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Definition same_sgn (x y: Z): Prop :=
x<0/\Ny<0\x=0/\y=0\x>0/\y>0.
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Theorem same_sgn_refl: forall x: Z,
same_sgn X X.

Proof. unfold same_sgn. lia. Qed.

Theorem same_sgn_symm: forall x y: Z,
same_sgn x y ->
same_sgn y X.

Proof. unfold same_sgn. lia. Qed.

Theorem same_sgn_trans: forall x y z: Z,
same_sgn x y ->
same_sgn y z ->
same_sgn X z.

Proof. unfold same_sgn. lia. Qed.
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Example same_sgnb5: forall x1 x2 x3 x4 x5: Z,
same_sgn x1 x2 ->
same_sgn x2 x3 ->
same_sgn x3 x4 ->
same_sgn x4 x5 ->
same_sgn x1 x5.

Proof.
intros x1 x2 x3 x4 x5 H12 H23 H34 H45.
(+ ERBEZERREREERAEREME . %)
pose proof same_sgn_trans x1 x2 x3 H12 H23 as H13.
pose proof same_sgn_trans x1 x3 x4 H13 H34 as H14.
pose proof same_sgn_trans x1 x4 x5 H14 H45 as H15.
apply H15.

Qed.
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Example same_sgn4: forall x1 x2 x3 x4: Z,
same_sgn x1 x2 ->
same_sgn x3 x2 ->
same_sgn x3 x4 ->
same_sgn x1 x4.
Proof.
intros x1 x2 x3 x4 H12 H32 H34.
pose proof same_sgn_symm x3 x2 H32 as H23.
pose proof same_sgn_trans x1 x2 x3 H12 H23 as H13.
pose proof same_sgn_trans x1 x3 x4 H13 H34 as H14.
apply H14.
Qed.

RAMIE R R B AT P S mliE B 3 A

Example same_sgn4_alternativel: forall x1 x2 x3 x4: Z,
same_sgn x1 x2 ->
same_sgn x3 x2 ->
same_sgn x3 x4 ->
same_sgn x1 x4.
Proof.
intros x1 x2 x3 x4 H12 H32 H34.
apply (same_sgn_trans x1 x2 x4).
+ apply H12.
+ apply (same_sgn_trans x2 x3 x4).
- apply same_sgn_symm.
apply H32.
- apply H34.
Qed.
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Example Zeq_ex:

x1 = x2 ->
x3 = x2 ->
x3 = x4 ->
x1 = x4.

Proof.

forall x1 x2 x3 x4: Z,

intros x1 x2 x3 x4 H12 H32 H34.

rewrite H12,

reflexivity.

Qed.

<-

H32, H34.
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#[export] Instance same_sgn_refl': Reflexive same_sgn.

Proof. unfold Reflexive. apply same_sgn_refl. Qed.

#[export] Instance same_sgn_symm': Symmetric same_sgn.

Proof. unfold Symmetric. apply same_sgn_symm. Qed.

#[export] Instance same_sgn_trans': Transitive same_sgn.

Proof. unfold Transitive. apply same_sgn_trans. Qed.
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#[export] Instance same_sgn_equiv: Equivalence same_sgn.

Proof.

split.

+ apply same_sgn_refl'.

+ apply same_sgn_symm'.

+ apply same_sgn_trans'.

Qed.
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Example same_sgn4_alternative2: forall tl1 t2 t3 t4,

same_sgn t1
same_sgn t3
same_sgn t3
same_sgn tl

Proof.

t2
t2
t4

t4.

intros t1 t2 t3 t4 H12 H32 H34.
<- H32, H34.

rewrite H12,

reflexivity.

Qed.
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Definition pointwise_relation
(A: Type) {B: Typel}
(R: B -> B -> Prop)
(f g: A -> B): Prop :=
forall a: A, R (f a) (g a).
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#[export] Instance pointwise_reflexive:
forall {A B: Type} {R: B -> B -> Prop},
Reflexive R ->
Reflexive (pointwise_relation A R).
Proof.
intros.
unfold Reflexive, pointwise_relation.
(x+ RIFRXEHEILEHA
- _[forall (x: A -> B) a, R (x a) (x a)]l_. *)

intros.

reflexivity.

