FF R AR MFERRIE X

1 HAZRXRRRIEFIEANIEX
(s1,52) € [e] MEBUIM s RATHERITIF ¢ RURFFIRA s £k

2 "RRAMEE

(LL',Z) € RioRy %EW%’{@E Yy 'TE?T_EII‘ (QT;Z/) e R ijE— (yvz) € Ry
I, ={(a,a) | a€ A},
W X < A, B4 test(X) = {(a,a) | ae X}

3 EFIBAIAIEIRIENENX
3.1 W{EER

[x = e] = {(s1,52) | s2(z) = [€e] (s1), for any y € var_name, if x # y, s1(y) = s2(y)}

3.2 ZEf)

[skip] = {(s, s) | s € state}

3.3 |RFHITIER

[er; e2] = [er] o [ea] = {(s1,83) | (51,52) € [ea], (52, 83) € [e2]}

3.4 FHH¥XiEG
E X 1:

[if () then{c;} else {co}] = ({(s1,82) | [e] (51) =T} [ea] )L
({(s1,52) | [e] (s1) =F} n 2] )

E S 2:
[if (e) then{c} else {co}] = test_true([e]) o [e1] L test_false([e]) o [ez]
e,

test _true([e]) = {(s1,52) | [e] (s1) = T,s1 = s}
test_false([e]) = {(s1,s2) | [e] (s1) =F,s1 = sa}o



3.5 {EMEAIEA
E X 1:
iterLBo([e] , [¢]) = test_ false([e]);

iterLB,,1([e] , [c]) = test_true([e]) o [¢] o iterLB,,([e] , [¢]):
[while (e) do {c}] = U, oy iterLB,([e], [¢c])-

boundedLBy([e] , [c]) = &

boundedLB,,;1([e] , [¢]) = test__true([e]) o [¢] o boundedLB,,([e] , [¢]) v test_ false([e])
[while (e) do {c}] = |,y PoundedLB,, ([e] , [c])

4 7£ Coq HFRREEE5-TXA

£ Coq HAEAEA A x: & > Prop KRERFRA 0 HImRMBNES x « T EFH, XHM a - prop
Fom x &M 4 PICERBIGAR B, XEAN T x 2 KT a P EMNR. TR a
TR a ME, & AR x ST & WNEGE xa NE, XENT @ 2846 x MHR, 1
SetsClass X — B ETHEREGE aex o

FKALK, £ Coq FHFEHEMH r:ia>8B->prop KER 0 5 B TRHRZAKZITKRR. ¥
I, “T@ w ZES R PRICER” WTLEE @b er , SetsClass #hEFEM T RFERNIXARKIE, B4R, B
1t Coq HHSERRE SUHLZ R a b XAMTRERAL,

SetsClass #hfEFE et TH REEG I —RIE L. Hlin:

- M g BE RS RR, BN Sets.empty

- AR ESUN sets.fuil (RERALTINERRATS);
-ﬁfﬁ% ﬁﬁﬁﬁ'ﬁ?ﬁ%?@ﬂ?, /THEX?'SI Sets.singleton ;

- AME: XN [sets.complement (FMEEH LI TIRIRFT);
- 4 H u TR, SN sets.union

- H A KR, BN sets.intersect ;

- BRAEME: = R, N [sets.equiv

- LRSEERFR: H e TR, TN setsm

- THERR: e FIR, N [sets.included ;

TEXLERF 5, FMEDL R HAD Coq MBI e M iR, LEMM LRI, FHEMIILHER, EE5H
&, BT 5RET SISk,
SetsClass #h J& g A [ IXEL T 0 R R I E s
—:fﬁ%%ﬁ@ﬁ*ﬁ Fﬁ [¢] %ﬂi\‘, %Xj’\j Rels.concat ;
- MR AR BN Bels.ia (RELTIHERFTS),
SR E SUN Rels.test (WA LTIHIRRTTES).

