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Inductive tree: Type :=
| Leaf: tree
| Node (1: tree) (v: Z) (r: tree): tree.
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Definition tree_exampleO:
Node Leaf 1 Leaf.

tree :

Definition tree_examplel: tree :=

Node (Node Leaf O Leaf)

Definition tree_example2a:
Node (Node Leaf 8 Leaf)

Definition tree_example2b:
Node (Node Leaf 9 Leaf)

Definition tree_example3a:
Node (Node Leaf 3 Leaf)

Definition tree_example3b:

2 Leaf.

tree :=
100 (Node Leaf 9 Leaf).

tree :=
100 (Node Leaf 8 Leaf).

tree :=

5 tree_example2a.

tree :=

Node tree_example2b 5 (Node Leaf 3 Leaf).
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Fixpoint tree_height (t: tree): Z :=
match t with
| Leaf => 0
| Node 1 v r => Z.max (tree_height 1) (tree_height r) + 1

end.

Fixpoint tree_size (t: tree): Z :=
match t with
| Leaf => 0
| Node 1 v r => tree_size 1 + tree_size r + 1

end.

Coq RSt “HIIE” &F—HREFEM K= AT i ¥ 2 /0. Tl —2E Coq IHHIHIT .

Example Leaf_height:
tree_height Leaf = 0.

Proof. reflexivity. Qed.

Example tree_example2a_height:
tree_height tree_example2a = 2.

Proof. reflexivity. Qed.

Example treeexample3b_size:
tree_size tree_example3b = 5.

Proof. reflexivity. Qed.
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Fixpoint tree_reverse (t: tree): tree :=
match t with
| Leaf => Leaf
| Node 1 v r => Node (tree_reverse r) v (tree_reverse 1)

end.

N =AU A B 1T

Example Leaf_tree_reverse:
tree_reverse Leaf = Leaf.

Proof. reflexivity. Qed.

Example tree_exampleO_tree_reverse:
tree_reverse tree_example0 = tree_exampleO.

Proof. reflexivity. Qed.

Example tree_example3_tree_reverse:
tree_reverse tree_example3a = tree_example3b.

Proof. reflexivity. Qed.
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L Leat , ELHATLI Node1vr (2) PLERI R R RE, LR 1 v v 5 = BUHAME,
Leat 5 Node 1vr HIAAHEE; (3) Node IXAFMIAIE 2 BRI YT X = FFMERIN R [ Coq Hr =
%‘[«LF%TE/Q'\ destruct .~ discriminate 5 injection o %Uﬁﬁ?ﬂ‘]?)ﬂﬂu&%%%%%%a"]ﬁfﬁ

Lemma Node_inj_left: forall 11 v1 rl 12 v2 r2,
Node 11 vl rl1 = Node 12 v2 r2 ->

11 = 12.
Proof.
intros.

(x+ Hf, CoqiE BHE A F BRI & &t £ W 4 _[Node] _H By = X KM %F . *)

injection H as H_1 H_v H_r.

(x* FHH _[injection] _#& 4 A T _[Nodel 2 % 4t X — M A . ¥ ¥ & % ¥ 8l % _[H]_# 2 &
HT Z45wH#:
- H_1: 11 = 12
- Hv: vl = v2
- H_r: rl = 12 %)

rewrite H_1.

reflexivity.

Qed.

A, FEN njection LRI A IREAT 5 44 BAFIRMIR, Coq fL¥rM M5 Lz, Mifiik Coq #EAT
EELIE

Lemma Node_inj_right: forall 11 v1 rl 12 v2 r2,
Node 11 vl rl = Node 12 v2 r2 ->

rl = r2.
Proof.
intros.

injection H as ? 7 7.
(% XE, CoqHFH A MEREMEM T _HI_. _[HO]_5 _[H1]_. T & & F _[apply]_
E4 B AR _[rewritel L /5 5k B . *)
apply H1.
Qed.

WERANTE ZHI R injection AFKMIEE — 558 = anfll, 7T LURAS T 22 H 28870 AR Rk 547

Lemma Node_inj_value: forall 11 vl rl 12 v2 r2,
Node 11 vl rl = Node 12 v2 r2 ->
vl = v2.

Proof.
intros.
injection H as _ 7
apply H.

Qed.

Tﬁ%lfﬁi}‘ﬁ %‘ Leaf 5 Node 1 v r *H%, %B/A. 1=2 o ?5%%2, Leaf 5 Node 1 v r ﬁﬁ‘%ﬂ%ﬁ%, ?'j:
WIFTE R T — D JE IR o

Lemma Leaf_Node_conflict: forall 1 v r,
Leaf = Node 1 v r -> 1 = 2.
Proof.
intros.
(v THHRATZENATET RIAT EH T RIEH . *)
discriminate H.

Qed.
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Lemma reverse_result_Leaf: forall t,
tree_reverse t = Leaf ->
t = Leaf.
Proof.
intros.
(x* THEH _[destruct] _#HARE _[tI_REAERHEAT L LT ® . »
destruct t.
(e JATE—FHEAZFE, CQFFEANIEHRERET —FRART AL, TRHMHER.
AT HmCoqiE HE M, RINEFAZREAbullet THFELENFIEHALE L EF
X, RE—ANA—AWERRE DA X KR—H. Coq¥ ¥ UEH Kbullet FILH :
[+ - ok o+ —— oxx]_E )
+ reflexivity.
G B—FBERAE_L]I_EZRAER. X0, FEANELARZIAN. ©
+ discriminate H.
G F_FEAT, HELA®R _MH_RTU#EEFE. TUAY, _[discriminate] _#§
A2 ARBEIXAH, BRERETE. »)
Qed.
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L4 %%5@% ﬁEﬁﬂ P Leaf EETL,

o GNP ER: EMIN TAER XM 1 2 DLRAEERENRE o, WR p1 5 e &L, K4
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Lemma reverse_size: forall t,

tree_size (tree_reverse t) = tree_size t.

Proof.

intros.

induction t.