(¢ X—FEERA AR _RI_WERMEZKIEH. %)
Qed.
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#[export] Instance pointwise_symmetric:
forall {A B: Type} {R: B -> B -> Prop},
Symmetric R ->
Symmetric (pointwise_relation A R).
Proof.
intros.
unfold Symmetric, pointwise_relation.
intros.
Gex BRI R X JE T EIEH B AR Fo 458 R
- HO: forall a, R (x a) (y a)
- %#%: R (y a) (x a) %)
symmetry.
(¢ X BB _[symmetryl _ 4§ 4 & & A 4 #F M . %)
apply HO.
Qed.



#[export] Instance pointwise_transitive:
forall {A B: Type} {R: B -> B -> Prop},
Transitive R ->
Transitive (pointwise_relation A R).
Proof.
intros.
unfold Transitive, pointwise_relation.
intros.
(¢ BRFRXEFELEHMMREALE LR
- HO: forall a, R (x a) (y a)
- H1: forall a, R (y a) (z a)
- %% R (x a) (z a) %)
transitivity (y a).
(x+ X E, [transitivity (y a)I_FFH “f#KE” EAF & _[y al_FHFETE . *)
+ apply HO.
+ apply H1.
Qed.
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#[export] Instance pointwise_equivalence:

forall {A B: Type} {R: B -> B -> Prop},
Equivalence R ->

Equivalence (pointwise_relation A R).
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eq_equivalence: forall {A : Typel}, Equivalence (Qeq A)
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Definition func_equiv (A B: Type):
(A ->B) -> (A -> B) -> Prop :=
pointwise_relation A (Qeq B).
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#[export] Instance func_equiv_equiv:

forall A B, Equivalence (func_equiv A B).
Proof.

intros.

apply pointwise_equivalence.

apply eq_equivalence.
Qed.
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Theorem equiv_in_domain:
forall {A B: Type} (f: A -> B) (R: B -> B -> Prop),
Equivalence R ->
Equivalence (fun al a2 => R (f al) (f a2)).
(* EBH ¥ WL Coq iR R A . %)
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Definition congr_Mod5 (x y: Z): Prop := x mod 5 = y mod 5.

#[export] Instance congr_Mod5_equiv:
Equivalence congr_Mod5.

Proof.
apply (equiv_in_domain (fun x => x mod 5)).
apply eq_equivalence.

Qed.
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Z_div_mod_eq_ful: forall a b: Z, a =b * (a / b) + a mod b
Z_mod_1lt: forall a b: Z, b > 0 -> 0 <= a mod b < b
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Zplus_mod: forall a b n: Z, (a + b) mod n = (a mod n + b mod n) mod n
Zminus_mod: forall a b n: Z, (a - b) mod n = (a mod n - b mod n) mod n
Zmult_mod: forall a b n: Z, (a * b) mod n = (a mod n * b mod n) mod n