BTk, BATTLUK — L= Ie Rk RISHE MG T 51E Coq i, Tt —MEFERIF T



Fact plus_1_concat_plus_1:
forall S1 S2: Z -> Z -> Prop,
(forall nm, (n, m) € S1 <->m =n + 1) ->
(forall nm, (n, m) € S2 <->m = n + 2) ->
S1 o S1 == S2.
Proof.
intros S1 S2 H_S1 H_S2.
Sets_unfold.
intros x z.
(** _[Sets_unfold] _#4A ¥ _[o]_WEXEF, AAEFRILHA:
- exists y, (x, y) € 81 /\ (y, z) € S1
L HMR L
- (x, z) € S2]_. *)
rewrite H_S2.
setoid_rewrite H_S1.
Gex R _[S11_5_[s2]_mE X, AFEIEH:
_[(exists y, y =x +1 /\ z =y + 1) <>z =x + 2]_ *)
split.
+ intros [y [7 71].
lia.
+ intros.
exists (x + 1).
lia.
Qed.

Coq HEXIEFIBAIRVIEFRIEX

Record asgn_sem
(X: var_name)
(D: state -> Z)
(s1 s2: state): Prop :=

asgn_sem_asgn_var: s2 X = D si;

asgn_sem_other_var: forall Y, X <> Y -> s2 Y = s1 Y;

Definition skip_sem: state -> state -> Prop :=

Rels.id.

Definition seq_sem (D1 D2: state -> state -> Prop):
state -> state -> Prop :=
D1 o D2.

Definition test_true
(D: state -> bool):
state -> state -> Prop :=

Rels.test (fun s => D s = true).

Definition test_false
(D: state -> bool):
state -> state -> Prop :=
Rels.test (fun s => D s = false).



Definition if_sem
(DO: state -> bool)
(D1 D2: state -> state -> Prop):
state -> state -> Prop :=

(test_true DO o D1) U (test_false DO o D2).

Fixpoint iterLB
(DO: state -> bool)
(D1: state -> state -> Prop)
(n: nat):
state -> state -> Prop :=
match n with
| 0 => test_false DO
| S n0 => test_true DO o D1 o iterLB DO D1 nO

(e FE—F R X F K *)
Definition while_sem
(DO: state -> bool)
(D1: state -> state -> Prop):
state -> state -> Prop :=
U (iterLB DO D1).

Fixpoint boundedLB
(DO: state -> bool)
(D1: state -> state -> Prop)
(n: nat):
state -> state -> Prop :=
match n with
| 0 =>
| S n0 =>
(test_true DO o D1 o boundedLB DO D1 n0) uU
(test_false DO)

end.

Gex B X7 A *)
Definition while_sem
(DO: state -> bool)
(D1: state -> state -> Prop):
state -> state -> Prop :=
|J (boundedLB DO D1).

AL FEER b E Lo
IR R AR AR S I E .



Fixpoint eval_com (c: com): state -> state -> Prop :=
match ¢ with
| CSkip =>
skip_sem
| CAsgn X e =>
asgn_sem X (eval_expr_int e)
| CSeq cl c2 =>
seq_sem (eval_com c1) (eval_com c2)
| CIf e c1 c2 =>
if_sem (eval_expr_bool e) (eval_com cl) (eval_com c2)
| CWhile e c1 =>
while_sem (eval_expr_bool e) (eval_com cl)

end.

6 £&. XFE5ZEWER Coq IERA

6.1 SEWEEKIERSZE

sets_unfola 11T LUK EE & ME T AL 9 a2 4 il

FEEMER—DNENRR, FEOTEAAREMEIEME. EEFMZE. HEMMEZHRRE “Q
a7 5 BT KR, BERIEAHSRER, SetsClass HiFEAE LA T KL e TR AIER], M S2HE I
rewrite ?E‘é\iﬁ%%ﬁ'l‘i;ﬁo
6.2 NESHEMRM Coq iEFA