(o LTHEXARAREE: A _[t]_EHMEN. Coqa BFHE R AAL A FHMEHE &K,

+

BREE SRR LE. *)

simpl.

G BN XREESR, XA _[simpl] _ WA KT K E L T A B v 2 )7 ® KR E R
XACH - *)

reflexivity.

simpl.

G B-APXRPEHTR., RANEFLEHEATF A A A B R _[IHe1] LK _[IHt2] _,
# % X ¥ _[IH]_ %~ induction hypothesis® %5, Wy £ 4R K . £ X NIEH
¥O_[IHe1) _ 5 _[THe2) 2 AR Z T/ _[e1]_5&F T/ _[e2] _WHEFAEE . *)

rewrite IHt1.

rewrite IHt2.

lia.

Qed.

’5”@:/\%?@%1% %lEEH tree_height 5 tree_reverse ZI‘EJE(J?%/\O

Lemma reverse_height: forall t,

tree_height (tree_reverse t) = tree_height t.

Proof.

intros.

induction t.

+

simpl.
reflexivity.
simpl.
rewrite IHt1.
rewrite IHt2.
lia.

(k% ER: _[Mial_#HA4A M REH AL E _[Z.max]_5_[Z.min] _# . *)

Qed.

£ _E i
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AL S 5 EENMIEVTR S, FOREPITE —/MEIES, FAAEEERS—MEY H R h AT 2
ARSI, FRATEEAT LAA induction t; simple fjfb_LTHIUERH .

Lemma reverse_height_attempt2: forall t,

tree_height (tree_reverse t) = tree_height t.

Proof.

intros.

induction t; simpl.

(

+

o

** KEEACPTE, AMEHERFHBT LHEH . *)
reflexivity.

lia.

Qed.
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Lemma reverse_involutive: forall t,

tree_reverse (tree_reverse t) = t.

(¢ FELALENREIER, M_[Qed]l £ XK. =*)

Y

o 2.

Lemma size_nonneg: forall t,
0 <= tree_size t.

(v FELLENKREIER, MU_[Qed]l £ XK. *)

S]@ 3.

Lemma reverse_result_Node: forall t tl k t2,
tree_reverse t = Node tl k t2 ->

t = Node (tree_reverse t2) k (tree_reverse tl1).

(¢ EAELARENREIER, M_[Qed] _ & K. *)

3 hnsRYAL

NHAEY] tree_reverse A& — MY, XANFIERM Coq iEWI 7R ERAVR R SGE : HIETR ZAGNIE ] 125
WRATA? WREFER w0 AN, A TETRIARERIX TAER s2 LRTERRAL, 382 HNIEY]
XFH RFE” 1 v EIRTERROL? WERBATHEIRZ AT Coq MEMIZIM, JH intros 5 |induction t1 P
FARSITIRIER, RS HANEIEM] — 26 5T “H5E” w2 KPR

Lemma tree_reverse_inj: forall t1 t2,
tree_reverse tl = tree_reverse t2 ->
tl = t2.
Proof.
intros.
induction t1 as [| t11 IHt11 v1 t12 IHt12].
+ destruct t2 as [| t21 v2 t22].
(ex EESBRWIEAT LR L _[£2] W 4 Kb T R %)
- Oex WR_[2] _RZEHK, HLEBEDHE . *)
reflexivity.
- Oex WR_[t2] _RFEERH, H2AwWE_HI_BHEFETE. ©
simpl in H.
(* WHE, AWRA:
- Leaf = Node (tree_reverse t22) v (tree_reverse t21)
REEEEDTE . *)
discriminate H.
(ex Gk, EXAMEHF, & TZEMW_[discriminatel _#H4A o TR EALE, WE
H— & _[simpl] _ A KL ET UL A8 . %)
+ x HRANFHNSRNEAN, ETHCELESE. LHIEHEFRFHTRESE R A

- H: tree_reverse (Node tll vl t12) = tree_reverse t2
- IHt11l: tree_reverse tll = tree_reverse t2 ->

t1l = t2
- IHt12: tree_reverse tl2 = tree_reverse t2 ->

t12 = t2

- 4 : Node ti1l v t12 = t2
RNFEEANETHNBREAEXT R _[t2] _EWHER . *)
Abort.

IERARIE T i FTH A — 60 T — 1) v2 KIS



Lemma tree_reverse_inj: forall t1 t2,

tree_reverse tl = tree_reverse t2 ->
tl1 = t2.
Proof.

intros ti1.
(x+ L@ X% _[intros 1t]_#A MUK A S _[c1]_HEEHE AW al £ 7, B4
2l _ REAEFIEAEREE LT o %)
induction t1 as [| t11 IHt11 v1 t12 IHt12].
+ (ex PUERNEESRFEILEH, X THEE_[t2]_,
- W% [tree_reverse Leaf = tree_reverse t2]_
- # 2 _[Leaf = t2]_ *)
simpl. intros.
destruct t2 as [| t21 v2 t22].
- reflexivity.
- discriminate H.
+ Gx AAEWPEHRTRET, ARBREA,
- IHt11:
forall t2: tree,

tree_reverse tll = tree_reverse t2 ->
t11 = t2
- IHt12:

forall t2: tree,
tree_reverse tl2 = tree_reverse t2 ->
t12 = t2 %)
simpl. intros.
Gox BT HA_[t2]_4%3tit, #HKk#E_[t2] I ERMBEL. %
destruct t2 as [| t21 v2 t22].
- discriminate H.
- injection H as H2 Hv H1.
(x* HFE, HELSWHEE _[tree_reverse tl = tree_reverse t2]_ T 115 413 .
- H1: tree_reverse tll = tree_reverse t21
- Hv: vl = v2
- H2: tree_reverse tl2 = tree_reverse t22
THEHRAFEER T HBEERTUGER _[t1 = t21_7, B
- Node ti11 vl t12 = Node t21 v2 t22. *)
rewrite (IHt11 t21 H1).
rewrite (IHt12 t22 H2).
rewrite Hv.
reflexivity.
Qed.

i—/l%’ J:fﬁii%@l @ﬁéiﬁf U\Z:FH Uﬂ?l’ﬂﬁiiﬂfﬁﬁ o —FEEQEEE% EP'TEH% T ﬁﬁﬁﬁﬂi% B@éli::i/[ﬁ\' reverse_involutive

Lemma tree_reverse_inj_again: forall t1 t2,
tree_reverse tl = tree_reverse t2 ->
tl1 = t2.
Proof.
intros.
rewrite <- (reverse_involutive tl1), <- (reverse_involutive t2).
rewrite H.
reflexivity.
Qed.

