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Definition shift_leftl (f: Z -> Z) (x: Z): Z :=
f (x + 1).
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Example shift_leftl_square: forall x,
shift_leftl square x = (x + 1) * (x + 1).
Proof. unfold shift_leftl, square. lia. Qed.

Example shift_leftl_plus_one: forall x,
shift_leftl plus_one x = x + 2.
Proof. unfold shift_leftl, plus_one. lia. Qed.
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Definition shift_leftl' (f: Z -> Z): Z -> Z :=
fun x => f (x + 1).
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Definition shift_upl (f: Z -> Z) (x: Z): Z :=
% il



Example shift_upl_square: forall x,
shift_upl square x = x * x + 1.

Proof. unfold shift_upl, square. lia. Qed.

Example shift_upl_plus_one: forall x,
shift_upl plus_one x = x + 2.

Proof. unfold shift_upl, plus_one. lia. Qed.
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Definition func_plus (f g: Z -> Z): Z -> Z :

fun x => f x + g x.

Definition func_mult (f g: Z -> Z): Z -> Z :

fun x => f x * g x.
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Lemma shift_upl_shift_leftl_comm: forall f,

shift_upl (shift_leftl f) = shift_leftl (shift_upl f).
Proof.

intros.

unfold shift_leftl, shift_upl.

reflexivity.
Qed.
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Lemma shift_leftl_func_plus: forall f g,
shift_leftl (func_plus f g) =
func_plus (shift_leftl f) (shift_leftl g).
Proof.
intros.
unfold shift_leftl, func_plus.
reflexivity.
Qed.
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Fact shift_upl_eq: forall f,
shift_upl f = func_plus f (fun x => 1).
Proof.
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Definition mono (f: Z -> Z): Prop :=

forall nm, n <= m -> f n <= f m.
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Example plus_one_mono: mono plus_one.
Proof.

unfold mono, plus_one.

intros.

lia.
Qed.
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Definition Zcomp (f g: Z -> Z): Z -> Z :=
fun x => f (g x).

Lemma mono_compose: forall f g,
mono f ->
mono g ->
mono (Zcomp f g).

Proof.
unfold mono, Zcomp.
intros f g Hf Hg n m Hnom.
pose proof Hg n m Hnm as Hgnm.
pose proof Hf (g n) (g m) Hgnm.
lia.

Qed.
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Lemma const_mono: forall a: Z,
mono (fun x => a).
Proof.
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Example cube_mono: mono (fun x => x * x * X).

Proof.
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Lemma mono_func_plus: forall f g,
mono f ->
mono g ->
mono (func_plus f g).

Proof.
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Definition assoc (f: Z -> Z -> Z): Prop :=
forall x y z,
fx (fyz)=1Ff({xy)z.
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Lemma plus_assoc: assoc (fun x y => x + y).

Proof. unfold assoc. lia. Qed.

Lemma mult_assoc: assoc (fun x y => x * y).

Proof. unfold assoc. nia. Qed.
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Lemma smul_assoc: assoc smul.
Proof.
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Definition preserved_by_shifting up (P: (Z -> Z) -> Prop): Prop :=
forall f, P £ -> P (shift_upl f£).

Definition preserved_by_shifting_left (P: (Z -> Z) -> Prop): Prop :=
forall f, P £ -> P (shift_leftl f).
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Lemma mono_pu: preserved_by_shifting_up mono.
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Lemma mono_pl: preserved_by_shifting_left mono.
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Definition univ_nonneg {A: Type} (f: A -> Z): Prop :=
forall a: A, f a >= 0.

Lemma univ_nonneg_pu: preserved_by_shifting_up univ_nonneg.
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Lemma univ_nonneg_pl: preserved_by_shifting_left univ_nonneg.
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Example mono_ex1: mono (fun x => x * X * x - 3 * X * X + 3 * x).
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Proof.

assert (mono (fun x => x - 1)) as H_minus.
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{ unfold mono. lia. }
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assert (mono (fun x => x + 1)) as H_plus.

{ unfold mono. lia. }
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pose proof cube_mono as H_cube.
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pose proof mono_compose H_plus (mono_compose _ _ H_cube H_minus).

unfold mono.

intros n m Hnm.

unfold mono, Zcomp, plus_one in H.
pose proof H n m Hnm.

nia.

Qed.
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Example mono_ex2: mono (fun x => x * x * x + 3 * x * x + 3 * x).

Proof.
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