UEMIR S STk

Sets_equiv_Sets_included:

forall x y, x == y <->x Sy /\y C x

IEI S SR PR -

xCy 4 ﬁfU%EZ%J”LZ"J?'\j x &
cz ATLIBHIZTN <
xNy<z ’ﬂﬂu%ﬂiﬂé"ﬁ'\j y<S z o

E Coq ':F‘, ﬁﬁ*ﬂﬂﬁEﬁﬁﬁfU\ﬁJi apply Tﬁ@[ﬂ?&fﬂo

D
n
<
dr
™
n
N

H
D
~<
n
N
N

Sets_included_intersect:

forall x yz, x Sy ->xCz->xCynz

ffﬁ)ﬁﬂﬁﬁiﬁ%ﬂuﬁﬁ rewrite Tﬁ%lfﬁifﬂ‘o

Sets_intersect_includedl:
forall x y, x Ny C x
Sets_intersect_included2:

forall xy, x Ny <y

(%% ... LB WCoqiE KA ... %)
(k% ... EFH ¥ N CoqiR KA ... %)
(k% ... IEHF L CoqlE R ... %)

UE IS SR P -



z ATUHRA =
xS yuUz ﬂjﬂu%ﬂiﬂé"ﬁﬂ
C z ﬁTElE&i%Z@ﬁg X Eﬁ y < z o

ZJE Coq EFl’ ﬁﬁﬂﬁﬁiﬁ%ﬂﬂﬁﬁy\ﬁﬁE rewrite Tﬁ%l@;ﬂlo

B
n
~
C
%N
n =
N

el
C
<

n
N
N

Sets_included_unionl:
forall x y, x &S x U Yy
Sets_included_union2:

forall xy, y €S x Uy

117 Ja —FUE B AT OGE L (appry 1151 BESEI .

Sets_union_included:

forall x y z, x €Sz ->y € z ->x UyC z;

A, BT e EMMES AR IS, FEEMMAZEXN T IFEN D BCHA RENE] [sets_uion_included

o

FEARUEM RIS

Sets_equiv_Sets_included:

forall x y, x ==y <-> x

N
<

/Ny € x
Sets_intersect_includedil:

forall x y, x Ny € x
Sets_intersect_included2:

forall x y, x Ny Sy
Sets_included_intersect:

forall x y z, x Sy ->x<S z->xC ynNz
Sets_included_unioni:

forall xy, x & x U Yy
Sets_included_union2:

forall xy, vy € x U y
Sets_union_included:

forall x yz, x €Sz >y Sz ->xUyCz
Sets_intersect_union_distr_r:

forall x yz, (x Uy) Nz==xNn2zUynNz
Sets_intersect_union_distr_1:

forall x yz, x n (yuz) ==xNyuUuzxnaz

FoAtH RO -

Sets_intersect_comm:

forall x y, x Ny ==y N X
Sets_intersect_assoc:

forall x y z, (x ny) nz==xn (y n z)
Sets_union_comm:

forall x y, x Uy ==y U X
Sets_union_assoc:

forall x y z, (x U y) Uz ==x U (y U z)
Sets_union_intersect_distr_1:

forall x y z, x U (y n z) == (x U y) n (x U z)
Sets_union_intersect_distr_r:

forall x y z, (x ny) Uz ==(xuUz)n (yuz)



6.3 ZH. 28, IFXE5RFHMERE Coq IiEA
SetsClass & ZEX T LM SR B EREL LU TRE VLS TE.

Sets_empty_included: forall x, & € x

FAXIRLE, — VIR G H R I T4 .

