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Sets_equiv_Sets_included:

forall x y, x ==y <>x Sy /\y C x
FAE RN MES IR RO G B =S, SFIEIIEMN N ES RSB E =MES O, XATEERIE
.

xgyﬁzm‘u%ﬁ%mg‘]y\jxgy‘ixgz;
xNyc<z EIU\?EZMZ/‘J?'E x € z |
xNy<z ’ﬂﬂ@@ﬁﬂ?"]?’ﬂ y<S z o

E Coq EP, ﬁﬁﬁﬂjlﬂzlﬁﬂuﬁi‘i apply Fﬁ%[fiifﬂo

Sets_included_intersect:

forall x yz, x Sy >x<C z->xCynz

ﬁ‘ﬁ}ﬁwjﬁiﬁ%ﬂuj@ﬁ rewrite —Fﬁgl iﬁif}r&o

Sets_intersect_includedl:
forall x y, x Ny € x
Sets_intersect_included2:

forall x y, x Ny Sy
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Theorem Setsl_intersect_comm:
forall {A: Type} (x y: A -> Prop),
X Ny =13 nNX.
Proof.
intros.
(¢ T%, RIEARANECHEFRFELACMNEATE. ©)
apply Sets_equiv_Sets_included; split.
+ x FANAPXFEEHA [xnySynxl, FAEFAIMEEHRE, BUXAIMEaH4
GEALEANT . %)
apply Sets_included_intersect.
- AEFEILEH xnycyl, WAL, REEALZMNAANE LW R ERAMNESWH T
E, RRFEZREHRENBE N ECRLAMNEGHTERST .
rewrite Sets_intersect_included2.
reflexivity.
- (e KU, EATFTHOXFEUEA _xny<Sxl_, RMNTUAERLFTENEA L EH —
TNEGRAAEAWN TR . o *)

rewrite Sets_intersect_includedl.

reflexivity.
+ (k% BN XHIEH R KB . )
(% ... AEHENCoq B R ... %)

Qed.

Theorem Setsl_intersect_assoc:
forall {A: Type} (x y z: A -> Prop),
(xNny)nz==xn(yn z).
Proof.
intros.
(o« SEHREXRBBHRGEEN, RNEANECHFWIERBTTHEACNEN TE. %)
apply Sets_equiv_Sets_included; split.
+ (x FALGXFEIEHA [(xny) nzSxn (yn2)I_. BEHAMRAMEZALEEGRE
WY&, RFZLHALZMNEALEMNE -—IPEGNTR. »)
apply Sets_included_intersect; [| apply Sets_included_intersect].
G+ I EZMEHAE T LA E
- ny)nzcx
- (xnNny)nzCc
-(xnNny)nzC
EHAHAFERALA AN EEFF —NAREALNTFENT ., *)
(xx ... EBHF N CoqlE R ... %)
+ Gk B XHIEA R KU . %)
apply Sets_included_intersect; [apply Sets_included_intersect |].
(xx ... EBAF WL CoqR R ... *)
Qed.
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EAAE, MBRPTEIEREGN » >a\v/r 50 p\/q > r Hamil. Bk,

xCyuz ATUREZTN x v o
xS yuvz &ﬂ@l%ﬂi%ﬂé’ﬂ?’ﬂ xSz
xuygzﬂu%ﬁ%mé{]y‘jxgz‘—ﬁygzo

£ Coq H, HIPAFMIER] AT LUEE A AL rewrive TG FESEIL.

Sets_included_unionl:
forall x y, x € x U Yy
Sets_included_union2:

forall xy, vy €S x U ¥y

I Ja —FUE B AT OB, (appry 51 BESEH .



Sets_union_included:

forall x y z, x €Sz ->y € z ->x UyC z;

A, BE S e EMMES AR IS, FEEMMNAZEN T IFEN D BCHA REIEH] [sets_uion_included

o

S 1. HWEAEANER]  sevs_untora B sevs_untora ITEIL ML N HI&E IS PN -

Fact sets_fact_ex: forall (A: Type) (X Y: A -> Prop),
X<CyYy ->
X nYyY ==

(x FENLAENREIER, U_[Qedl _&FEX. *)

SRR 2. HIREEAMEH] sets_unfold BX [sets_unford FUIEHL FIERH N HESIZH MR .

