WE L. Coq 4113

1 Coq fmEESR list

7E Coq H', l1ist x Ron—%] x KM TR, EhadEES, XK REE Coq HgEM E XK. T
HAHERE XA, BEERESMHR. AN 7R 501 5 7L M8 SCH R i) g AP i
B BAR D B B AR R 8 T (aase R IHIAIFTA € SCRIVE AR AT DA MR 22 R 3R 2

Inductive list (X: Type): Type :=
| nil: 1list X
| cons (x: X) (1: list X): list X.

R, i R, BRAEI; feons RoR—NEEIIH—DILR CRILER) MAS IR (HRITLR)
PG AL rise AT DAE BOHRGNRB RS R S A RIS Dl . RPN BEASIR ise 2 HIB T

Check (coms Z 3 (mnil Z)).
Check (cons Z 2 (cons Z 1 (mnil Z))).

Coq AT PLE SUCEBEHAN R AR, 1ist Qist 2)

Check (cons (list Z) (cons Z 2 (cons Z 1 (nil Z))) (nil (list Z))).
AT AR A Coq HIEESEWNLHYS arguments 154, 1LIATENG 1ise & LR SHL.

Arguments nil {X}.

Arguments cons {X} _ _.

Biltn, AT LR S X L] 5

Check (cons 3 nil).
Check (cons 2 (cons 1 nil)).

Check (comns (cons 2 (cons 1 nil)) nil).

Coq PRAEZEILIZME T — 28 Notavion il 1ise FHRHIMMIRARME R B, HAT, HEAFE 7 EEERM KA
B I TEIRLE

Notation "x :: y" := (comns x y)
(at level 60, right associativity).
Notation "[ 1" := nil.

Notation "[ x ; .. ; y 1" := (cons x .. (cons y [1) ..).

R AN R0 e ) = b o 75 VR 8 wowaion [ FF 777



1 :: (2 :: (3 :: nil)).
il gg 2 83 & g8 malll,
[1; 2; 3].

Definition mylisti

Definition mylist2

Definition mylist3 :

SRR, FATHE Coq HAIIANZER nise & L 7 HATHFEARH) “FIR”, ZAhE O AN
MERRTEN, MEZ, B a BENRMBE (5K JIREH A 1ase 2 KUEKITR 52X
Bi, RZIMR. 3, WEZENERER “FIER" DR ZHEHVER, £ Coq HEAZEINEILN, &
MTHERAE Coq A HIHGNERAE R 77 AU HEIER]: RN, Bl “5I3e” ORI, REUS 181,
TRHKIENEREZ 208, ENTHHERINE Coq HAI AN T7 Afif i 2 Lo

THH KT ise FIHARE RYE Coq MR, VAT 11938 U7 bR O SURAE IR 98 E
(7 BEATIE . HE 2, BOE X uise KA LRGEARE, HUERWIHHEIZXA 1 BUEN aua KSR,
FHARFIXA ise BUEN coms a1 WAL AL NIUE Y (1 WSS R . IRZRTIIREMB S, #FHE
IR T RF W, BB RO PR | BAME. PP R RS,

HE SCHTRREY (app. RORBIRAIE

Fixpoint app {A: Type} (11 12: list A): list A :=
match 11 with
| nil => 12
| cons a 11' => cons a (app 11' 12)

end.

fE Coq F—MATBLH [++ 0 (app , XS WA GHEEME AL F.

Notation "x ++ y" := (app x y)
(right associativity, at level 60).

DABATH R B ARE , “PIRIER” & AT AWK, LMK “HEER”. Fl:

[1; 2; 3] ++ [4; 5]
[0; 0] ++ [0; 0O; 0]

[1; 2; 3; 4; 5]
[0; 0; 0; 0; 0]

£ Coq Pl E X app I, 015 25 31 HIREESIRIBEZEPINAN 12, 81 SIRSFIRMER, kP
ML (13 HIRSEFIRIER, VIIERHE.

[1; 2; 3] ++ [4; 5] =

1 :: ([2; 3] ++ [4; 5]) =

1 :: (2 :: ([3] ++ [4; 5]1)) =

1 :: (2 :: (8 :: ([1 ++ [4; 61))) =
1 :: (2 :: (38 :: [4; 5])) =

[1; 25 3; 4; 5]

Em AT BRI, B IR .
FATATBALE Coq HHE N 247, 103 EHiE XK app  (tBAE Coq ARUEEF I app D BiSEE XL T
TR .

Example test_appl: [1; 2; 3] ++ [4; 5] = [1; 2; 3; 4; 5].

Proof. reflexivity. Qed.

Example test_app2: [2] ++ [3] ++ []1 ++ [4; 5] = [2; 3; 4; 5].

Proof. reflexivity. Qed.



Example test_app3: [1; 2; 3] ++ nil = [1; 2; 3].

Proof. reflexivity. Qed.

FHE X app WFEATABERE Coq HIHKE, T EAEM K TERMTER, HATHHREEN Coq HHIK
a5 SGIEWY . S5 R HGNERAIER] 5 70 F0TRIE T IR . SRIER] T — S0 e R BUS A AT Bl X
PEBIE R EE— 2P 458 .

