREAL

SetsClass #h @R T H REEH —RIE L. Hl:

-7 H g BE TR SRR, € N [sets.empty

- M BN sewsgul (BERAETINERTTS);

- oudE: H—XHHE SRR, LN sets.singleton ;

- #ME: B XN sets.complement (FMERA LI IHIRRITS);
- I H o FoR, €N sets.union

- 4R B a RKIR, BN sets.intersect ;

- EEMSE: H = R, EXN sets.equiv ;

- LEREEARR: H e B, BN sets.1n ;

- THEXKR: H ¢ FIR, XN sets.included ;

FEIXLERF 5, AMEDLEHAN Coq BEUMIPLSE S, KRNI EHIR, RN LR, EEH
& EEUESRT SIS ERMR. Flan, THRNNRTEGKGE, LB = alrh S
A LA -

Check forall A (X: A -> Prop), X U J == X.

Check forall A B (X Y: A -> B -> Prop), X U (Y n X) € X.
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G AHEE, SetsClass HRECENHMAPIUEH T = 2—1MEM KA.

SetsClass #h & e rhfgfit 1 IXEL5C T IR RIE X+

—:fﬁ%%%j@*ﬁ' Hﬂ o %%%7 %X?ﬂ Rels.concat
SRR BN Rels.ia (RAH LT INERRTS);
- MK €SN (Rets.west (AL ITHIIERRTFTS).
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Fact plus_1_concat_plus_1:
forall S1 S2: Z -> Z -> Prop,
(forall nm, (n, m) € S1 <->m =n + 1) ->
(forall nm, (n, m) € S2 <->m = n + 2) ->
S1 o S1 == S2.
Proof.
intros S1 S2 H_S1 H_S2.
Sets_unfold.
intros x z.
(x* _[Sets_unfold]l _# A4 ¥ _[cl_WEXETF, AEFEILH:
- exists y, (x, y) € 81 /\ (y, z) € S1
L HMR L
- (x, z) € S2]_. *)
rewrite H_S2.
setoid_rewrite H_S1.
Gex R _[S11_5_[s2]_mE X, AFEIEH:
- (exists y, y=x +1 /\ z =y + 1) <-> 2z = x + 2 %)
split.
+ intros [y [7 71].
lia.
+ intros.
exists (x + 1).
lia.
Qed.

3 &&5mX% Coq IEHA

3.1 H&wEEKIEREE

SetsClass #HEFEHF EGIEETAEIET Coq F M EEATE LK. B, 24 xv: 4 - prop I,
X n vy B CARE R XOR:

funa=>Xa/\Ya o

REEADS “A2 7 BFR AR B —20, Bl, faex ay HHMY aex JH aev KU, aex oy
HHMNY aex WH aev o fEIEUT, WATLRIHES B RS EERMA NES SuRZ M E
firele Fla, FHAE Coq HIEH T, S5H—MESMIERIZHEMEREFESN T,

Theorem Setsl_intersect_includedl: forall A (X Y: A -> Prop),
X nyY CX.
Proof.
intros.
(x% T W — 4 % 4 _[Sets_unfold] _#Z SetsClass E Rt A H LA A, TIA LUK H %
SR EAAF ARG ANMER . *)
Sets_unfold.
(o RAZEAMATRENURAEARE AT -
_[forall a : A, a € X /\ a €Y ->a € X]
RAXTEEN G A ECq T REEZEAN . %)

intros.

tauto.
Qed.
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Lemma Setsl_included_unionl: forall A (X Y: A -> Prop),
X< X u Y.
Proof.
intros.
Sets_unfold.
(k% Z 84, EILHWE LR : _[forall a : A, a € X -> a € X \/ a € Y]_., *)
intros.
tauto.

Qed.

AT T LA £ A da SO SR A AT S b AT R

Example Sets2_proof_samplel: forall A B (X Y Z: A -> B -> Prop),
XuyYycz->
Y C Z.

Proof.
intros.
Sets_unfold in H.
Sets_unfold.
intros a b.
specialize (H a b).
tauto.