SIEE 4. TN ieseimese BHUT (eignecmose BRCH ST — SRR R AL 0N A A L S AT O A A
ﬁﬂ%ﬂ?’\jé, )I_\”Ji)glﬁl default o



Fixpoint left_most (t: tree) (default: Z): Z :=
match t with
| Leaf => default
| Node 1 n r => left_most 1 n

end.

Fixpoint right_most (t: tree) (default: Z): Z :=
match t with
| Leaf => default
| Node 1 n r => right_most r n

end.

IREAR, IXPA R BN i 2 . AR AR SOM A Y R, AR H e A Bl 2 ) e e s e XA
M AT AE Coq Hhan Rk :

Lemma left_most_reverse: forall t default,

left_most (tree_reverse t) default = right_most t default.

(v FELLENKREIER, MU _[Qed]l XK. *)

4 FBYFeREE IR
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Fixpoint tree_le (ub: Z) (t: tree): Prop :=
match t with
| Leaf => True

| Node 1 k r => tree_le ub 1 /\ k <= ub /\ tree_le ub r
end.

Fixpoint tree_ge (1lb: Z) (t: tree): Prop :=
match t with
| Leaf => True

| Node 1 k r => tree_ge 1b 1 /\ k >= 1b /\ tree_ge 1lb r
end.

iié'ﬁ, tree_le n t %%*H*&Aﬁl‘ﬁ*ﬁ%ﬁ/‘J{E%Bd\ﬂ:%? n %’éwlﬂ‘], tree_ge n t %%*EEP/I\%KE'\*E_‘
SHEBRTET a « ZERINTEH

t S, +w 5 tc-ow,n

%7}? tree_le n t 5 tree_gen t o

A, TATERTLAE S, Moo R ARE i [ 2 N BIRHESU I towznign » BRACK ZI/NHEFIY
high2low 1X 2% 14 o

Fixpoint low2high (t: tree): Prop :=
match t with
| Leaf => True

| Node 1 k r => low2high 1 /\ 1 € [- o, k] /\ r € [k, + o] /\ low2high r
end.



Fixpoint high2low (t: tree): Prop :=
match t with
| Leaf => True
| Node 1 k r => high2low 1 /\ 1 € [k, + 0] /\ r & [- o, k] /\ high2low r

end.

T HAE — 2Rk T eI AR . RAVEREIEN: R © oo Py b2 MBI, a4
T ARG IR, Hh e M e i AR EINE .

Lemma reverse_low2high: forall t,
low2high t ->
high2low (tree_reverse t).
Proof.
intros.
induction t.
+ (kx HESREZE AR . *)
simpl. tauto.
+ simpl in H.
simpl.
Gex VT2 5 REEH B AT 2 -

- H: low2high t1 /\ t1 € [ - o0 , vl /\

t2 € [v, + 00 1 /\ low2high t2

- IHt1: low2high t1 ->
high2low (tree_reverse t1)

- IHt2: low2high t2 ->
high2low (tree_reverse t2)

- % 1ib: high2low (tree_reverse t2) /\
tree_reverse t2 S [v, + o0 1 /\
tree_reverse t1 € [ - o0 , v] /\
high2low (tree_reverse t1)

XHEER, RANFE L XT _[tree_le]l_5 _[tree_gel W H BT E . %)

Abort.

NHESGUEY], WUR AR R RN TET a, BaeLABUR)E, W RRREN T4
T a .

Lemma reverse_le:
forall n t,
t € [- o0, n] ->
tree_reverse t € [- 00, n].
Proof.
intros.
induction t; simpl.
+ tauto.
+ simpl in H.
tauto.
Qed.

HUGEAMRARAIR T treege HITIHE.



Lemma reverse_ge:
forall n t,
t € [n, + 0] ->
tree_reverse t € [n, + o0].
Proof.
intros.
induction t; simpl.
+ tauto.
+ simpl in H.
tauto.
Qed.

f)rﬂ,f, YE%IVEE%EJE%, Efuﬂ:ﬁ‘ﬁiEEﬁ reverse_low2high To

Lemma reverse_low2high: forall t,
low2high t ->
high2low (tree_reverse t).
Proof.
intros.
induction t; simpl.
+ tauto.
+ simpl in H.
pose proof reverse_le v til.
pose proof reverse_ge Vv t2.
tauto.
Qed.

wJa, BATHEE LR TP RIPES, JRIE LA 18

Fixpoint same_structure (tl t2: tree): Prop :=
match t1, t2 with
| Leaf, Leaf =>

True

| Leaf, Node _ _ _ =>
False

| Node _ _ _, Leaf =>
False

| Node 11 _ ri1, Node 12 _ r2 =>
same_structure 11 12 /\ same_structure rl r2

end.