AR, BIIRGEMIRIER, TRTIIRAELIERTINERAA, AR INIEAL . XA
LLFE Coq "FEE N HEIPI AN E R

Theorem app_nil_1l: forall A (1: list A), [] ++ 1 = 1.
Proof. intros. simpl. reflexivity. Qed.
Theorem app_nil_r: forall A (1: list A), 1 ++ []1 = 1.
Proof.

intros.

induction 1 as [| n 1' IH1'].
+ reflexivity.
+ simpl.
rewrite -> IH1'.
reflexivity.
Qed.

/ﬁ\:‘:'j, app_nil_1 H"]lﬁ%?\%'fiﬁﬁ app Eg%)‘(’pﬁﬁ?ﬁ [0 ++1 Eﬂﬂo iii] app_nil_r E‘JlE'ﬁ%EXﬂWU%%T’E%T@Uﬂ
4. Ak, X—IEGNIEA R R AR R, A

[1; 2; 3] ++ []

B DL B, VAGD BRIE R T

[1; 2; 3] ++ [1 =
(1 :: [2; 3]) ++ []
1 :: ([2; 3] ++ [1)
1 :: (EmEll) =

[1; 2; 3]

Ferp BHFE BRI BT dis AR e VA h B it o
PATERA, FIRIERAAGLEEGH, £ Coq X —VER AT LS Qe .

Theorem app_assoc:
forall A (11 12 13: 1list A),
11 ++ (12 ++ 13) = (11 ++ 12) ++ 13.

HEAEWIX —EH, TGIEREREX 1 AN, X 12 MUENIERXT 18 MUAGNIEN] . oIk SRR —F,
SERVAZNIE ] h R SCROD BRSO e, R R ATTEEMI A app it 1 5 lappail e RIT]:

[1 ++ (12 ++ 13) = 12 ++ 13 = ([] ++ 12) ++ 13
11 ++ ([] ++ 13) = 11 ++ 13 = (11 ++ []1) ++ 13
11 ++ (12 ++ [1) = 11 ++ 12 = (11 ++ 12) ++ []

SR, =FRGERI RS, AT 1 FGAERATA BENTUR M S i VAN 2 BREUE I o RN app HO5E SO
X2 MR EE R 32 VA E SCHT, BT ABRATTASHE S L T 1 A2 4k«



(a :: 11) ++ (12 ++ 13) =

a :: (11 ++ (12 ++ 13))
((a :: 11) ++ 12) ++ 13) =
(a :: (11 ++ 12)) ++ 13) =

a :: ((11 ++ 12) ++ 13))

Aok, BRATHCRT LUR A G B 58 ORGP BRIER] 1o AR, B SRREH 12 HANIERIERXT 18 14
ZNIEWT SN, A AT T

(11 ++ (a :: 12)) ++ 13

(11 ++ 12) ++ (a :: 13)

FRFLR T RERAEE 11 4+ @ 2 12) = Q1 ++ [@aD) ++ 12, HRBATEATE Coq HFIEH T IX—H)R,
171415 A9 T2 £ S A FH AR P 1 o A B
FAHE LIRS X 1 A HGIEN]” BISRIR S Coq IEWIANTT .

Proof.
intros.
induction 11; simpl.
+ reflexivity.
+ rewrite -> IHI11.
reflexivity.
Qed.

I THTIX ZK P 5 S R T TR B PR A BTN, B RIS FIRIE R 4 RIRIEPI AN SR . X% Coq E
PRULA AR : WR 11 w12 2ZFFIER, Ba 11 5 12 HRERTFIK.

Theorem app_eq_nil:
forall A (11 12: 1list A),
11 ++ 12 = [1 ->
11 = [1 /\ 12 = [].

FEWTX — 4P, TOBCH L B R e R A SOIEVETE] 11 = 0, BRAX—Z5900E 12-0 . HiE
Ms, EFARIEEIES 1= 0 B, RATGEE
11 =2 :: 11
FH A T A £ -
11 4+ 12 = (a 12 110) ++ 12 = a 1 (110 ++ 12)
X5 uwz-0 BFEMN. Bk, w=0 . #—5, H e HECTHH,
11 ++ 12 = [] ++ 12 = 12

MRIE 11+ 12 - 0 I, RUERE 12- 0 o EXFRATHUEM 7 A&EM4EE. Tl LiRiE i B
Coq HHIFRAE. Coq MEIHPIAIIFEA HIERH B, FLb, WOMEM T Coq T IHAEAK) 7>
FKUHBIEY] . BRI S, FAVEZBAEYI PR 10 BEMME T 7238008 24 (1 A FIRE, JATIEY] 12
WTBGERINR; 2 1 NAREPIRN, AL T E



Proof.
intros.
destruct 11.
+ Gk B [M]_A A RE, FE_ID ++ 12 = D1_GEHA_[0 = 10 /\ 12 = [11_. %)
simpl in H.
tauto.
+ Gex B _[11]_FZEEH, FEELFE. %)
simpl in H.
discriminate H.
Qed.

IOk, AR T IIREL R app (107 5 HEEIERIVE B AIER . SRELK, ATEUE XL Coq
IR rev FRRXTIIRHUR, FFUEWE I FERE T -

Fixpoint rev {A: Type} (1: list A) : list A :=
match 1 with

| nil => nil
| cons a 1' => rev 1' ++ [a]
end.

Example test_revl: rev [1; 2; 3] = [3; 2; 1].

Proof. reflexivity. Qed.

Example test_rev2: rev [1; 1; 1; 1] = [1; 1; 1; 1].

Proof. reflexivity. Qed.

Example test_rev3: @rev Z [1 = [].

Proof. reflexivity. Qed.