Qed.

U B T UE B R TR B IR B, K AR A A ORI Coq i & T 9 18 4 AH DR o A2 — oo 20010 B BE B
Jride R, TWEAEMMES AN B SR %, fln, W R XAV R EBE T 2NN
HEA R FE R ERATS A 55 KRS P FIUE9EY] .

An (Bl UB2U ... UBn) == (A nBl) U ... U (A N Bn)

X, A ZHETEAIEE A F{RRIE A A EMEE 7. WIS, BATENA
TXAE AR B v
BAIGN, EEMER DM KR, EEOSEA A REME#EE. £ Coq H, IXEPE TR

Equivalence Sets.equiv
Reflexive Sets.included

Transitive Sets.included

SetsClass $hEE L UE] T ix e g B, Kb FRATE o LAHE rewrite reflexivity SRR HESE A
RHUE B A o T TR PR A 15 R PR 451 o

Example Setsl_proof_sample2: forall (A: Type) (X Y Z: A -> Prop),

X =Y ->X =272 ->Y == Z.
Proof.
intros.

rewrite <- H, <- HO.
reflexivity.
Qed.



Example Setsl_proof_sample3: forall (A: Type) (F: (A -> Prop) -> (A -> Prop)),
(forall X: A -> Prop, X € F X) ->
(forall X: A -> Prop, X € F (F X)).
Proof.
intros.
rewrite <- H, <- H.
reflexivity.
Qed.

A, EEMMZE. FHFEMNEEFSRET ‘87 5 ‘4887 XR, WeRFEESMHE SR, /£
SetsClass #hfEFEH, T T :

Sets_union_mono:

Proper (Sets.included ==> Sets.included ==> Sets.included) Sets.union
Sets_intersect_mono:

Proper (Sets.included ==> Sets.included ==> Sets.included) Sets.intersect
Sets_union_congr:

Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv) Sets.union
Sets_intersect_mono:

Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv) Sets.intersect
Sets_complement_congr:

Proper (Sets.equiv ==> Sets.equiv) Sets.complement
Sets_complement_mono:

Proper (Sets.included --> Sets.included) Sets.complement

Sets.equiv 5 Sets.included m%ﬂ—%%ﬂ: Proper %ﬁi%‘l\é)—)ﬁo

Proper (Sets.included --> Sets.included ==> Basics.impl) Sets.included
Proper (Sets.equiv ==> Sets.equiv ==> iff) Sets.equiv

Proper (Sets.equiv ==> Sets.equiv ==> iff) Sets.included

TR =4 MER T, BIPZA 2 sets.included 5 Sets. equiv HifL b B S SIS B0, e =&
SetsClass ¥ J@ FEZNAMIE B FEER AL LS F P (1) IXEePE RS G E— ke, fERFRATEF ZRHEH AT LLAH Coq 1
rewrite 84BN J7 [ HLTE BGUE B o T T A2 — AN ] B 1495

Example Setsl_proof_sample4: forall (A: Type) (X1 X2 Y1 Y2: A -> Prop),
X1 == X2 -> Y1 € Y2 -> X1 u Y1 € X2 U Y2.
Proof.
intros.
rewrite H, HO.
reflexivity.

Qed.

3.2 XESHEMRM Coq iERA
TR, BEEARANEGHSE, MR TEIEHEATHEEAS . £ Coq FRATFE appry 5[ HRSL
PLXAMIE IR,

Sets_equiv_Sets_included:

forall x y, x ==y <->x Sy /\y € x

FUEMIEN N RS CEUE R =G, BEIEVEEPANEG SRR =GRS, TR
RET
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Sets_included_intersect:

forall x yz, x Sy ->xCz->xCynz

ﬁEW‘jiFEFﬁEHEﬂu@ﬁ rewrite Fﬁ%lﬁifﬂo

Sets_intersect_includedil:
forall x y, x Ny C x
Sets_intersect_included2:

forall x y, x Ny Sy
fltn, BATAT LA M IE R A A R S A A A

Theorem Setsl_intersect_comm:
forall {A: Type} (x y: A -> Prop),
X Ny ==y N X.
Proof.
intros.
(k¢ B, BIUEAFNEGHAERFRELEACNEATE . »)
apply Sets_equiv_Sets_included; split.
+ (xx F—ANASPXFEUEHA [xnySynxl, FAEZFAIMEEHRE, BhXANME644
S ELEENT . *)
apply Sets_included_intersect.
- O AEFEUREHA xnycyl, PRE, REEALMNAANELHNRERAMELHN T
£, RAFEUEHLENWE N ECRAMNEGWTERET .
rewrite Sets_intersect_included2.
reflexivity.
- O EMM, EATFTLAXFEIUEA _[x 0y S x1_, RMNTUSBERLETE HIERZ AN —
MNEARAEALESH TR . o %)

rewrite Sets_intersect_includedl.

reflexivity.
+ (kB XHIEA R KRB o )
(k% ... EBH# NLCoqE R ... %)

Qed.



Theorem Setsl_intersect_assoc:
forall {A: Type} (x y z: A -> Prop),
(xNny)nz=xn(yn z).
Proof.
intros.
(o SIEHARERBBENRHFERMN, RNEFRNAECHENEABTAEACNEIN TE. %)
apply Sets_equiv_Sets_included; split.
+ (o EAPXFELEH [xny) nzSxn (yn22)l_. ZEHZMELZMN =A% 4xE
TR, RFRLALZMALEMNE TR THE. »)
apply Sets_included_intersect; [| apply Sets_included_intersect].
G+ FEZANEHAERFL A E
-(xny)nzCx
-(xNny)nz

S
c z

- nNny)nz
LA AFERALA AR TR A RAAWTEINT . *)
(% ... AEHF N CoqERA ... *)
+ (kx BN WA R RKME . %)
apply Sets_included_intersect; [apply Sets_included_intersect |[].
(%% ... LB W CoqiE RA ... %)
Qed.

XFIEEHEN S, BIERENNMMEEMHERETHE =ANES, EIEHERANES RN =4
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£ Coq ™, HIPRMUER] AT OB AT FIZE | rewrive 11T 5] BESEI

Sets_included_unioni:
forall x y, x € x U Yy
Sets_included_union2:

forall xy, vy €S x U y

117 Ja —FE B AT DOGE L (appry N 51 BESEH .

Sets_union_included:

forall x y z, x €z ->y € z ->x UyC z;

A, 55 e EMEE AR IS, T ESLMAREN T IR LA M sets_union_included

o

SIER 1. iERBEENEA] sets unfold BX |Sets unforad HIIHEL FiEBH FIHESiaBE 1M )R .

Fact sets_fact_ex: forall (A: Type) (X Y: A -> Prop),
X<y ->
X nY == X.

(v FHERKLENKREIER, MU _[Qed]l XK. *)

S_]&E 2. i%ﬁﬁ;éﬁz:ﬁﬁﬁ sets_unfold Ei Sets_unfold EQ'I‘%%‘FEE%‘FE%é\EﬁEQTEEEO

Example Setsl_intersect_absorb_union:
forall {A: Type} (x y: A -> Prop),
x N (x U y) == x.

(x FERKLENREIER, M_[Qed]l £ XK. =*)



SRR 3. HINETEANEH] sets_unfold Y sets_unfold HIIHM FiERH FIESEHFAIMER .

Example Setsl_union_absorb_intersect:
forall {A: Type} (x y: A -> Prop),
x U (x ny) == x.