XANE B PR SR AR ], (ER RN S AR S B E R AR A . NIX— 5 HITEE AR
th, Coq T ARV R XS 2N RAL maten FF HATEAH T RIZEE L AR naten (55
THER, RPN AR R, IR A e AT R A .
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Lemma same_structure_same_height: forall t1 t2,
same_structure tl1 t2 ->
tree_height tl1 = tree_height t2.
Proof.
intros.
v ZUEHAX—F#®, REAWERREXN _[t1]_MEHEHIEH ., XHF—K, L_[t1]_
HEZHE, FRABREAEE: [t1] WAL THRIANE _[t2] WAL THEME
B, 24A, IHEMNAABRETUERELERLENE L. *)
induction t1.
(k% THAE#ATEESRHIEH . *)
+ destruct t2.
- reflexivity.
- simpl in H.
tauto.
+ (¢ TEHHXNAHFR., A, ELUENMBRNEAER, RIN2KIA, YW EHERS
RNAEMNHEAEAT —F! RONBXEWEALS BT, BAHABRELLEE T _[t2]_ BT
WH, WAET_(t2)_AHM. XEHHAAET, L4 RANHKAT _[induction t1]1_iE#
HAR, [t EEEEAERNMRETT, XE%kE, KMEHKCoq, EXEAK
RE_[t2] _ZREEIEH . XFFERMEM YU IEH B E . )
Abort.

PR — 1 L) I M R AR FRATT S 1A 2R AR SR T 5 U 4%

Lemma same_structure_same_height: forall t1 t2,
same_structure tl1 t2 ->
tree_height tl1 = tree_height t2.
Proof.
intros ti1.
induction t1 as [| 11 IH1 vl r1 IHr]; intros.
+ Gx EESREERELEM. *)
destruct t2.
- reflexivity.
- simpl in H.
tauto.
+ Gx AHFRY, AHBREAETET
destruct t2 as [| 12 v2 r2]; simpl in H.
- tauto.
- destruct H as [H1 Hr].
(e FEKRMTUKBRBEERE _[20_BHTFTHET . *)
pose proof IH1 12 HI.
pose proof IHr r2 Hr.
simpl.
lia.

Qed.

SR 5. T fIEY AR L

Theorem same_structure_trans: forall tl t2 t3,
same_structure tl1 t2 ->
same_structure t2 t3 ->

same_structure t1 t3.

(v HELLENREIER, M_[Qed]l _Z XK. *)

5 Coq trEEFH] list

& Coq W', 1ist x Ko —F x REMICE, fEadEES, X—RKM RS Coq BRI E LK. T
A ERE X7, BERE S by T ERIX S R € L7 L R GE SCH R A 5 A 5
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Inductive list (X: Type): Type :=
| nil: list X
| cons (x: X) (1: list X): list X.

XH, i Fon, BT fens Fon —NEESIH A TR CRItR) MHsh—FnR (ERITED
HIRE, BAE faase T AE MOT RO RAU ORI S IR Dl e RPN BHIIR 1ise 2 HIB T

Check (cons Z 3 (nil Z)).
Check (cons Z 2 (cons Z 1 (nil Z))).

Coq AT LUE SCEHAIRFIE, 1ist Qist 20 -

Check (comns (list Z) (cons Z 2 (cons Z 1 (nil Z))) (mil (list Z))).

FATATUAMHA] Coq KIS EMNH S Arguments 154, 1EIRMNTEIE 11se & LPHIKISH.

Arguments nil {X}.

Arguments cons {X}

Bilhn, AT LLE S E i) 7

Check (coms 3 nil).
Check (cons 2 (cons 1 nil)).

Check (cons (cons 2 (cons 1 nil)) nil).

Coq PRUEZEILIZME T — 28 Wotavion il 1ise MIRAIMIRRRE R H. HAT, HEAFE T ESERM KA
WA R E

Notation "x :: y" := (comns x y)
(at level 60, right associativity).
Notation "[ ]" := nil.

Notation "[ x ; .. ; y 1" := (cons x .. (cons y []) ..).

N R AN R = MR IR A RN X wotation I TV

Definition mylistl := 1 :: (2 :: (3 :: nil)).
Definition mylist2 := 1 :: 2 :: 3 :: nil.
Definition mylist3 := [1; 2; 3].

SRR, BATHE Coq HAIFIHANER ise & X T HATHFBARE) “FIFR". ZAhE O7 AN
MR RTAEN, 5L, B a KA RHEE CEFK) FIRAE —A 1ise a KEKTREZN
Bi, RRZIMR. 2, WERNMERER “FIR" BB ELHVER, /£ Coq HHEAZTARMILK, E
T EIRAE Coq A FHIHGNEBIAR K 77 sUHHIER] s [FI, BT “FI3R” MRHIAR . M 518,
TR HRIEEB L A8, eI ZRAE Coq M IR AT 3 5E o

THEAE—LERT nase KW HREL R Coq HIER, JHYNIEMY 1138 JH bR B AU I 915 X
H7 KBTI HE 2, BOE X uise R ERGHHRE, HUERE TS 1ise BUEDY mi MISER,
FEHFEA ise. BUEN coms a1 MTAIERIMZAINIUE Y 10 ISR RERTIIRMNEMM S, #HFHEE
LR T T, BIanFIR KR FURE | TRME. PN FIRIEES .

NIHE SCHI R BT app. RONBIRIIES

12



Fixpoint app {A: Type} (11 12: list A): list A :=
match 11 with
| nil => 12
| cons a 11' => cons a (app 11' 12)

end.
£ Coq T —HATLLH ++ IR app » BN S GHEBIENLGE S

Notation "x ++ y" := (app x y)
(right associativity, at level 60).

DAEATH H R EAFE , “PIFRER” & RAE AN, LMk “EER”. fl:

[1; 2; 3] ++ [4; 5]
[0; 0] ++ [0; O; 0]

[1; 2; 3; 4; 5]
[0; 0; 0; 0; 0]

£ Coq AR#EREE X app W, 115 2; 31 SIREFIRIVERGINLN 12 a1 HIRSIIRIER, it—F
MLN (131 HIRESIRIER, LS.

[1; 2; 3] ++ [4; 5] =

1 :: ([2; 3] ++ [4; 5]) =

1 :: (2 :: ([3] ++ [4; 5])) =

1 :: (2 :: (3 :: ([1 ++ [4; 51))) =
1 :: (2 :: (3 :: [4; 5])) =

[1; 2; 3; 4; 5]

XTI R, ek r s A .
FATATLATE Coq HE N —2ef] 1, 536 F e XA app  (H4E Coq PriEET app ) HHSEE XL T
YR A ER.