Example Setsl_intersect_absorb_union:
forall {A: Type} (x y: A -> Prop),
x N (x Uy == x.

(x FELBALENREIER, M _[Qed]l £ XK. =*)

S_]&E 3. i%ifﬁ%?fz:ﬁﬁﬁ sets_unfold Ei Sets_unfold E‘JT%%?E%TE%%EﬁE‘J@TﬁO

Example Setsl_union_absorb_intersect:
forall {A: Type} (x y: A -> Prop),
x U (x ny) == x.

(x FERKLENREIER, M_[Qed]l £ XK. *)

BIMEZ, BLUTIXEE SetsClass #0EE P51 B, MR 1 B 3RATTFEE S G s S 3 A 57

Sets_equiv_Sets_included:

forall x y, x ==y <-> x

N
<

/Ny € x
Sets_intersect_includedl:

forall x y, x Ny € x
Sets_intersect_included2:

forall x y, x Ny Sy
Sets_included_intersect:

forall x yz, x Sy ->xCz->xCynz
Sets_included_unioni:

forall x y, x € x U Yy
Sets_included_union2:

forall x y, y &S x Uy
Sets_union_included:

forall x yz, x €z >y C z ->xuUyCz
Sets_intersect_union_distr_r:

forall x yz, (x Uy) Nz==xnNn2zUynNz
Sets_intersect_union_distr_1:

forall x yz, x Nn (y U z2z) ==xNyUZXNZ

FET I AL G| B A TR I A UE AR & 2 A i 5 45 A X SE ATV 7 I IR B 425 7E SetsClass
WREPET T, BRILZ AL, SetsClass ¥ B EILIRME TS IFMAZ A 545 S ES IR G 4 7
fitf# . SetsClass # & FE A FAEH W AR T U & - prop KM Coq A, M—HFEET a4 - B -> Prop

. A->B ->C ->prop HFTAATRERIEH



Sets_intersect_comm:

forall x y, x Ny ==y N X
Sets_intersect_assoc:

forall x y z, (x ny) nz==xn (y N 2z)
Sets_union_comm:

forall x y, x Uy ==y U X
Sets_union_assoc:

forall x y z, (x U y) Uz ==3x U (y U 2z)
Sets_union_intersect_distr_1:

forall x y z, x U (y n 2z) == (x U y) Nn (x U z)
Sets_union_intersect_distr_r:

forall x y z, (x ny) uz-==(xuUz)n(yuz

S 4. HEEANEH]  sevs_untora B sevs_untora ITEHL ML N HIGE IS PN -

Fact Sets_ex1:
forall {A: Type} (x y z: A -> Prop),
x &y >
xuUz<SzuUy.

(¢ FHEBALENREIER, M_[Qed]l £ XK. *)

>EFE 5. i%iﬁ%ﬁmﬁﬁﬁ sets_unfold ﬁ Sets_unfold E‘J%ﬁ?iﬁ%?ﬁ%é\@ﬁ%ﬁﬁo

&

Fact Sets_ex2:
forall {A: Type} (x1 x2 y1 y2: A -> Prop),
(x1 n x2) U (y1 n y2) <
(x1 U y1) n (x2 U y2).
(¢ EAELARENREIER, M_[Qed] _ & K. *)

1.2 FE52&MHRA Coq kA
SetsClass ¥ HE AT T A AEMISCRE R BR BT LL FIERT: AR — V4G I T4

Sets_empty_included: forall x, J < x

FARIRLE, — VIR G R R T4

Sets_included_full: forall x, x € Sets.full

BT IRXPFAE, TTLNE 2 A IR SRR . SetsClass J2fLH1F HIERA

Sets_union_empty_l: forall x, J U x == x

Sets_union_empty_r: forall x, x U (J == x
Sets_intersect_empty_l: forall x, J n x == J
Sets_intersect_empty_r: forall x, x N @ ==