(¢ FEBALENREIER, M _[Qed]l £ XK. *)

EMEZ, BUTIXEE SetsClass #0E2E FFKI 51 B, Rl 1 HE3RATT T2l W 5 G iz SR (126 A 757

Sets_equiv_Sets_included:

forall x y, x == y <-> x

N
<

/\ vy

N
=

Sets_intersect_includedil:

forall x y, x Ny € x
Sets_intersect_included2:

forall x y, x Ny Sy
Sets_included_intersect:

forall x yz, x Sy ->xCz->xCynz
Sets_included_unionil:

forall x y, x &S x U Yy
Sets_included_union2:

forall xy, y € x U Yy
Sets_union_included:

forall x yz, x Sz >y Sz ->xuUyCz
Sets_intersect_union_distr_r:

forall x yz, (x Uy) Nz==xN2zUynNz
Sets_intersect_union_distr_1:

forall x yz, xn (yuz) ==xNyuUzxnaz

BT X se 5| B, RATHT 0 AU AR A L AR 5 245 A X B3R A T 7 i (R iE B LA A0 5 7 SetsClass
FREPES T, BRUILZ AL, SetsClass #h EEILIR ML | &I HA 545 SR UL ES IR AL 77
Bt . SetsClass # & ZEHH HIIE AR T U0 & - prop KUK Coq A, M—FHFHET 4 - B -> Prop

. A ->B->C ->prop HFTHEREHIEIE

Sets_intersect_comm:

forall x y, x Ny ==y N X
Sets_intersect_assoc:

forall x y z, (x ny) Nnz==xn (y n z)
Sets_union_comm:

forall x y, x Uy ==y U X
Sets_union_assoc:

forall x y z, (x U y) Uz ==x U (y U z)
Sets_union_intersect_distr_1:

forall x y z, x U (y n z) == (x U y) n (x U z)
Sets_union_intersect_distr_r:

forall x y z, (x ny) Uz ==(xuUz)n (yuz)

SRR 4. EIRETLEAEH sets_unfold Y [sets_unfora FJIEHL FIERH N HESIZH MR .

Fact Sets_exl:
forall {A: Type} (x y z: A -> Prop),
x Sy ->
x VU z<zuUy.

(x FHELALENREIER, M_[Qed]l £ XK. =*)

HEE 5. L%wﬁ%&$1§ﬂ§ sets_unfold Ei Sets_unfold E‘JF%%?IE%?E%@“J@%IE‘JT%U&



Fact Sets_ex2:
forall {A: Type} (x1 x2 y1 y2: A -> Prop),
(x1 n x2) U (y1 n y2) <
(x1 U y1) N (x2 U y2).
(v HERRLENKREIER, MU _[Qed]l XK. *)

SetsClass X T M S F BRI LI TR —VIESH T

Sets_empty_included: forall x, ¢ € x

FARIREF, — VIR H R 2R T 4.

Sets_included_full: forall x, x € Sets.full

BT IXPRAER, FTLLE 2 B S AR . SetsClass 243 H LA

Sets_union_empty_l: forall x, J U x == x

Sets_union_empty_r: forall x, x U (J == x
Sets_intersect_empty_1l: forall x, J N x == J
Sets_intersect_empty_r: forall x, x N O ==

Sets_union_full_1: forall x, Sets.full U x == Sets.full
Sets_union_full_r: forall x, x U Sets.full == Sets.full
Sets_intersect_full_1: forall x, Sets.full N x == x
Sets_intersect_full_r: forall x, x N Sets.full == x
Sets_equiv_empty_fact: forall x, x © (J <-> x ==
Sets_equiv_full_fact: forall x, Sets.full € x <-> x == Sets.full

S_]EILE 6. _Fmﬁ Eééfféﬂ ’ SetsClass *EEE ExééﬁEEE T Sets_intersect_empty_1l o i%’f/ﬁ_(/l:l’fiﬁﬁ Sets_empty_included
AR AZ B PR A R E B B

Lemma Setsl_intersect_empty_1:
forall (A: Type) (x: A -> Prop), J N x ==
(x FAEBAEANRWIER, _[Qedl _ XK. *)