T LA BT FRAIE B B AR ST

SJEn 1.

Theorem rev_app_distr:
forall A (11 12: 1list A),
rev (11 ++ 12) = rev 12 ++ rev 11.

(¢ FEBALENREIER, M _[Qed]l £ XK. =*)

Y

= 2.

Theorem rev_involutive:
forall A (1: list A), rev (rev 1) = 1.
(+ FEEMAENRHIER, U_[Qedl _E XK. *)

IR AK KB, AR, B rev & USEERUA R EEUIFN, (H2 R AR HAL
1&9‘]0 *HXﬁﬁﬁg, %U/EH_FE‘E(J rev_append El%&iﬁﬁfi+ﬁm”§&%¢j%—o

Fixpoint rev_append {A} (11 12: list A): list A :=
match 11 with

I ] => 12
| a :: 11' => rev_append 11' (a :: 12)
end.



—Fﬁu [1; 2; 3; 4] %EX&%@M&X%I:[SO

rev [1; 2; 3; 4] =

rev [2; 3; 4] ++ [1] =

(rev [3; 4] ++ [2]) ++ [1] =

((rev [4] ++ [3]) ++ [2]) ++ [1] =

(((rev [1 ++ [4]) ++ [3]) ++ [2]) ++ [1] =
(CCI] ++ [41) ++ [3]) ++ [2]) ++ [1] =

[4; 3; 2; 1]

rev_append [1; 2; 3; 4] [] =
rev_append [2; 3; 4] [1] =
rev_append [3; 4] [2; 1] =
rev_append [4] [3; 2; 1] =
rev_append [] [4; 3; 2; 1] =
[4; 3; 2; 1]

A& LEWAD BB R ERO S INERLE, HE rev KITHEPIET EFEIIRIERL “ w7,
B R (A A S . NTHUER zev. 55 rev_appena MITIERLSEHAHIE], 1 1IF BA (1 DB At 2 18 A n i )5
ANVESEUE] R 5l #,

Lemma rev_append_rev:
forall A (11 12: 1list A),
rev_append 11 12 = rev 11 ++ 12.
Proof.
intros.
revert 12; induction 11 as [| a 11 IH11]; intros; simpl.
+ reflexivity.
+ rewrite IHI11.
rewrite <- app_assoc.
reflexivity.
Qed.

MARX —5 3, sl DLERIEY] FHE4sie 1o

Theorem rev_alt:

forall A (1l: list A), rev 1 = rev_append 1 [].
Proof.

intros.

rewrite rev_append_rev.

rewrite app_nil_r.

reflexivity.
Qed.

NHEHENA DR T IR R map » ERRN DIIERPRTA TR G WS g2
Coq (=B R KL

Fixpoint map {X Y: Type} (f: X -> Y) (1: list X): list Y :=
match 1 with

| nil => nil
| cons x 1' => cons (f x) (map f 1')
end.

XL



Example test_mapil: map (fun x => x - 2) [7; 5; 7] = [5; 3; 5].

Proof. reflexivity. Qed.

Example test_map2: map (fun x => x * x) [2; 1; 5] = [4; 1; 25].

Proof. reflexivity. Qed.

Example test_map3: map (fun x => [x]) [0; 1; 2; 3] = [[0]; [1]; [2]; [3]1.
Proof. reflexivity. Qed.

RER, R B E S nap BRAE, BT RE XA BREA map #81F. IXAE Coq
AR 5 R IS 9258 B B

Theorem map_map:
forall X Y Z (£: Y -> Z) (g: X -> ¥) (1: list X),
map f (map g 1) = map (fun x => f (g x)) 1.
(x EFA# W CoqR R A . =)

KT map [RIHARE EEJRAGUERN], FRATE AR )L
S 3. HIEM NI T map AITESR.

Theorem map_app:
forall X Y (f: X -> Y) (1 1': list X),
map f (1 ++ 1') = map f 1 ++ map f 1°'.
(x FENLALENREIER, U_[Qedl _#F XK. *)

S_IFE\IFE 4. iﬁﬁElﬂﬂFﬁ%ﬂ: map El"]‘fiff’io

Theorem map_rev:
forall X Y (f: X -> Y) (1: list X),
map f (rev 1) = rev (map f 1).
(¢ FALARENREIER, M _[Qedl _# K. =)

S 5. THIER IR T map AITESR.

Theorem map_ext:
forall X Y (f g: X -> Y),
(forall a, f a = g a) ->
(forall 1, map f 1 = map g 1).
(x FAENLALENREIER, U_[Qedl_#F XK. *)

& 6. iHIEW FxT map P R .

Theorem map_id:
forall X (1: list X), map (fun x => x) 1 = 1.
(x BHENLENREIER, U_[Qedl_&E XK. *)

B 15— RPIK T HIRIHE RSN, Coq Wt PEILIR AL T ADIETHIRIEIT . K REATAA
AIHARFEHK D m .



Fixpoint In {A: Type} (a: A) (1: list A): Prop :=
match 1 with
| nil => False
| b :: 1' =>b=2a\/ Inal'
end.

MIFEX—E X, mar #Rx a &1 BW—NIoHE. ATLHEW ma1 MRS DERXMR 1 TUEK
11 ++ a :: 12 Bﬁﬂéﬁo

EhAETR M. Bl 1211 4+ a 12 HEH ma1 WTLLEZESIE FHEM AR,

Theorem in_elt:
forall A (a: A) (11 12: list A),
In a (11 ++ a :: 12).