Example test_appl: [1; 2; 3] ++ [4; 5] = [1; 2; 3; 4; b5].
Proof. reflexivity. Qed.

Example test_app2: [2] ++ [3] ++ []1 ++ [4; 5] = [2; 3; 4; 5].
Proof. reflexivity. Qed.

Example test_app3: [1; 2; 3] ++ nil = [1; 2; 3].
Proof. reflexivity. Qed.

FHE S app MTERATABEM ] Coq HIHRAEL, FHIZAEMI ST ERIMER, FATHEAGEM Coq FHIK
P SGIEW] . S5 R HANEIEN] S 70 F0TRIENIT IR . SFIEW] | — 280 e EERIEBUS A AT B Al X L
PEBIE R BE— 2P ) 24518

AR, BIIRGEMINRIER, TRTIIRAELIERTEINERMAA, HAFRZXANINIEAL . KA]
LLFE Coq FFEAE N HEIP A EEE.

Theorem app_nil_1: forall A (1: list A), [] ++ 1 = 1.

Proof. intros. simpl. reflexivity. Qed.
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Theorem app_nil_r: forall A (1: list A), 1 ++ [] = 1.
Proof.
intros.
induction 1 as [| n 1' IH1'].
+ reflexivity.
+ simpl.
rewrite -> IH1'.
reflexivity.

Qed.

Hrb, lappnina HREMI R app FIE LT (0 ++ 1 BT T apponit e FOEHIRR EEXI BS54
4. A, X VAGIE ] BB R AR TR ), B

[1; 2; 3] ++ []

MG, VAAND BRIGUE R AT

[1; 25 3] ++ [1 =
(1 :: [2; 31) ++ []
1 :: ([25 31 ++ [D)
1 :: ([2; 3]1) =

[1; 2; 3]

P EARE AR 2> B AR 4t VA R B
BATERFN, FIRNEZBAGGH, £ Coq HIX— LB AT LS /IR E R

Theorem app_assoc:
forall A (11 12 13: list A),
11 ++ (12 ++ 13) = (11 ++ 12) ++ 13.

FHEAUEHIX —E#, TIEREREXN 1 MHAg. X 12 MUEGNEERXT 13 MUHYNIERH . TCIe kR — R,
SER AN UE B R BRSO D BREAOA i, R TR AR ER R appniil 5 lappniir HPT:

[1 ++ (12 ++ 13) = 12 ++ 13 = ([] ++ 12) ++ 13
11 ++ ([] ++ 13) = 11 ++ 13 = (11 ++ []) ++ 13
11 ++ (12 ++ [1) = 11 ++ 12 = (11 ++ 12) ++ []

SRT, = AMAGERI R FE T, RN 1 FGAIRATA REMURI M e VRGN0 BRAUEWT . RN app H5E (R
X 2E M A K32 VA RE SCHRT, BT ABRATTANHE ™S5 L T A e

(a :: 11) ++ (12 ++ 13) =
a :: (11 ++ (12 ++ 13))

(Ca :: 11) ++ 12) ++ 13)
(a :: (11 ++ 12)) ++ 13)
a :: ((11 ++ 12) ++ 13))

Rk, AT AR EGBR 5E BRIAA D BRIUERS 1o A, W CRBOH 12 HNIER] BN 18 4
YHUEHI ISR, A AT T4

(11 ++ (a :: 12)) ++ 13

(11 ++ 12) ++ (a :: 13)

14



MRFLRT ! RERNIFIE 11 + @ :: 12) = A1 ++ [a) + 12 , HERANTEETE Coq FUEHTX—ME)H,
[R] T A 390 I ¥ 7 s Aol FH 3 A5 ) P R A B o
FAE LTRSS R “X 1 EERIAGNIERE T 1) SRES S Y Coq WERHI R .

Proof.
intros.
induction 11; simpl.
+ reflexivity.
+ rewrite -> IHI11.
reflexivity.

Qed.

T IX 4 1 S5 S R T ATUE B B R BT AN, e WA B R IE R I 4 R HEP N B R . 1X 4 Coq 32
BULZ: R 11w 12 ZTVIE, B2 1 5 12 #EsHE.

Theorem app_eq_nil:
forall A (11 12: 1list A),
11 ++ 12 = [1 ->
11 = [1 /\ 12 = [1.

TR — 25T, PO WA S R e M SOIEVEIED] (11 = o, AR —4REY] 2= 0 o Ak
M, EAMNRIEFIEN 1 -0 i, 3A75%eRE

11 =a:: 11
FH AN EHE H -
11 ++ 12 = (a :: 11') ++ 12 = a :: (11' ++ 12)
EH 1w 2-n0 BPEN. B, 11-0 . #—0, B ap BIESATH,
11 ++ 12 = [1 ++ 12 =12

RAE 11+ 12 = 0 WUSAF, RBUEWE 12-0 o ZFERAHOEY 7 2mMmsie. T LRuEy] 8 e
Coq THIFEIR . Coq UERIHEADIFEA HIERMRIEE, $FE L, AV T Coq T3k T IHANER 73
FOPRAUEN . BT S, FAEXBAE X 10 WG T 7238008: 2 i PR, JATIEY] 12
WMBBURZINR; 2 a0 NAREPIRE, FAHEL TS

Proof.
intros.
destruct 11.
+ (e 4 [11]_ A =EF ke, F&_[00 ++ 12 = [JI_EH_[0I = [1 /\ 12 = [11_. *)
simpl in H.
tauto.
+ Gex B [11]_FZH, FEELETE. )
simpl in H.
discriminate H.
Qed.

BNk, AR T HIREL R app [0 5 H HZIERIVE B IER . SRELK, ATELUE L Coq
HITRRE rev RoRXT PRI, FFUEWIE R HEAEE T -

Fixpoint rev {A: Type} (1: list A) : list A :=
match 1 with

| nil => nil
| cons a 1' => rev 1' ++ [a]
end .

15



Example test_revl: rev [1; 2; 3] = [3; 2; 1].