Sets_included_full: forall x, x & Sets.full

BEFIRXPAEE, ATCAERIVF 2 IS ERT . SetsClass S22 VLA -

Sets_union_empty_1l: forall x, Q§ U X == X

Sets_union_empty_r: forall x, x U Q§ == x
Sets_intersect_empty_1l: forall x, J N x == J
Sets_intersect_empty_r: forall x, x N Q§ ==

Sets_union_full_1: forall x, Sets.full U x == Sets.full
Sets_union_full_r: forall x, x U Sets.full == Sets.full
Sets_intersect_full_1: forall x, Sets.full N x == x
Sets_intersect_full_r: forall x, x N Sets.full == x
Sets_equiv_empty_fact: forall x, x C Q§ <-> x ==
Sets_equiv_full_fact: forall x, Sets.full € x <-> x == Sets.full

SetsClass #i &SR T FRSCHFIC 75 AZ SR M I3 I 1€ Lo EATRIIER 7 NS dE i F

FRIAIE B 7 O 2R
- BETARPAERISEGIF: (U x » [Sets.indexed_union X
{z|Jiel. X;}
- BT HRMERISESSE: X 5 Sets.indexed intersect X
{z|Viel X;}
- T L] U , Sets.general union U
{z |3X eU. ze X}
-] X A: MU, Sets.general_intersect U
{z | VX eU ze X}

NI SetsClass FEH CAIEM IR TR LR S LTI E GETHIRE) M.

Sets_included_indexed_intersect:

forall xs y, (forall n, y € xs n) -> y € () xs
Sets_included_indexed_union:

forall n xs x, xs n & LJ XS
Sets_indexed_union_included:

forall xs y, (forall n, xs n S y) -> |J xs C y
Sets_indexed_intersect_included:

forall n xs, r} xs € Xs n
Sets_intersect_indexed_union_distr_r:

forall xs y, |J xs ny == |J (fun n => xs n N y)
Sets_intersect_indexed_union_distr_1:

forall x ys, x N LJ ys == LJ (fun n => x N ys n)

N XS IR .



Sets_general_intersect_included:
forall Ux, Ux ->[| U C x

Sets_general_union_included:
forall U y, (forall x, U x -> x

N

y) > | |JUucy

Sets_included_general_union:
forall Ux, Ux -> x € || U

Sets_included_general_intersect:
forall U y, (forall x, Ux ->y

N

x) >y c[]U

6.4 BIEMIAY Coq iEER
NEARUER “IERTL B 5 O HACY” ’EHRE R STE R SR

Coq IEFARIA 1. left #5895 right 8<%, WRFHENSIRAA p v o KIEX, B4 1ee ATLLRIZ
GERMZIN p , (rigne AT RLRHIZESIBIZAN @ .

Coq EFARIZAR 2. wHREUZHEIEAAHRY split 384, WRFFEHLSE L RS » Ao WER, B4 spric A
DK 24 RTIE B H AR L) AN 58 ] B AR H Ax, e RIS EUE B H AR AT EEAR A, e 45185 7
ANr 5o

Coq MERREIA 3. @RRIBZHEIERAHAY destruct 8. WIERIEAR TR ¢ BAHEX » Ao BIEAEA
p\/Q » WIPTDMEA destruce 1 82 4w HAEK p A a B, ZIELS WG UCETIR AT HTHE (2
Ha . 4w BAENA pva B, RS UENER BARZ A ANMER Hir, Hb— a6«
Mo e, I NERETR B 2508 e .

Coq FCVFH FEH] destruct ... as ... FE2XT destruct HRIFHTATIRFAIE Mm% . Hlun2 a HEE
AP A Q B, destruct H as [u1 2l FH2WEAR R T 1IN ANIE B AT 2 -

Hi: P

H2: Q

NHY w BAEHEN p v/ q B, destruct # as (11 | 21 B WATULH T FEIm4. 5 intros 182+
JE—FF, T EX destruct &5 R —# o Fahap L mxt 5 —&sr B, WTUERFS = R
eTEEH Coq BB A AT

Coq RVFH X Z A HTHE [FR AT destruct 384, U1 destruct #, Ho LK /NI destruct # T destruct HO
o Coq HMARVFH F7E—2% destruct 84 H X} destruct W45 R H it — Do et — 2o dihw, HAEKF
B /)2, TFEAMH destruct ... as ... FEAMEAAULI. B, Y BAAHER