ﬂEEEH?J‘, Xﬂ‘ 11 'TEH%UE?P‘]iEEEJ:E/ﬂAﬁ%E’ ‘H_G;Hjﬁ 1 Uﬂéﬁ]ﬁﬁﬂ 1 =11 ++a :: 12 ﬁgﬁﬂj Inal ﬂ%’?’%jﬁ‘@o
N2 Coq WERA .

Proof.
intros.
induction 11 as [| b 11 IH11]; simpl.
+ tauto.
+ tauto.

Qed.

FEAER L ENEZ /T, BATSEIEN] 513 QiR @ MBE 1 B, B4 a BHIE bea o

Lemma elt_cons:

forall A (a b: A) (1: list A),

(exists 11 12, 1 = 11 ++ a :: 12) ->
(exists 11 12, b :: 1 = 11 ++ a :: 12).
Proof.

intros A a b 1 [11 [12 HI].
exists (b :: 11), 12.
rewrite H.
reflexivity.

Qed.

E_ETAER S, FRATHI AR 85 1= 11 ++ a :: 12 VLK [reurite 1 8L ILTH 1 ZBANT (11 ++ a -

gg 12
o £ Coq WEMIH, FRATAH & ZA A 0K — MR B SO 5 EMER AT, AT R8T 7 2L AT S A
SpthEHE L. Coq AL T swse 54 T T8 MUK FER AL o

Lemma elt_cons_again:

forall A (a b: A) (1: list A),

(exists 11 12, 1 = 11 ++ a :: 12) ->
(exists 11 12, b :: 1 = 11 ++ a :: 12).
Proof.

intros A a b 1 [11 [12 HI].
exists (b :: 11), 12.
subst 1.
(% EHAT T _[subst 1]_#AF, FRFH_[AI_HEHEAT _[11 ++ a :: 12]_JFHE R F
B _H] VLR [ _#HEMEBR T o %)
reflexivity.
Qed.

T UE B A B E P



Theorem in_split:
forall A (a: A) (1: list A),

In a1l ->
exists 11 12, 1 = 11 ++ a :: 12.
Proof.
intros.

induction 1 as [| b 1 IH1]; simpl in *.
+ (k¢ BEHPEZR [Q]_AZFEKOENL, AR TUEESE _[In a 11]_#FEHFE. *

tauto.
+ (x AR BREEE [Ina 1] _FERTHHETABEESE _[In a (b :: _HWEiR. TH
X _[Ina (b :: DI_X—WRRIWREEMS XiT#H .
destruct H.
- Gx B —: _[b=al_. T—HRATERELEZIEAM, HAKEF _[subst bl_FH 4K

_[bI_# B %A _[al_. *)
exists nil, 1.
subst b; reflexivity.
- Gx BAZ: [Inall_o X—HWATHAUEAFTLHMBEE _[elt_cons] 7 E T RIEHA . %)
specialize (IH1 H).
apply elt_cons, IHIL.
Qed.

Coq JEFABIZAR 1. subst 35S, WHR x &1 Coq &&E, UEHIES lswst x RRLE—NEEEAR
w= 0 8= x BURTER, FREOEMIRTRAZ R T x SRR X S RCN S « SRR
B ZEAPITE NG, x BEERANFMSEMNATR T M. e, X500 A —h A Bas
x KB FHb, swst FEAWAILIN ZANEEIATEHAAE HIU swst x y MRRLEHAT subst = FRIL
1T subst y o H¢Jo, |subst TR UAAT SHL, XL B ik B PR A (1) 28 s 40 2R FH R $2 o i
S QAT Br i

NHEAZELERT m WEZEN. B Coq IEBI#SH LAZE Coq MR HHRE]. B, 11+ 12
TR E AR 11 MR EAR 12 MITTE; rev1 FITTHREHZE 1 TR,

Theorem in_app_iff:
forall A (11 12: list A) (a: A),
In a (11 ++ 12) <-> In a 11 \/ In a 12.

Theorem in_rev:
forall A (1: list A) (a: A),

In a 1 <-> In a (rev 1).

T EZFEFIRDS T map £ 1 *ﬁ?ﬁﬁﬁﬁﬁfﬁy Hrb inmap g5 VIR BN RIE L&A, M
in_map_iff éﬁtﬂﬁﬁ?ﬁﬁ%{#;ﬁ\:ﬁ/ﬁggﬂ_\‘

Theorem in_map:
forall A B (f: A -> B) (1: list A) (a: A),
In al ->In (f a) (map £ 1).

Theorem in_map_iff:
forall A B (f: A -> B) (1: list A) (b: B),
In b (map £ 1) <->
(exists a, f a =b /\ In a 1).

Uiﬁéﬁmﬁﬂﬁfﬁﬁé%%iﬁﬁﬁﬁﬁﬁfL)Wf Coq *E‘YEEEPj:jZiUo {E}Eﬁﬁﬂ‘7 R%EE’;)\ Coq.Lists.List EIJ
i,



SRR 7. NHE X suttixes FREUTE T —MFIRMFTA EH.

Fixpoint suffixes {A: Type} (1: list A): list (list A) :=
match 1 with
| nil => [nil]
| a :: 1' =>1 :: suffixes 1'

end.

it
suffixes [] =[ 01
suffixes [1] = [ [11; [1 1
suffixes [1; 2] = [ [1; 21; [2]1; (11
suffixes [1; 2; 3; 4] = [ [1; 2; 3; 4]1;
[2; 3; 4] 8
[3; 4] H
[4] ;
[] ]

BT, W= DUEW, suttixes 1 HIIFHSTE 1 MAEES.