Proof. reflexivity. Qed.

Example test_rev2: rev [1; 1; 1; 1] = [1; 1; 1; 1].
Proof. reflexivity. Qed.

Example test_rev3: Q@rev Z [] = [].
Proof. reflexivity. Qed.

T LA BT FRIAIE B B AR ST

S]&n 6.

Theorem rev_app_distr:
forall A (11 12: 1list A),
rev (11 ++ 12) = rev 12 ++ rev 11.

(¢ FEBALENREIER, M _[Qed]l £ X. =*)

SRR 7.

Theorem rev_involutive:
forall A (1: list A), rev (rev 1) = 1.
(x HERKAENKRNIEH, LL_[Qed]l & K. =*)

IR AE R BT, AR, LI rev & USEERUA B IHI, (HE KR AR HAL
ﬂ:&E/‘Jo *HX?WE: %U%TEE‘J rev_append l%lé&lﬁﬁfﬁ‘ﬁ)ﬂ”&&%iﬁ%o

Fixpoint rev_append {A} (11 12: list A): list A :=
match 11 with

(| => 12
| a :: 11' => rev_append 11' (a :: 12)
end.

NHICL 015 25 35 a1 BIHUCABIEOT L

rev [1; 2; 3; 4] =

rev [2; 3; 4] ++ [1] =

(rev [3; 4] ++ [2]) ++ [1] =

((rev [4] ++ [3]) ++ [2]) ++ [1] =

(((rev [1 ++ [41) ++ [3]) ++ [2]) ++ [1] =
(CCIY ++ [41) ++ [3]) ++ [2]) ++ [1] =

[4; 3; 25 1]

rev_append [1; 2; 3; 4] [1 =
rev_append [2; 3; 4] [1]
rev_append [3; 4] [2; 1] =
rev_append [4] [3; 2; 1] =
rev_append [] [4; 3; 2; 1] =
[4; 3; 25 1]

B LEEPARE T ARSI E PR, (B2 rev MR PIEFTEFEIIRIIER “w 7,
U SR A A FETE . NTER xev 5 [rev_append MITHAREE FAHIE], 17 F B (14 DBl A2 43 FH i )
YIRS UE W] T T 5] P

16



Lemma rev_append_rev:
forall A (11 12: list A),
rev_append 11 12 = rev 11 ++ 12.
Proof.
intros.
revert 12; induction 11 as [| a 11 IH11]; intros; simpl.
+ reflexivity.
+ rewrite IHI11.
rewrite <- app_assoc.
reflexivity.

Qed.
FIFHX—5 B, wirl LERAIEW FIg58 1.

Theorem rev_alt:

forall A (1: list A), rev 1 = rev_append 1 [].
Proof.

intros.

rewrite rev_append_rev.

rewrite app_nil_r.

reflexivity.

Qed.

NHENA DR TIVREE R map » ERRN —DIIERPRTATRG WS g1
Coq H =BT R KL

Fixpoint map {X Y: Type} (f: X -> Y) (1: list X): list Y :=
match 1 with

| nil => nil
| cons x 1' => cons (f x) (map f 1')
end.

S e

Example test_mapil: map (fun x => x - 2) [7; 5; 7] = [5; 3; 5].

Proof. reflexivity. Qed.

Example test_map2: map (fun x => x * x) [2; 1; 5] = [4; 1; 25].

Proof. reflexivity. Qed.

Example test_map3: map (fun x => [x]) [0; 1; 2; 3] = [[0]; [1]; [2]; [3]1.

Proof. reflexivity. Qed.

AR, IR R EBIIE S nap BRAE, BT RIE MR EAY map #1F. IXAE Coq
AR 5 R A 92 58 I B

Theorem map_map:
forall X Y Z (f: Y -> Z) (g: X -> Y) (1: list X),
map f (map g 1) = map (fun x => f (g x)) 1.
(x IEBE i W CoqilR KA . %)

KT map [RHARE EERAGUER], FRATE AR > L
SRR 8. THUEM NHRT map AITESR .

17



Theorem map_app:
forall X Y (f: X -> Y) (1 1': 1list X),
map £ (1 ++ 1') = map £ 1 ++ map f 1°'.
(x FEWLAEANREIER, MU_[Qedl _&E XK. *)

SRR 9. THIEM NI T map AITESR.

Theorem map_rev:
forall X Y (f: X -> Y) (1: list X),
map f (rev 1) = rev (map f 1).
(x HAENLAENREIER, U_[Qedl_&E XK. *)

SRR 10, THFIER NI T map AITESR .

Theorem map_ext:
forall X Y (f g: X -> Y),
(forall a, f a = g a) ->
(forall 1, map f 1 = map g 1).
(x FEWLAENREIER, U_[Qedl _&E XK. *)

SIRR 11, WBUEW PR T map MITER

Theorem map_id:
forall X (1: list X), map (fun x => x) 1 = 1.
(x FHENLENREIER, U_[Qedl_&E XK. *)

Fixpoint In {A: Type} (a: A) (1: list A): Prop :=
match 1 with
| nil => False

| b :: 1' =>b=2a\/ In al'
end.

MIFEX—E X, mar #x a & 1 BW—NJoHE. ATLHEW ma1 MRS DBERXMRZ 1 TUEK
11 ++ a :: 12 E@ﬂéﬁo

HhAETR M. Bl 1211 4+ a 12 HEH ma1 WTLLEZESIE FHEM AR,

Theorem in_elt:

forall A (a: A) (11 12: list A),
In a (11 ++ a :: 12).

ﬁEEEEH" Xﬂ‘ 11 'TEH%UE?P‘]iE%LEﬁE‘E’ ‘H_G;Hjﬁ 1 Uﬂé{’ﬁEEﬂ 1 =11 ++a :: 12 ﬁgﬁﬂj Inal ﬂ%?’%ﬁ@o
N2 Coq WERA .

Proof.
intros.
induction 11 as [| b 11 IH11]; simpl.
+ tauto.
+ tauto.