®/ANQ /N R/ S

HTJ‘, destruct H as [? [? 7]] ?E‘/&'\%*%‘ H %ﬁﬁy‘j P/\NQ ~ R 5 S ﬁﬁ destruct H as [[? 7] 7] T'éé‘%ﬂ% H
SERN e a S ras o FA W CIEHR” 5 B MamS SRR UEEBRE, Fll, Y w
AAEA

P /ANQD\R

I, FTLAMEH] destruct H as CfwP Q) | #R] - 7E 70 T8 A RN HL o — A 70 SRR ) 70 SO0 AT Bt —

iy

Coq iIEEHHﬂ]zIk 4. gl)\*ﬁﬁ- ﬁﬁﬁaﬁﬁ\?ﬁ, destruct ... as ... Tﬁé\ﬂuyﬁ(ﬁ%ﬁi%$ﬁ\%ﬁﬁﬁﬁ@
PR, IR H, as ZJRMIZHBON “ I Gintro-pattern). AN 25 H AT FT=AAH K
JURRGI AR

. I‘E"‘Xﬁ “ #E” E‘]fﬁfﬁ@?ﬁﬁﬁ [intro_patternl intro_pattern2]



Bt “B0” 20251118 | lintro_patternt | intro_pattern2] ;
WMIIANRKBT, Bl e

o Xt Coq RGEMMHAMIAS (2 ;
FOREEEFRIERN TR

% T destruct ¥4 24k, intros 845 pose proof &2t M FH 5| ABE, 7852 R A DhRe &t I,
P47 — IR destruct. flH,  intros [mt H2] [H3 | B3] AHTHKIRIUAT:

intros H1 H2
destruct H1 as [H1 H2]

destruct H3 as [H3 | H3] ;
ﬁﬁ pose proof H x y as [H1 H2] *H‘é?ﬁ@ﬁ(j}’l‘ﬁ

pose proof H x y as H1

destruct H1 as [H1 H2] o

Coq IERARIA 5. XTF “F7” BOIERE. SFAEMZRIEN: “fHE D x 5.7 AT exists
TR T« A2V BTRROL .

HERIRIE N “AHAE—A = 5.7 BARTLMER Coq I [destruce TEAHEATIEN . IX—IEW]THR
LA THAER TR AERSAE DN = .

6.5 —RXRZHEMERH Coq iEPA
IR ANBEAE

- i e (xoy)oz==xo0 (yoz)

- FEHLTG: Rels.id o x == x

- HHAIJG: x o Rels.id == x
—Eﬁ@a% xo(yuz)==x0yuUzxoz
—Hﬁj\ﬁaﬁ$ (xUy)oz==x02zuUyoz

Fhh, ZICR A AR EEN T AR MR . XSRS T SetsClass J& A1) N X 25 ¢ HE

Rels_concat_assoc:

forall x y z, (x 0y) 0z ==x0yoO0z
Rels_concat_id_1:

forall x, Rels.id o x == x
Rels_concat_id_r:

forall x, x 0 Rels.id == x
Rels_concat_union_distr_1:

forall x y1 y2, x o (y1 U y2) == x 0 yl U x 0 y2
Rels_concat_union_distr_r:

forall x1 x2 y, (x1 U x2) oy ==x1 0y U x2 0y
Rels_concat_indexed_union_distr_1:

forall x ys, x o |J ys == |J (fun n => x o ys n)
Rels_concat_indexed_union_distr_r:

forall xs y, |J xs oy == |J (fun n => xs n o y)

MR R Rels.test A NI LA E B



Rels_test_full: Rels.test Sets.full == Rels.id
Rels_test_empty: Rels.test Q§ ==
Rels_test_is_id:

forall x, x == Sets.full -> Rels.test x == Rels.id
Rels_test_is_empty:

forall x, x == (J -> Rels.test x ==

7 EFIBRIEIREX AR

N HIE R LSRR PP A0 U — IEVETE B . 3RATE Jeml DAIERT, P while 15635 SO E SO 22 5%
.