Lemma self_in_suffixes:
forall A (1: 1list A), In 1 (suffixes 1).
(x HEBAEANRHWIER, U_[Qedl _F XK. *)

Theorem in_suffixes:
forall A (11 12: 1list A),
In 12 (suffixes (11 ++ 12)).
(v FERLENREIER, M_[Qed]l £ XK. *)

Theorem in_suffixes_inv:
forall A (12 1: list A),
In 12 (suffixes 1) ->
exists 11, 11 ++ 12 = 1.
(v FAEWLAEANREIER, MU_[Qedl _#EX. *)

SRR 8. NHIE X prefixes PREUFH 1 — MNHIRMPTA AT -

Fixpoint prefixes {A: Type} (1: list A): list (list A) :=
match 1 with
| nil => [nil]

| a :: 10 => nil :: (map (cons a) (prefixes 10))
end.
it
prefixes [1; 2] =[00 H
[1] ;
[1; 21 1]

10



prefixes [0; 1; 2] = [] ::
map (cons 0 (prefixes [1; 21))

= [0 ::
[0 :: 0[] 8
0 :: [1] 8
0 :: [1; 21 1
= [ [1 H
[ol ;
[o; 1] ;
[o; 1; 21 1

*ﬁ?%: Tgﬁ’szlEEﬁ’ prefixes 1 EPE/‘]Eﬁ;% 1 E':J%%Bﬁﬁ?xo

Lemma nil_in_prefixes:
forall A (1: list A), In nil (prefixes 1).
(x BFENLLENREIER, L_[Qedl_&E XK. *)

Theorem in_prefixes:
forall A (11 12: 1list A),
In 11 (prefixes (11 ++ 12)).
(¢ FELALENREIER, M_[Qed]l £ XK. =*)

Theorem in_prefixes_inv:
forall A (11 1: list A),
In 11 (prefixes 1) ->
exists 12, 11 ++ 12 = 1.
(v HERKLENREIER, M_[Qed]l £ XK. =*)

SR 9. THIM swiises & X T AIRAHIITHESE

Fixpoint sublists {A: Type} (1: list A): list (list A) :=
match 1 with
| nil => [nil]
| a :: 10 => map (cons a) (prefixes 10) ++ sublists 10

end.

THIER] (swbtists 1 (ITCERASERE 1 PRIFTAIESEL . W ERa] IESINFIE ] — 2y & 5] 2

FGIERA .

Theorem in_sublists:
forall A (11 12 13: list A),
In 12 (sublists (11 ++ 12 ++ 13)).
(v FELLENKREIER, M_[Qed]l £ XK. *)

Theorem in_sublists_inv:
forall A (12 1: list A),
In 12 (sublists 1) ->
exists 11 13, 11 ++ 12 ++ 13 = 1.
(v FEWLAEANREIER, MU_[Qedl _#EX. *)

11



2 FIFRMERXAIERARTS

FERET s TS, AWSEH WHITHEL, —SREMNAEFATE, —REMNARATHE. DO
FEASRAUNG], T swntor ZIE] 7 FUARITESET5, T sumron Z0E M [ 22 RITHSE T i

Fixpoint sum_L2R_rec (1: list Z) (s: Z): Z :=
match 1 with

| nil => s
| cons z 1' => sum_L2R_rec 1' (s + z)
end .
Definition sum_L2R (1l: list Z): Z := sum_L2R_rec 1 O.

Fixpoint sum_R2L (1: list Z): Z :=
match 1 with

| nil => 0
| cons z 1' => z + sum_R2L 1'
end.

u\XTJ‘ [1; 3; 5; 7] **Dy‘j@”c

sum_L2R [1; 3; 5; 7] =

sum_L2R_rec [1; 3; 5; 7] 0 =

sum_L2R_rec [3; 5; 7] (0 + 1) =
sum_L2R_rec [5; 7] ((0 + 1) + 3) =
sum_L2R_rec [7] (((0O + 1) + 3) + 5) =
sum_L2R_rec [] ((((0O + 1) + 3) + 5) + 7) =
(0 + 1) + 3) +5) +7

sum_R2L [1; 3; 5; 7] =

1 + sum_R2L [3; 5; 7] =

sum_R2L [5; 7]) =

(5 + sum_R2L [7])) =

(5 + (7 + sum_R2L []))) =
(5 + (7 + 0)))

R R B e
~
w

+ o+ o+ o+

+ o+ o+ 4+
~
w

Y2 B3R LIS HATT LUR S N R A TR TR 22155 . Coq Bl B R A i HI T A X %)

@?'\j fold_left 5 fold_right o

Fixpoint fold_left {A B: Type} (f: A -> B -> A) (1: list B) (a0: A): A :=
match 1 with
| nil => a0
| cons b 1' => fold_left £ 1' (f a0 b)

end.

Fixpoint fold_right {A B: Type} (f: A -> B -> B) (b0O: B) (1: list A): B :=
match 1 with
| nil => b0
| cons a 1' => f a (fold_right £ b0 1')

end.

AU EE, AL swior 5 suwror P LA [fold teft 5 fold_right FesnHioR. THIZ BTN
NP

12



Fact sum_L2R_rec_is_fold_left:
forall (l: list Z) (s: Z),
sum_L2R_rec 1 s = fold_left (fun zl1l z2 => z1 + z2) 1 s.