SetsClass R HEI ¢ TAMERIMERA FHNAH. (1) —MEG S B CrAMER BRI 245 3 54
ek,

Sets_intersect_complement_self

forall x, x N Sets.complement x ==
Sets_complement_self_intersect

forall x, Sets.complement x N x ==
Sets_union_complement_self:

forall x, x U Sets.complement x == Sets.full
Sets_complement_self_union

forall x, Sets.complement x U x == Sets.full
(2) *MEERIHNERE AR

Sets_complement_complement

forall x, Sets.complement (Sets.complement X) == X



(3) RREBIFE AN i L T FEAR A

Sets_complement_union
forall x y,
Sets.complement (x U y) ==
Sets.complement x N Sets.complement y
Sets_complement_intersect
forall x y,
Sets.complement (x N y) ==

Sets.complement x U Sets.complement y
(4) #MEL 00 K AR Z 1A AL AL 5 i UL 18] )12 S o

Sets_contrapositive_PP:

forall x y, x € y -> Sets.complement y & Sets.complement

]

Sets_contrapositive_CC:

forall x y, Sets.complement y & Sets.complement x -> x & y
Sets_contrapositive_PC:

forall x y, y & Sets.complement x -> x & Sets.complement y
Sets_contrapositive_CC:

forall x y, Sets.complement x & y -> Sets.complement y & x

MR Xo, X1, Xo, .. & HILTTKNESGTFH, IBLE Bl al LU eI IR A e sl P
5E XA
UXné {z|3IneN ze X,}

neN

ﬂXné{aHVneN.xeXn}

neN
1r Coq Hr, —%2H x: nat -> 4 - Prop (g X, c A Y X: nat -> A -> B —> Prop QIPS X, S Ax B)
FERARR X B—ANLEHKMWESITH. SetsClass EERVTHFH Ux Ml O x RRENMTLTIH
AITETT2L o
M B, B P B AR NGER TR ER] . R EHE B i fatn g, M4 L
IEAE /NI E PR
|JXi={z|3ielzeXy
el
ﬂXié{x |Viel. ze X}
i€l
EHAE R, T B T WEREA R DEENETE L. EERLERE T 225N
I, Xier FIRESRE “28R7, EREAMESRTIAFE “UEIraEHEgfe®f”. A, nRE
Coq TAE x: 1> 4 ->prop (M X; © A), PARKLEEGHZHIRATLLRE XK, AFE T TR
BMERUE Xier MIRZESE “AL” ABMATULT o SetsClass $HEEY, HETIEFENESHSE TR HIX
P> Coq 5E LRI

Sets.indexed_union: forall {I: Type}, (I -> T) -> T

Sets.indexed_intersect: forall {I: Type}, (I -> T) -> T

Hr, 1 Z2HFH 4> prop « A -> B -> prop HIEIK Coq AL,

BRIt Ah, A0 1L R U 1) SRR {2 | 3X e U. v € X}.7E Coq ", W [u: (a -> prop) -> Prop
s IBABERT DAL v /2 a AWM TFERN—JCiEW, P v 2% 4 £E5NTEMBIIES . SetsClass
WREARRMH v &ox v )7 3038 iR v BfH

(A -> B -> Prop) -> Prop EE%%‘ (A -> B -> C -> Prop) -> Prop

10



HRM, WA LIEFERR v 1) S0FF. BRI, SetsClass #h/BFEHE X T X v 1) X3, wH
U: (A -> Prop) -> Prop 2'—(%%71?%, %BZ?E‘J#X&%&E)\(% “é;%” A o
ERRUL, SetsClass ¥ FEFR AL T W RN SCHF TG 75 A8 ST 75 B E Lo

- BT EERIEERFF: Ux 5  Sets.indexed_union X
{z|Fiel zeX;}
- BT HEMERIESZE: X 5 [ Sets.indexed intersect X
{z|Viel zeX;}
- T T L] U , Sets.general union U
{z|3XeU ze X}
& [TU , Sets.general intersect U
{z | VX eU ze X}
EATAH I BT R B 77 205 i I A 5 S AR IR A 77 2 2R A o I T — AN SR
Example Setsi_union_indexed_intersect_fact:

forall {A: Type} (x: nat -> A -> Prop) (y: A -> Prop),
(Nx vuy<S () (fun n => x n U y).