Lemma while_seml_while_sem2_equiv:
forall DO D1,
WhileSeml.while_sem DO D1 ==
WhileSem2.while_sem DO D1.

LA PAUERY, boundediB ST IBIEI.

Theorem boundedLB_inc: forall DO D1 n m,
boundedLB DO D1 m & boundedLB DO D1 (n + m).

N E SRR R AT NS

Definition cequiv (cl1 c2: com): Prop :=

I ci1ll==10¢c21.

ﬂuﬁEEg, mﬁkﬁ%’fﬂ\ J”ﬁjr??;k’ﬂt\ lf i%’tﬂ%l] Whlle i%@Xﬁ&E@i%X%? asgn_sem ~ seq_sem ~ if_sem 5
while_sem A€ HHAH [F] IR B L SE AT HAS BIFH RIS . Hb, UER if TEAR while 1B AJVEFE, FFEL
WEH] [test_true H11 [test_talse FE WS HHAH R R 0T 54T 2AH R AR & o

#[export] Instance asgn_sem_congr:

Proper (eq ==> func_equiv _ _ ==> Sets.equiv) asgn_semn.

#[export] Instance seq_sem_congr:

Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv) seq_sem.

#[export] Instance test_true_congr:

Proper (func_equiv _ _ ==> Sets.equiv) test_true.

#[export] Instance test_false_congr:

Proper (func_equiv _ _ ==> Sets.equiv) test_false.

#[export] Instance if_sem_congr:

Proper (func_equiv _ _ ==>
Sets.equiv ==>
Sets.equiv ==>

Sets.equiv) if_sem.

10



#[export] Instance while_sem_congr:

Proper (func_equiv ==>

Sets.equiv ==>

Sets.equiv) while_sem.
THEY] Simplewhile #2715 01)47 & (AREE BT

#[export] Instance cequiv_equiv: Equivalence cequiv.

#[export] Instance CAsgn_congr:

Proper (eq ==> iequiv ==> cequiv) CAsgn.

#[export] Instance CSeq_congr:

Proper (cequiv ==> cequiv ==> cequiv) CSeq.

#[export] Instance CIf_congr:

Proper (bequiv ==> cequiv ==> cequiv ==> cequiv) CIf.

#[export] Instance CWhile_congr:

Proper (bequiv ==> cequiv ==> cequiv) CWhile.

2 R TREFATNA R A R G 5 R A KB EIE CRIEY, seq skip 5 skip_seq KW T
TR P84T b 22 AR B 23 1B A A R R AT

Lemma seq_skip:

forall c, [[ c¢; skip 1] ~=~ c.

Lemma skip_seq:

forall c, [[ skip; c 1] ~=~ c.

KUK, seqassoc R HIMFFRAT L5 S P R AR AT T, BRI, T S i g e s oA 75 e RS
FPOT A R e s A MR B IFP AT R 46 5 7 3

Lemma seq_assoc: forall cl c2 c3,
[[ Ccl; c2); 3 11 ~=~ [[ c1; (c2; c3) 11.

ATEI$E 2], while JEMEAIRIAT B AT IR . HEAEASRATRROL, e AT IR A B B AT IR . 3K
ATATRAIER, BRATTH i E SCRIRE 718 A& — e

Lemma while_unrolll: forall e c,
[[ while (e) do {c} 1] -=-
[[ if (e) then { c; while (e) do {c} } else {skip} 1].

o EH: [while (e) do {c}] = test_true([e]) o [¢] o [while (e) do {c}] U test_ false([e])

11



o iEH:

[while (e) do {c}]
- U boundedLB,, ([¢] , [¢])

neN

= U boundedLB,,1([e] , [¢])
= U (testitrue( [e]) o [¢c] o boundedLB,,([e] , []) v testifalse([[e]]))
= test_true([e]) o [¢] o U boundedLB,,([e] , [¢]) v test_ false([e])

neN

= test_true([e]) o [¢] o [while (e) do {c}] U test_false([e])

12
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