Fact sum_L2R_is_fold_left:
forall 1: list Z,
sum_L2R 1 = fold_left (fun zl z2 => z1 + z2) 1 0.

Fact sum_R2L_is_fold_right:
forall 1: 1list Z,
sum_R2L 1 = fold_right (fun z1 z2 => zl + z2) 0 1.

RPN
FEAL VA7 IE B AR PR 25 F N R 855

Theorem sum_L2R_sum_R2L:
forall (1: list Z),
sum_L2R 1 = sum_R2L 1.
Proof.
intros.
induction 1.
+ (x* BT _[sum_L2R [] = sum_L2R_rec [1 0 = 0]_JfH _[sum_ R2L [1 = 01_, ATBLH
ESBROUEREARIL. *)
reflexivity.
+ (ex MRAE R X
- sum_R2L (a :: 1) = a + sum_R2L 1
- sum_L2R (a :: 1) = sum_L2R_rec (a :: 1) O = sum_L2R_rec 1 a
TREHLEWHESE A XT _[sun_L2R 1]_H# _[sum_L2R_rec 1 0OJ_W A T, AL
B EE A AR IEIEH _[sun_L2R (a :: 1)]_5 _[sum_R2L (a :: 1)]_A4% . )
Abort.

*%ii%%ﬁﬂf‘ﬁﬁ%*/l\%ﬁﬂ sum_L2R_rec 1 a = a + sum_L2R 1 E‘J%[ﬂ%ﬁﬁ%ﬁiiﬁ%ﬂﬂ%ﬂ%o

f, Forp SR BR AR D PO EAEN, RN T A AR B AL

forall s, sum_L2R_rec 1 s = s + sum_L2R_rec 1 0O

sum_L2R_rec (a :: 1) s = s + sum_L2R_rec (a :: 1) 0 o

R 2 S B B B ATT AR -

sum_L2R_rec (a :: 1) s =
sum_L2R_rec 1 (s + a) =

(s + a) + sum_L2R_rec 1 O

s + sum_L2R_rec (a :: 1) 0 =
s + sum_L2R_rec 1 a =

s + (a + sum_L2R_rec 1 0)

XFEALRE SE AN BRINIER 7o ERUEMI Coq HUASTIT .
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Lemma sum_L2R_rec_sum_L2R:
forall (s: Z) (1: list Z),
sum_L2R_rec 1 s = s + sum_L2R 1.
Proof.
intros.
unfold sum_L2R.
revert s; induction 1; simpl; intros.
+ lia.
+ rewrite (IH1l a), (IH1 (s + a)).
lia.

Qed.

%?Jﬁtiﬁ%ﬁf’ﬁﬁ‘]%@ sum_L2R_sum_R2L %E%Eﬁlo

Theorem sum_L2R_sum_R2L:
forall (1: list Z), sum_L2R 1 = sum_R2L 1.
Proof.
intros.
induction 1.
+ reflexivity.
+ unfold sum_L2R; simpl.
rewrite sum_L2R_rec_sum_L2R.
lia.

Qed.

TH R RS RN R, R AT LB 1 HYNIER] sun 2R 1 = sumroL 1, FRTEUERAH
TR 7 ZAb 7R UE ARG 51 3 AR R BRI IX — 4510, F NIHX—FARIFUEI 7%, B3 2%
FE M sum_ror F [sum_roL PIEE I ARREIE ] . FEXNEHIE L, (sunrot Al sum 12R rec #/2
XA A 8 SCHTRR AL, BRI AT DA S6 UE B I 3% 2 (R B &R

Lemma sum_L2R_rec_sum_R2L:
forall (s: Z) (1: 1list Z),
sum_L2R_rec 1 s = s + sum_R2L 1.
Proof.
intros.
revert s; induction 1; intros; simpl.
+ lia.
+ rewrite IHI.
lia.

Qed.

ELEEEAE PSR T A sum tor Al sum_ron ST

Theorem sum_L2R_sum_R2L_____
forall (1l: list Z), sum_L2R 1 = sum_R2L 1.

second_proof:

Proof.
intros.
unfold sum_L2R.
rewrite sum_L2R_rec_sum_R2L.
lia.
Qed.

Bl sumr2rR 5 sum_ron HE X, Hsefred
NG RE:

sum_L2R [1; 3; 5; 7]

N

1705l NEE A TR R A PJTTHIR R . 55—

(0 +1) +3) +5) +7

sum_R2L [1; 3; 5; 71 =1+ (3 + (5 + (7 + 0)))
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B RN,

sum_L2R [1; 3; 5; 7] =

sum_L2R_rec [1; 3; 5; 7] 0 =

sum_L2R_rec [3; 5; 7] (0 + 1) =
sum_L2R_rec [5; 7] ((0 + 1) + 3) =
sum_L2R_rec [7] (((0 + 1) + 3) + 5) =
sum_L2R_rec [] ((((0 + 1) + 3) + 5) + 7) =
(0 + 1) +3) +5) +7

T sum_ror BUTFEOEREF, A RAKIRTIE T 0 v o+ 1+ 0+ 1) + 3 FHEIXEHAZER, T sun_ror
Ft R A MNA AR IX—X AT AN sumtor 5 sumpor HIE X EH . 7F suntor_rec FiHIH
FESCH, s IR R SR, Wi, [ERHEINEEEMER, FREiRHE. BT
Coq ¥ ‘1ist M3 SR ML WA A  SCRAL, PRk, 3 VA8 A AT AT v SR s B R T SRR R A2 )
B T sum_ron B8 XCIRTEFHI, B2 IR A R4 RS HABEAR NS 2R BME, Wi, 72
Jeidh R FOIg B, R, e BT RS AR AT R e T T T R R B S R AR A IvEs SRR AR
IR EARICH R T o

Fixpoint sum_L2R_rec (1: list Z) (s: Z): Z :=
match 1 with

| nil => s
| cons z 1' => sum_L2R_rec 1' (s + z)
end.