Sets_union_full_1: forall x, Sets.full U x == Sets.full
Sets_union_full r: forall x, x U Sets.full == Sets.full
Sets_intersect_full_1: forall x, Sets.full N x == x
Sets_intersect_full_r: forall x, x N Sets.full == x
Sets_equiv_empty_fact: forall x, x & J <-> x ==
Sets_equiv_full_fact: forall x, Sets.full € x <-> x == Sets.full



EE‘E 6. ﬁﬁﬁ E?é?fé@] , SetsClass *EE}E Eééiﬁﬁﬁ T Sets_intersect_empty_l o i%’ffj—(/lzl’fﬁﬁﬁ Sets_empty_included
LR A2 £ B IR B

Lemma Setsl_intersect_empty_1:
forall (A: Type) (x: A -> Prop), J N x ==
(x BHENLENREIER, U_[Qedl_&E XK. *)

1.3 FMERVMERR

SetsClass JE R HEIF ¢ TAMERMERA FHINAH. (1) —MESG S B CRAMERZBOR IF 25 324
o

Sets_intersect_complement_self

forall x, x N Sets.complement x ==
Sets_complement_self_intersect

forall x, Sets.complement x N x ==
Sets_union_complement_self:

forall x, x U Sets.complement x == Sets.full
Sets_complement_self_union

forall x, Sets.complement x U x == Sets.full
(2) FMEMAMER JFEES .

Sets_complement_complement

forall x, Sets.complement (Sets.complement x) == x
(3) ZCERBIFER A KSR /L T AR AL

Sets_complement_union
forall x y,
Sets.complement (x U y) ==
Sets.complement x N Sets.complement y
Sets_complement_intersect
forall x y,
Sets.complement (x N y) ==

Sets.complement x U Sets.complement y
(4) *MERAS B O A Z TR0 AL SRAUIE 75 iy il 2 T (1 IR

Sets_contrapositive_PP:

forall x y, x © y -> Sets.complement y & Sets.complement x
Sets_contrapositive_CC:

forall x y, Sets.complement y & Sets.complement x -> x & y
Sets_contrapositive_PC:

forall x y, y © Sets.complement x -> x & Sets.complement y
Sets_contrapositive_CC:

forall x y, Sets.complement x & y -> Sets.complement y & x

1.4 EBEXEXFHIMR

MR Xo, X1, Xo, .. % HILTKKEGFH, IB2E Bl nl Lo EATH IR EAEN TSl P
5E XA
UXné {z|3IneN ze X,}

neN



ﬂXné{x]VneN.xeXn}

neN
1t Coq Hr, #ﬂﬁé\ﬂ% X: nat -> A -> Prop (g X, c A Y X: nat -> A -> B —> Prop QIS X, S Ax B)
SR RER X R—ANEFKMNESEFH. SetsClass HHEFERFHAIH Ux Al 0 x BRENKILTIH
METFAL
MEC: B, BT E O E AR N E] TR . iR ICEHET B — R, A B
I A OO AU
JXi={z|3ielzeXy
el
(X ={z|Viel zve X}
el
B 5, Ttk T KESRA—ER D EEREEEE L. ETERAIERE T 23RN
A%, Xier FIEGRR “287, HEAMESRTIFAGE “OEIAH AN RIEE". A, WRAE
Coq TLIE x: 1 >4 > prop (H X; € A), WAREESHZHIZW LIRE XK, RFEE T LM
BHERE Xier MAZHER “28E” ABTTLLT o SetsClass $HBET, TR ENES T SELTEHIX
P Coq & L SRFH:

Sets.indexed_union: forall {I: Type}, (I -> T) -> T

Sets.indexed_intersect: forall {I: Type}, (I -> T) -> T

Hr, 't Z2HFA 4> prop « A ->B -> prop HIEIK Coq AL,

BRIt Ah, G0 1L 8RR U 1) SRR {2 | 3X e U. x € X}.7E Coq ", W 'v: (a -> prop) -> Prop
s IBABERT DAL v 2 a AWM TFERN—JCiEW, Pl v 2% 2 £E5NTEMBIIES . SetsClass
WREARTRMNH v #ox v )7 3038, R v BfH