Z_mod_plus_full: forall a b c: Z, (a + b * ¢) mod ¢ = a mod ¢
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Fact n_plus_2_equiv_1: forall n: Z,
congr_Mod5 (n + 2) 1 ->
congr_Mod5 n 4.
Proof.
intros.
assert (n = n + 2 - 2).
{ lia. }
(x+ AEKMNELHMF T EEE, AENAWRAE :
- H: congr_Mod5 (n + 2) 1
- HO: n=n+ 2 - 2
BTX, ZRIuwitxl, KMNAFERRAAAZFAANAFXAETHRFT . *)
rewrite HO.
Gex FLAEFFIE S B R
- congr_Mod5 (n + 2 - 2) 4 x)
Fail rewrite H.
(x% [EZCoqiEE T X EMWHE — % _[rewritel _. *)
Abort.
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congr_Mod5 2 2
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Lemma Zsub_preserves_congr_Mod5: forall x1 x2 yl1 y2,
congr_Mod5 x1 x2 ->
congr_Mod5 y1 y2 ->
congr_Mod5 (x1 - y1) (x2 - y2).
Proof.
unfold congr_Mod5; intros.
(**% R _[congr_Modb]_# & X, HEHRFIEH:
- H: x1 mod 5 = x2 mod 5
- HO: y1 mod 5 = y2 mod 5
- %ib: (x1 - y1) mod 5 = (x2 - y2) mod 5 *)
rewrite (Zminus_mod x1 y1).
rewrite (Zminus_mod x2 y2).
Gex ] _[Zminus_mod] _Z G, WAL A :
- (x1 mod 5 - y1 mod 5) mod 5 =
(x2 mod 5 - y2 mod 5) mod 5
BHE-—ARTUBFAANREBZERLEZIANFANEZLATAEET . %)
rewrite H, HO.
reflexivity.
Qed.
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Fact n_plus_2_equiv_1_attempt: forall n: Z,
congr_Mod5 (n + 2) 1 ->
congr_Mod5 n 4.
Proof.
intros.
assert (n = n + 2 - 2).
{ lia. }
rewrite HO.
(ex FAEFFIELE B R
- congr_Modbs (n + 2 - 2) 4
EHE, WEHEKRATFTEEESEA [revrite HI_, EHXTUEFTERK . *)
assert (congr_Mod5 (n + 2 - 2) (1 - 2)). {
apply Zsub_preserves_congr_Mod5.
+ apply H.
+ reflexivity.
}
rewrite H1.
(kx I E 2 FIEH _[congr_Mod5s (1 - 2) 4]_. %)
reflexivity.
Qed.
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Zsub_preserves_congr_Mod5
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#[export] Instance Proper_congr_Mod5_Zsub:

Proper (congr_Mod5 ==> congr_Mod5 ==> congr_Mod5) Z.sub.

RN 2.sw0 BREBHURE, UIRATE Coq RIAXNFHEHECRMRIAEN x5y B, LhHEMEE
AR zosub x y o DIHIXSMEF VI Z: zosw &2 JCERE, WRXTHERANSE A  congr_tods AT
e, A ZJCREITTH S R KA congr Moas AP, TEIUEIHIX — 250, TFEJEIT proper M€ X,
BTREREIF == MEX, B Coq %F/2E respectiul -

Proof.
unfold Proper, respectful, congr_Modb; intros.
(x* B _[Proper] % E X5, TEILHAMNE &L :
- H: x mod 5 = y mod 5
- HO: x0 mod 5 = yO mod 5
- %i#: (x - x0) mod 5 = (y - y0) mod 5 %)
rewrite (Zminus_mod x x0).
rewrite (Zminus_mod y yO0).
rewrite H, HO.
reflexivity.
Qed.
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Fact n_plus_2_equiv_1: forall n: Z,
congr_Mod5 (n + 2) 1 ->
congr_Mod5 n 4.

Proof.
intros.
assert (n = n + 2 - 2).

{ lia. }

rewrite HO.

rewrite H. (xx X — AT % Al 2| 7 &0 @ iE B ¥y _[Proper] _ M fi . *)
reflexivity.

Qed.
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#[export] Instance Proper_congr_Mod5_Zadd:
Proper (congr_Mod5 ==> congr_Mod5 ==> congr_Mod5) Z.add.

#[export] Instance Proper_congr_Mod5_Zmul:

Proper (congr_Mod5 ==> congr_Mod5 ==> congr_Mod5) Z.mul.
TS R T 5 BRIFEA A ) SRR

Fact n_mult_3_equiv_2: forall n: Z,
congr_Mod5 (n * 3) 2 ->
congr_Mod5 n 4.

Proof.
intros.
assert (n = n * 1).

{ lia. }
assert (congr_Mod5 1 6).
{ reflexivity. }
assert (n * 6 = n *x 3 *x 2).
{ lia. }
(xx L RTB9IEHA B A7 & -
- H: congr_Mod5 (n * 3) 2
- HO: n =n * 1
- H1: congr_Mod5 1 6
- H2: n * 6 =n *x 3 % 2
- %1 : congr_Mod5 n 4
XRFERK _[revrite]l _ AT UT RIEH T o *)
rewrite HO, H1, H2, H.
reflexivity.
Qed.