Fixpoint sum_R2L (1: list Z): Z :=
match 1 with

| nil => 0
| cons z 1' => z + sum_R2L 1'
end.

WAHE, WHEERE MM HLEE, RWAAFEKMA. fn, FALERLUE R Coq B
TR BEBIR R

Fixpoint sum_R2L_by_L2R_rec (1: list Z) (cont: Z -> Z): Z :=
match 1 with

| nil => cont O
| z :: 10 => sum_R2L_by_L2R_rec 10 (fun z0 => cont (z + z0))
end.

Definition sum_R2L_by_L2R (1l: list Z): Z :=
sum_R2L_by_L2R_rec 1 (fun z => z).

EMNHEERER RN AT, HEENSERERMNLRLTE, Fl:

sum_R2L_by_L2R [1; 3; 5; 7] =

sum_R2L_by_L2R_rec [1; 3; 5; 7] (fun z => z) =
sum_R2L_by_L2R_rec [3; 5; 7] (fun z => 1 + z) =
sum_R2L_by_L2R_rec [5; 7] (fun z => 1 + (3 + z)) =
sum_R2L_by_L2R_rec [7] (fun z => 1 + (3 + (5 + z))) =
sum_R2L_by_L2R_rec [] (fun z => 1 + (3 + (56 + (7 + z)))) =
1+ (3 + (5 + (7 + 0)))

ERTHE TR PR KRR R T
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(fun z => z)

(fun z => 1 + z)

(fun z => 1 + (3 + z))

(fun z => 1 + (3 + (5 + z)))
(fun z => 1 + (3 + (5 + (7 + 2))))

X WA B R SR, (R e R R R AR N .

FATHE AT LI AN 8 X 55ERTE X sun_t2r 5 sun_ror Z AR &R BRATTHE T YNIE DT | sun_R2L_by_L2R_rec
5 lsumror Z (A5 AR, LA [sun_R2L_by L2R_rec 5 ‘sum_LoR_rec Z [AIHIC R, i HIX A HES H [sun_r2L_by_L2R
5 sumi2r . sumpor Z[AIAHEE. EAAM) Coq EMHIX HEEZ: T, XHEHFIH45E.

Lemma sum_R2L_results_aux:
forall (cont: Z -> Z) (1l: list Z),
cont (sum_R2L 1) = sum_R2L_by_L2R_rec 1 cont.

Lemma sum_L2R_approaches_aux:
forall (cont: Z -> Z) (s: Z) (1: 1list Z),
(forall z, cont z = s + z) ->

sum_L2R_rec 1 s = sum_R2L_by_L2R_rec 1 cont.

Theorem sum_R2L_results:

forall 1, sum_R2L 1 = sum_R2L_by_L2R 1.

Theorem sum_L2R_approaches:

forall 1, sum_L2R 1 = sum_R2L_by_L2R 1.

— B, EEMINIE WA TR B SRR LA S, BEAEMI PR AT TR Z AL
RAMIELE Sy (HRZAEW] “NEmA” 5 “WARLE" ZEFRAEEREE R %, & Lo
HRE, MG A, SRANSRIAANEIED], B3 Mg SCH A B Al Bhid 1 52 L2 TRV 0 22 4052 o L FRIE B
B

[ BT TS 43HY) rev BRELS rev_appena BRIES, FATTANKER I, oS rev 2 “ MAT A 27 P15 | rev_appena
R N R, TS BT EA T A R SRR (revoare EHD R 1 AR INGR A
Fo UIIZFERI R, map BES rev —Ff, 2 “WHAL” RS TATATLUE e “ M
FETRAT” A

Fixpoint map_L2R_rec
{X Y: Type}
(f: X > Y)
(1: list X)
(1': list Y): list Y :=
match 1 with
| nil => 1"
| cons x0 10 => map_L2R_rec f 10 (1' ++ [f x0])
end.

Definition map_L2R {X Y: Type} (f: X -> Y) (1: list X): list Y :=
map_L2R_rec f 1 [].