Proof.
intros.
G RIEA LD EGREARAEF SN 20X ENTE, RFEILA LU ECREALE IS
BT E. %)

apply Sets_included_indexed_intersect.

intros n.

G AERFEILEHA _[[Nxuy S xnuyl_. *)
rewrite (Sets_indexed_intersect_included n).
reflexivity.

Qed.
N2 SetsClass FEH CZLUEM IR TR ZEL S LITIE GETHrE) K.

Sets_included_indexed_intersect:

forall xs y, (forall n, y € xs n) -> y € () xs
Sets_included_indexed_union:

forall n xs x, xs n & LJ XS
Sets_indexed_union_included:

forall xs y, (forall n, xs n S y) -> |J xs C y
Sets_indexed_intersect_included:

forall n xs, (1 xs € xXs n
Sets_intersect_indexed_union_distr_r:

forall xs y, |J xs ny == |J (fun n => xs n N y)
Sets_intersect_indexed_union_distr_1:

forall x ys, x n [J ys == J (fun n => x N ys n)
N L5 IR .

Sets_general_intersect_included:
forall Ux, Ux ->[|U C x

Sets_general_union_included:
forall U y, (forall x, U x -> x

N

y) > | |JUucy
Sets_included_general_union:

forall Ux, Ux ->x € || U
Sets_included_general_intersect:

forall U y, (forall x, Ux ->y

N

x) >y c[]U

11



SIRR 7. WHIRETEANEH] sets_unfold Y sets_unfold HITHML FiEAH FIIESEHFAIMER .

Fact IndexUnion_ex1:
forall {A: Type} (xs: nat -> A -> Prop),
U (fun n => xs (2 * n)%nat) < |J xs.
(x FAEWLAENREIER, U_[Qedl _#F XK. *)

QEFE 8. iﬁiﬁ%&ﬁ'fﬁﬁﬁ sets_unfold Ei Sets_unfold E‘J'ﬁ%ﬁ?iﬁ%?ﬁ%é\@ﬁ%ﬁfﬁo

Fact IndexUnion_ex2:
forall {A: Type} (xs: nat -> A -> Prop),
(forall n m, (n <= m)%nat -> xs n S xs m) ->
U (fun n => xs (2 * n)%nat) == (J xs.
(x FEWAENREIER, U_[Qedl _#EX. *)

3.4 KRR EEMRA Coq iEMA
TIOLRARKR T AT EEANEBREMER AN, BF LR EEIEE MR .

- G e (xoy) oz==xo0 (y oz

- SEHALJG: Rels.id o x == x
- HHALIG:  x o Rels.id
- EOTI: xo (G Uz ==xoyuxoz
AN [GuUpoz=x0zUyoz

= X

A, ICR AN IR RN T I IR ML SRR N T SetsClass J22 H TN X L8 5E PE

Rels_concat_assoc:

forall x y z, (x 0y) 0z ==x07yoOz
Rels_concat_id_1:

forall x, Rels.id o x == x
Rels_concat_id_r:

forall x, x 0 Rels.id == x

Rels_concat_union_distr_1:

forall x y1 y2, x o (y1 U y2) == x 0 y1l U x 0 y2
Rels_concat_union_distr_r:

forall x1 x2 y, (x1 U x2) oy ==x1 0y U x20y
Rels_concat_indexed_union_distr_1:

forall x ys, x o |J ys == |J (fun n => x o ys n)
Rels_concat_indexed_union_distr_r:

forall xs y, |J xs o y == |J (fun n => xs n 0 y)

MR R Rels.test A FIHIJLSAEEME

Rels_test_full: Rels.test Sets.full == Rels.id
Rels_test_empty: Rels.test (J ==
Rels_test_is_id:

forall x, x == Sets.full -> Rels.test x == Rels.id
Rels_test_is_empty:

forall x, x == -> Rels.test x ==
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