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Recap: Convex Sets

A set C C R"is convex if the line segment between any two points
x,y € C lies entirely in C, i.e.

xe€CyeC,0e0,1] = Ox+0yeC

convex nonconvex

Properties.
e The intersection of convex sets is convex.
¢ The image of a convex set under an affine transformation is
convex.
* The inverse image of a convex set under an affine transformation
iS convex.



Recap: Convex Sets

Convex combination. )" | 0;x;, where 6 > 0, 176 = 1

Convex hull of S
¢ smallest convex set containing S
e set of all convex combinations of elements of S

Examples of convex sets.
e (), R", singleton (point), line, line segment, ray
® Hyperplane P = {x c R" : wix = b}, w c R", b € R
e Halfspace H = {x € R" : wix < b}
e Affinespace S={x e R":Ax =b},A ¢ R"", b € R"
® Polyhedron P = {x e R" : Ax < b}, A ¢ R"™" b € R"
e Norm ball B(xg, r) = {x : [x — x| < r}
e Ellipsoid £ = {xo +Au : |[ul] < 1},A € R"™", A > O.
* Positive semidefinite matrices S = {A € R"*" : A = 0}
e Simplex A = conv{xo, ...,xu} = {d " 0x;: 0 >0,170 = 1}
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Convex Functions

A function f : S C R" — R is convex if
1. its domain domf = S is a convex set
2. foranyx,y e Sand 6 € [0, 1],

f(0x + y) < 0f (x) + 0f (y)
Note. Condition 1 guarantees 6x + fy is in the domain.

Geometrically, the line segment between (x,f(x)) and (y,f(y)) lies
above the graph of f.
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Convex Functions (cont’d)

A function f : § C R* — R is strictly convex if
1. its domain domf = S is a convex set
2. foranyx#yeSandfde (0.1),

f(Ox + 0y) < 6f (x) + 0f (v)

Proposition. Let f be convex. If f(6x + 0y) = 0f (x) + 0f (y) for some
0 =0 € (0,1), thenitholds for any 6 € [0, 1], i.e. g(0) =f(6x + Oy) is
an affine function for 6 € [0, 1].

Strict convexity says the restriction of f to any line segment in S is not
an affine function.

A function f is (strictly) concave if —f is (strictly) convex.

An affine function f(x) = w'x + b is both convex and concave, but not
strictly convex or strictly concave.



Convex Functions (cont’d)

A A

strictly convex function convex function

strictly concave function concave function



Examples

Example. Univariate functions
® f(x) = e (a € R) is convex, and strictly convex for a # 0
® f(x) = logx is strictly concave over (0, co)
® f(x) = x“is convex over (0,00) fora>1ora <0
® f(x) = x“is concave over (0,00) for0 <a <'1

Example. Any norm || - || : R* — R is convex,
16 + Oyl < [[6x]| + [1Oy[| = Olx[| + Olly]

But not strictly convex (why?)

Ilxlls




Restriction to Lines

Proposition. f is convex iff for any x € domf and any direction d, the
function g(¢) = f(x + td) is convex on dom g = {: x + td € domf}.

Proof. “=”. Assume f is convex. Fix an arbitrary x € domf and
direction d. Need to show g(7) = f(x + «d) is convex.

Let#,t, € domg, 8 € [0,1]. Letx; =x +t:d, T = 0t; + 01, and x = x +1d.
1. Note x = x + (01, + 0ty)d = 0x, + Ox,
2. t;€edomg = x; € domf

3. domfis convex =— ¥ € domf — 7€ domg = domg is
convex

4. Since f is convex,

8(1) =f(x) < 0f (x1) + 0f (x2) = 0g(11) + 0g(12)

SO g is convex.



Restriction to Lines (cont’d)

Proof (cont'd). “<”. Assume g(¢) = f(x + «d) is convex for any
x € domf and any direction d. Need to show f is convex.

Fixx,y € domf, 0 € [0,1]. Letd =x —y, and g(¢t) = f(y + «d).