Qed.

18



FEAER L BEEZ /T, BATSEIEN] 513 QiR @ MBE 1 B, B4 a BHIE ba o

Lemma elt_cons:
forall A (a b: A) (1: list A),
(exists 11 12, 1 = 11 ++ a :: 12) ->

(exists 11 12, b :: 1 = 11 ++ a :: 12).
Proof.
intros A a b 1 [11 [12 HI].
exists (b :: 11), 12.
rewrite H.
reflexivity.
Qed.

EJZEEEEEEF“ ?*Zﬂ‘]ﬂﬁﬁﬁﬁﬁ% H: 1 =11 ++ a :: 12 w\& rewrite H Tﬁé\%%iﬁqﬂﬁ@ 1 %%T 11 ++ a :: 12
o fE Coq iEHIH, FATALHTHEMAEH N EREEHN S EMENXT, A7 IE T EAF M
SR BIRE AL, Coq #2417 swst TH2H T 78 BUOXFE AL H o

Lemma elt_cons_again:

forall A (a b: A) (1: list A),

(exists 11 12, 1 = 11 ++ a :: 12) ->
(exists 11 12, b :: 1 = 11 ++ a :: 12).
Proof.
intros A a b 1 [11 [12 HI].
exists (b :: 11), 12.
subst 1.

(kx EHAT % _[subst 1] _#HAF, FRFW_[I_HEHNAHT _[11 ++ a :: 12] FHARF
B _[H] DA R [ _# B MER T o %)
reflexivity.
Qed.

T UE B A B E P

Theorem in_split:
forall A (a: A) (1: list A),

In a1l ->
exists 11 12, 1 = 11 ++ a :: 12.
Proof.
intros.

induction 1 as [| b 1 IH1]; simpl in *.
+ (ex EEFEE MNI_ATHERWEN, WEHTUEES _[In a 11]_#EHFE . *)
tauto.
+ ok PRAFEEES _[Ina L]_FRATHEXABEEE _[In a (b :: DI_KKWER., TE
& _[Ina (b :: DI_X—FWRALHEEBRS EITH. %)
destruct H.
- G FAR—: [b=al_. X—FERTERELAZEHAN, KAKMEA _[subst b]_HAHK
_[bI_# &% A _[al_. *)
exists nil, 1.
subst b; reflexivity.
- Gx BAZ: [Inall_o —WHWATHTUEAFHNMBEE _[elt_cons] 7 E T RIEHA . %)
specialize (IH1 H).
apply elt_cons, IHL.
Qed.

Coq JEFABIZAR 2. subst 35S, WHE x &1 Coq L&, UEHIES swst x RpLE—NEEFEAR
w= 0 B =x BURTER, FREOEBIRTRAZ R T x EREX S RCN S « SRR
R ZEAPITE NG, x BEERANFMSEMNATR T M. e, X5 a8 —Mh A Bas
x KB FHHh, swst FEAWMAILIN Z AL EIHATEHAEE HIU swst x y MR RLEHAT suvst = FEHR
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'/f]—“ subst y o %E,
QAT B i

THHEAELERT m WEEMER. A7 Coq IEM#ESF LIZE Coq ARSI, HE,
rev 1 E‘Jﬁ%‘%é%ﬁ% 1 E‘Jfﬁ%e

PR EAR 11 LR EAR 12 MITE;

Theorem in_app_iff:
forall A (11 12: list A) (a: A),
In a (11 ++ 12) <-> In a 11 \/ In a 12.

Theorem in_rev:
forall A (1: list A) (a: A),

In a 1 <-> In a (rev 1).

PR LW EBRT T map £ 1 POUERESMMEN,
in_map_ifs 77 M TE BORAF B B G 8 — 1k,

Theorem in_map:

forall A B (f: A -> B) (1: list A) (a: A),
In al ->In (f a) (map £ 1).
Theorem in_map_iff:
forall A B (f: A -> B) (1: list A) (b: B),

In b (map £ 1) <->

(exists a, f a =b /\ In a 1).

L E AR BB 5 SUBR M F AT BALE Coq FRifE R . (T,
.

SIRR 12. NHE XK sutrixes BRAUTHE | — DIIRKIFTA RS .

Fixpoint suffixes {A: Type} (1: list A): list (list A) :=
match 1 with
| nil => [nil]
| a :: 1' =>1 :: suffixes 1'
end.
fln
suffixes [] =[ 01
suffixes [1] = [ [11; 001
suffixes [1; 2] = [ [1; 21; [2]1; 001
suffixes [1; 2; 3; 4] = [ [1; 2; 3; 4]1;
[2; 3; 4] ;
[3; 4] 8
[4] H
[] ]

Tﬁ?it: ﬁ%ﬁj\zﬁiﬁ%, suffixes 1 *H"]Eﬁi% 1 E‘J%%ﬁ)ﬁg&(o

Lemma self_in_suffixes:
forall A (1: 1list A),
(x HENLLENREIERA,

In 1 (suffixes 1).
PA_[Qed] _Z£ XK. =

20

supst i AT LIS EL,  IXHR X B Ik B P 5 H 10 2% B 0 2 ulR T A2

11 ++ 12

EEF‘ in_map éﬁtﬂ?ﬁZﬁiQ%ﬁi%EG%‘g%/ﬁ:’ ﬁﬁ

R %g%’—:]\ Coq.Lists.List EIJ



Theorem in_suffixes:
forall A (11 12: list A),
In 12 (suffixes (11 ++ 12)).
(x FEWLAEANREIER, MU_[Qedl _&E XK. *)

Theorem in_suffixes_inv:
forall A (12 1: list A),
In 12 (suffixes 1) ->
exists 11, 11 ++ 12 = 1.
(x HENALENREIER, U_[Qedl_&FX. *)