(A -> B -> Prop) -> Prop Ejz_jé (A -> B -> C -> Prop) -> Prop

SERA, WATPARFERIR u M) FF. 2RI, SetsClass B EWHE L TXE v B XL, W
U: (A -> Prop) -> Prop 2&%’7‘%%%&7 %BQ\EE‘]F}(T@Z%X% “é;%” A o
SRR UL, SetsClass ¥ FEFR AL T PAN SCHF TG 55 A LA 75 B E X o

- %?TE‘W%E"J%%%: U X , Sets.indexed_union X
{z|Jiel. X;}
- TR EREA R () X » Sets.indexed_intersect X
(x| Viel X}
SNE; T || U , Sets.general union U
{x |3X eU xze X}
& [TU , Sets.general intersect U
{z |VX eU ze X}

EATHRNE B UE ] 77 2 5 8@ AR 5 AR RIE BT 7 R R AT . T R — T A ]



Example Setsl_union_indexed_intersect_fact:
forall {A: Type} (x: nat -> A -> Prop) (y: A -> Prop),
(Nx vuy<S () Funn=>xnuUy).

Proof.
intros.
(x+ BEHLZAECRA AR TRF SN E0RENTE, RFREIUEALLEGRALE - ES

HWTE. *
apply Sets_included_indexed_intersect.
intros n.
v AERFEEH [N x Uy S xnuyl_o *)
rewrite (Sets_indexed_intersect_included n).
reflexivity.

Qed.
Tl SetsClass e DAIEM IR T EF LR E LT IHE GETIRIRE) MR,

Sets_included_indexed_intersect:

forall xs y, (forall mn, y € xs n) ->y < ﬂ xs
Sets_included_indexed_union:

forall n xs x, xs n C U XS
Sets_indexed_union_included:

forall xs y, (forall n, xs n € y) -> U xs © y
Sets_indexed_intersect_included:

forall n xs, ﬂ xs € xs n

Sets_intersect_indexed_union_distr_r:

forall xs y, |J xs ny == J (fun n => xs n N y)
Sets_intersect_indexed_union_distr_1:
forall x ys, x n |J ys == |J (fun n => x n ys n)

MR A5 IR R .

Sets_general_intersect_included:
forall Ux, Ux ->[|UC x

Sets_general_union_included:

forall U y, (forall x, Ux ->x S y) -> ||JUCy
Sets_included_general_union:

forallUX,Ux—>x§[_|U
Sets_included_general_intersect:

forall U y, (forall x, Ux ->y € x) ->y C |_| U

S.li%iﬁ_ 7. i%iﬁ%ﬁmﬁﬁﬁ sets_unfold ﬁ Sets_unfold E‘J‘%%Tiﬁ%?ﬁ%%ﬁﬁﬁ@ﬁfﬁo

Fact IndexUnion_ex1:
forall {A: Type} (xs: nat -> A -> Prop),
U (fun n => xs (2 * n)%nat) < U XS .
(x HERKRLENKREIER, U _[Qed]l XK. *)

s.liEE'E 8. iﬁ ﬁﬁ%EKﬁﬁH sets_unfold ﬁ Sets_unfold E‘J%%Tlﬂi%?ﬁ%&/ﬁ\@ﬁm@ﬁo

Fact IndexUnion_ex2:
forall {A: Type} (xs: nat -> A -> Prop),
(forall n m, (n <= m)%nat -> xs n € xs m) ->
U (fun n => xs (2 * n)%nat) == (J xs.
(v BENLLENREIER, L_[Qedl_&E XK. *)



2 ZRXRERXALNEE

gk, MR R EZ MW ALEEGE BEGH P J0KAR, BAERRN RS AXxB, IR} AL
B ZF—MES, B RS Ax A, MALABIK R 22— AEE LR —IekAR. BFit, — P "JukA R
PR RS WIS, “IURASPN TR G X IR R . .