1.

x,y €domf = 1,0 €domg

2. domgisconvex — 0 € domg — x + 0d € domf
3.
4. Since gis convexand § =60 x 1460 x 0,

Since 0x + 0y =y + 0d, 6x + 0y € domf = domf is convex.

f(0x +0y) = g(0) < 0g(1) + 05(0) = 6 (x) + 6 (v)

SO f is convex.



Epigraph
Recall the graph of f : § C R" — R is the set

{(x.f(x) eR"! :x e 5}
The epigraph' of f is

epif = {(x,y) e R"™ :x € S,y > f(x)}

N4 N
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convex nonconvex

"The prefix epi- means “above”, “over”.



Epigraph (cont'd)

Theorem. f: § C R* — R is a convex function iff epif is a convex set.

Proof. “=". Assume f is convex. Let (x1,y1), (¥2,y2) € epif, ¢ € [0, 1].
Need to show (x,y) = (6x1 + Ox,, 0y, + 0y,) € epif.

(x2,y2)

1. fconvex = x € Sand f(¥) < 0f(x;) + 0f (x»)
2. (xi,yi) €epif = f(x;) <yi = Of(x1) +0f(x2) <Oy +0y2 =y
3.Bytland2,x e Sandf(x) <y = (x,y) € epif



Epigraph (cont'd)

Proof (contd). “«<=". Assume epif is convex. Letx;,x; € S, 6 € [0, 1].
Need to show x £ 0x; + 6x, € S and f(x) < 6f (x1) + 0f (x2) = ¥.

1. flxi) <f(xi) = (x;,f(x;)) € epif by definition
2. epif convex = (x,y) = 0(x1,f(x1)) + 0(x2,f(x2)) € epif
3. x€S, f(x) <y=0f(x1) + 0f (x2) by definition of epif



Jensen’s Inequality

For convex function f, x,y € domf, 6 € [0, 1]

f(6x + 0y) < 0f(x) + 0f ()

More generally, for x; € domf, §; > 0,and >_7" , 0; = 1,

f (Z Hixi> < Z 0:f (xi)
i=1

i=1

Example. f(x) = x? is convex over R.

n 1 2 n 1 1 n 1 n
<an,-> SZEX% — ;ing ;lez
i=1 i=1 i=1 i=1

Example. f(x) = logx is concave over (0, c0). For x; > 0,

n 1 n 1 1 n n
log (21: nx,-) > Zl ;logx,- — P zxi > 1—[1xi
i= i= i= i=



Holder’s Inequality

Let p,q € (1,0) be conjugate exponents, i.e. p~! +¢~! = 1. For
x=(x1,...,x%)" ,y=(y1,...,y.)T, HOlder's inequality holds,

n

> bl < llxellplyllg

i=1
Proof. Assume x # 0,y # 0; otherwise trivial. Letx = x/||x||, and
¥y =y/|vll;- The above inequality is equivalentto >, |x:yi| < 1.

1 1
1. Show xrys < [l)x—i— éy for x,y > 0.
> trivial if xy =0

» if xy > 0, logx is concave — log (—x+ y) %logx—k élogy
2. Let x = |x;? and y = |y;]7 in the inequality in 1,
%l - 5l < p 7R+ gl
3. Sum over i and note ||x||, = [ly[|; = 1,

1 1
5615’!|<*x|p *yq* +-=1
;\ Wlls + 29l = 2+ 2



Minkowski’s Inequality
Forl < p < oo,
[l +yllp < lell, + lyll,

Proof. Only need to consider case ||x +y|, > 0.
e +ylp =20 b+ yil? < 325 bl - b+ vl = 3 Il - !
Let p~! + ¢~ = 1. By Hélder, and note (p — 1)g = p,

1/q
> bl byl < (Z Xi+yi|(p_1)q> = |l llx + y||5/7
i i

Interchange x and y, 3 [yil - |x; + i~ < [lyllpllx + (15
1

Combining above inequalities,

lbe - 1l5 < (el + llyllp) Il + 3115

Cancel ||x + yly/* and note p — p/q = 1.
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