M
&

1 10. 1HPBIUEH napr2r 5 map HITHFESE RSN
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Lemma map_L2R_rec_map: forall X Y (f: X -> Y) 1 1°',
map_L2R_rec £ 1 1' = 1' ++ map f 1.
(x FEELAENRWIER, U_[Qedl _E XK. *)

Theorem map_alt: forall X Y (f: X > Y) 1,
map_L2R f 1 = map f 1.
(x FELAENREIER, U_[Qedl _#EX. *)

SRR 11, WHIEIEH P48, B /MUK fold_lett F5AL N fold_rignt

Theorem fold_left_fold_right:
forall {A B: Type} (f: A -> B -> A) (1: list B) (a0: A),
fold_left £ 1 a0 =
fold_right (fun (b: B) (g: A -> A) (a: A) => g (f a b)) (fun a => a) 1 a0.
(¢ FEBALENREIER, M_[Qed]l £ XK. *)

Z

B NEUEN ford right N fordtest o IN: REFIX—/INEE L ESH —/NEGEXRFRN, [H2EIE
AR EE RIRZ, nRETRE I N — 25 5| BEA B 52 A

Theorem fold_right_fold_left:
forall {A B: Type} (f: A -> B -> B) (bO: B) (1: list A),
fold_right £ b0 1 =
fold_left (fun (g: B -> B) (a: A) (b: B) => g (f a b)) 1 (fun b => b) bO.
(v FEWLAEANREIER, MU_[Qedl _&EX. *)

SRR 12, NHE XA aistine €T CBEBIRRIFIENE " XAMER. XANE LML

Fixpoint list_inc_rec (a: Z) (1: list Z): Prop :=
match 1 with
| nil => True
| cons b 10 => a < b /\ list_inc_rec b 10

end.

Definition list_inc (1: list Z): Prop :=
match 1 with
| nil => True

| cons a 10 => list_inc_rec a 10

end.
il
list_inc [] = True
list_inc [x1] = list_inc_rec x1 []
= True
list_inc [x1; x2] = list_inc_rec x1 [x2]

= x1 < x2 /\ list_inc_rec x2 []
= x1 < x2 /\ True

17



list_inc [x1; x2; x3] =

THESPLIER, 058 1

list_inc_rec x1 [x2; x3]

x1 < x2 /\ list_inc_rec x2 [x3]

x1 < x2 /\ x2 < x3 /\ list_inc_rec x3 []
x1 < x2 /\ x2 < x3 /\ True

++ al :: a2 :: 12 %ﬁi}%ﬂiﬁiﬂ‘], %B/Z\L]Z‘%ﬁ al < a2 o

Lemma list_inc_rec_always_increasing':

forall a 11 al a2 12,
list_inc_rec a (11 ++
al < a2.

(x EAELAENREIER,

al :: a2 :: 12) ->

_[Qed] _%# K., %)

Lemma list_inc_always_increasing':

forall 11 al a2 12,
list_inc (11 ++ al ::
al < a2.

(* FELALENREIER,

a2 :: 12) ->

A_[Qed]_# K. *

BT wastiane ZAh, FATHRTDURECR di fpy € L« g 7,

Definition always_increasing (1: list Z): Prop :=

forall 11 al a2 12,
11 ++ al :: a2 :: 12
al < a2.

=1 ->

BESR PRl e SCHRR I 7 “Blad g 7 pm i, IR A RN TE R BE SR I EAT TS84 o Se AT A 5] BEERE 3R
'ﬂja%ﬁﬂu'fﬁﬁﬁ list_inc TEH:I[ always_increasing o iXIEll‘:‘_EE(J Coq ﬁEﬁﬂo

Theorem list_inc_always_increasing:

forall 1, list_inc 1 -> always_increasing 1.

Proof.

unfold always_increasing.

intros.

subst 1.

pose proof list_inc_always_increasing' _ H.

tauto.
Qed.

_Fﬁijﬁz{;ﬁllE%; always_increasing ‘Hjﬁé?ﬁtﬂ list_inc o ?;EIEZT'\‘: ﬁﬂﬁﬁﬁg, Wﬂ%%tﬂ#ﬁ]ﬁ%*%ﬁﬁﬁ?lﬂ

FH 4 BIAE R .

Theorem always_increasing_list_inc:

forall 1,

always_increasing 1 -> list_inc 1.

(* FELALENREIER,

PL_[Qed]_# X . *)

STEEE 13. TE%XE‘J list_sinc *ﬂ strong_increasing %B%%ﬂ?%ﬁﬁﬁquﬁﬁ# | ﬁ%%ﬂtb?ﬁi@ﬂﬁﬁﬁﬁ%

FIAE R . BT —IRHIE,

ﬁiiﬁyﬂﬁ)‘(ﬁ"] list_sinc_rec E%Z:X%i‘é@ E@MZ‘E mﬁﬁ_ﬁxx%%é@ E@}J\E

W e, B RE PRSI AT, ORI 2 5 TS
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Fixpoint list_sinc_rec (a: Z) (1: list Z): Prop :=
match 1 with
| nil => True
| cons b 10 => a < b /\ list_sinc_rec (a + b) 10

end.

Definition list_sinc (1: list Z): Prop :=
match 1 with
| nil => True
| cons a 10 => 0 < a /\ list_sinc_rec a 10

end.

Definition strong_increasing (1: list Z): Prop
forall 11 a 12,
11 ++ a :: 12 =1 ->
sum_L2R 11 < a.

i%a%ﬁlf@% list_sinc 5 strong_increasing %’ﬁl\o T%ﬁ: ﬁD%gﬁ%f&’ WﬂugﬂjﬁiEEUﬂ*%ﬁﬁﬁ‘glfiﬁﬁ?ﬁﬁﬁ
UERA, AT BLE SC— LAl B S ] TIE .

Theorem list_sinc_strong_increasing:
forall 1, list_sinc 1 -> strong_increasing 1.

(¢ FAEBALENREIER, M _[Qed]l £ K. *)

Theorem strong_increasing_list_sinc:
forall 1,
strong_increasing 1 -> list_sinc 1.

(v HERKRLENREIER, M_[Qed]l _Z XK. *)
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