{(z,9)eZ xZ | z<y}=1{(-1,0),(—1,1),(0,5),(10,100), ...}

{(@.y) €ZxZ | 3z axz=y} = {(1,2),(2,6),(3,15), (~1,1),...}
RN EG D FRBECER N T7 RAREEECER R KR
T ok RS, WL IoRRZ M UMMk HEFEGIBHE. BRILZAh, ZIJoRAZIHE
UM — AR IS5 TOURARRNER ORI ek ANESR) . Bt b, “IoRARNERT LA
TR
(z,2) € Ry o Ry HHAUHAFAE y 13 (2,y) € Ry HH. (y,2) € Rse

B, 24 514 Sov S< 5 S RAREH R N 17 SR 27 KRR CNTETT KR MTT KRR
AR, R

S1={(z,z+1) | z€Z}

Se ={(z,x+2) | z€Z}

S.={(z,y)€EZXZ | z<vy}

Sce={(z,y) eZXZ | z <y}
AT SNIE -

31051 :SQ

S1085¢=5<081=5<
Si0S.=8_08 ={(z,y) €eZXZL | x+1<y}c S

M EEES A, THEEES A EHTIGRR, Ax AKX CGEMEN EMaE) WREE A BK
TICRFR. BRMZAL, BATEZLE HEMB T A MR iR R, HERR” 5 7.

Iy ={(a,a) | ae A}
WHR X < A, W4 test(X) = {(a,a) | ae X}

R, XFFEM “2E7 ME, test(P) = & I H test(A) = 4.
SetsClass #f J& it 71X E 6T e R R IE X+
-:fﬁ%%E@@% )EH o %%/7?7 E)‘U\j Rels.concat 3
- MR BN Rels.ia XA LTIHRRTTS);
SRR BN Relsctest (KA LR RES).

ST, BATHTLUR & SR RIBF MG T H1E Coq wrfll, w2 —MXFERIH T



Fact plus_1_concat_plus_1:
forall S1 S2: Z -> Z -> Prop,
(forall nm, (n, m) € S1 <->m =n + 1) ->
(forall nm, (n, m) € S2 <->m = n + 2) ->
S1 o S1 == S2.
Proof.
intros S1 S2 H_S1 H_S2.
Sets_unfold.
intros x z.
(x* _[Sets_unfold]l _# A4 ¥ _[cl_WEXETF, AEFEILH:
- exists y, (x, y) € 81 /\ (y, z) € S1
L HMR L
- (x, z) € S2]_. *)
rewrite H_S2.
setoid_rewrite H_S1.
Gex R _[S11_5_[s2]_mE X, AFEIEH:
- (exists y, y=x +1 /\ z =y + 1) <-> 2z = x + 2 %)
split.
+ intros [y [7 71].
lia.
+ intros.
exists (x + 1).
lia.
Qed.

TICRRRR TR EEE SIS HME R AL, A LKA E IS A .

- &4%.

- IEBAI TG [Rels.id o x == x

- AHHAIIG: [x o Rels.id == x
—Eﬁj\ﬁaﬁ xo(yuz ==x0yuUZxoOz
- Al (Guypoz=x0zuUyoz

FAh, UK A AR EEN T I F M RAL . XL XSS T SetsClass J& 71 ) N X 24 ¢ HH .

Rels_concat_assoc:

forall x y z, (x 0y) 0z ==%x0yoO0 z
Rels_concat_id_1:

forall x, Rels.id o x == x
Rels_concat_id_r:

forall x, x 0 Rels.id == x
Rels_concat_union_distr_1:

forall x y1 y2, x o (y1 U y2) == x 0 yl U x 0 y2
Rels_concat_union_distr_r:

forall x1 x2 y, (x1 U x2) oy ==x1 0y U x2 0y
Rels_concat_indexed_union_distr_1:

forall x ys, x o |J ys == [J (fun n => x o ys n)
Rels_concat_indexed_union_distr_r:

forall xs y, |J xs oy == |J (fun n => xs n 0 y)

MK R Rels.test ﬁ_l:ﬁﬂx%ég@[ﬁ °

Rels_test_full: Rels.test Sets.full == Rels.id
Rels_test_empty: Rels.test J ==
Rels_test_is_id:

forall x, x == Sets.full -> Rels.test x == Rels.id
Rels_test_is_empty:

forall x, x == -> Rels.test x ==