SRR 18, NIHE XK prefixes BRETEH T — MR FTA AT -

Fixpoint prefixes {A: Typel} (1: list A): list (list A) :=
match 1 with
| nil => [nil]

| a :: 10 => nil :: (map (cons a) (prefixes 10))
end.
(ZLUE
prefixes [1; 2] =[ 0 5
[1] ;
[1; 21 1

prefixes [0; 1; 2] = [] ::
map (cons 0 (prefixes [1; 21))

= [ ::
[0 ::[] 8
0 :: [1] 8
0 :: [1; 21 1
= [ I H
[ol ;
[o; 1] ;
[o; 1; 21 1

Tﬁ?it: ﬁ%ﬁj\zﬁﬁﬁ, prefixes 1 EPEI’\]E%Q% 1 E@%%ﬁﬁﬁ?xo

Lemma nil_in_prefixes:
forall A (1: list A), In nil (prefixes 1).
(x BHENLLENREIER, U_[Qedl_&E XK. *)

Theorem in_prefixes:
forall A (11 12: 1list A),
In 11 (prefixes (11 ++ 12)).
(x FENLALENREIER, U_[Qedl _&EX. *)

Theorem in_prefixes_inv:
forall A (11 1: list A),
In 11 (prefixes 1) ->
exists 12, 11 ++ 12 = 1.
(v HERKLENREIER, M_[Qed]l £ XK. *)

21



SRR 14. RN swiises & X TR A NIPAESLEL

Fixpoint sublists {A: Type} (1: list A): list (list A) :=
match 1 with
| nil => [nil]
| a :: 10 => map (cons a) (prefixes 10) ++ sublists 10
end.

THIER] swiists 1 MIUCERSE 1 PRIPTAESEL !
FRAIEH] o

Theorem in_sublists:
forall A (11 12 13: 1list A),
In 12 (sublists (11 ++ 12 ++ 13)).
(x FEAENREIER, U_[Qedl _#E XK. *)

Theorem in_sublists_inv:
forall A (12 1: list A),
In 12 (sublists 1) ->
exists 11 13, 11 ++ 12 ++ 13 = 1.
(x HAENALENREIER, U_[Qedl_&E XK. *)

6 FlZRAEKAVIERR TS

W BN A] DA AR IR B — 2 i B 5 B A B 52

FEHT nise MOTHEAR, AAPSEHE LGS, SRR, —SREMATATHE . DA
FEHRAMING], T suntor ZIE 7B BT, T sumron Z0E 7 M 22 RITHE T %

Fixpoint sum_L2R_rec (1: list Z) (s: Z): Z :=
match 1 with

| nil => s
| cons z 1' => sum_L2R_rec 1' (s + z)
end .
Definition sum_L2R (1l: list Z): Z := sum_L2R_rec 1 O.

Fixpoint sum_R2L (1: list Z): Z :=
match 1 with

| nil => 0
| cons z 1' => z + sum_R2L 1'
end.

PAXF 11 3; 85 71 SRATAH.

sum_L2R [1; 3; 5; 7] =

sum_L2R_rec [1; 3; 5; 7] 0 =

sum_L2R_rec [3; 5; 7] (0 + 1) =
sum_L2R_rec [5; 7] ((0 + 1) + 3) =
sum_L2R_rec [7] (((0 + 1) + 3) + 5) =
sum_L2R_rec []1 ((((0 + 1) + 3) + 5) + 7) =
(0 + 1) + 3) +5) +7

22



sum_R2L [1; 3; 5; 7] =

1 + sum_R2L [3; 5; 7] =

sum_R2L [5; 7]) =

(5 + sum_R2L [7])) =

(56 + (7 + sum_R2L [1))) =
(5 + (7 + 0)))

e S S =
+ 0+ o+ o+
w w
+ o+ o+ o+

V2 B3R LR Ie HAT LUR S e AT R TR 22 15 . Coq bl B RE )38 I A X4

Elﬁ fold_left 5 fold_right o

Fixpoint fold_left {A B: Type} (f: A -> B -> A) (1: list B) (a0: A): A :=
match 1 with
| nil => a0
| cons b 1' => fold_left £ 1' (f a0 b)

end.

Fixpoint fold_right {A B: Type} (f: A -> B -> B) (b0O: B) (1: list A): B :=
match 1 with
| nil => b0
| cons a 1' => f a (fold_right f b0 1')

end.

gL, AHMERIN sumtor 5 sumror P DLOr A [fold 1eft 5 fold_right Fosn . NI EATHIRT
MNKR .

Fact sum_L2R_rec_is_fold_left:
forall (1: list Z) (s: Z),
sum_L2R_rec 1 s = fold_left (fun zl1l z2 => z1 + z2) 1 s.

Fact sum_L2R_is_fold_left:
forall 1: 1list Z,
sum_L2R 1 = fold_left (fun z1l z2 => zl1 + z2) 1 0.

Fact sum_R2L_is_fold_right:
forall 1: list Z,
sum_R2L 1 = fold_right (fun z1 z2 => zl1 + z2) 0 1.

R, RATHBAIE, ARPEINEL A swtr 5 sumror BUYAHSE. A, BATCEEEIEHRX —4i0. H
BAE I GNIRAE R DA 2 B A\ R85
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Theorem sum_L2R_sum_R2L:
forall (1: list Z),
sum_L2R 1 = sum_R2L 1.
Proof.
intros.
induction 1.
+ (x*x BT _[sum_L2R [] = sum_L2R_rec [1 0 = 0]_JFfH _[sum_ R2L [1 = 01_, ATBLH
ESBROEREARIL. *)
reflexivity.
+ (e MR R L
- sum_R2L (a :: 1) = a + sum_R2L 1
- sum_L2R (a :: 1) = sum_L2R_rec (a :: 1) 0 = sum_L2R_rec 1 a
TRE#REWHTE H X T _[sun_L2R 1]_H# _[sum_L2R rec 1 OJ_WWX ¥, HEHA &
BAEEAFTHBRIEIEH _[sun_L2R (a :: 1)]_5 _[sum_R2L (a :: 1)]_4% . )
Abort.

*%ii%%ﬁﬂf‘ﬁﬁ%*/l\%ﬁﬂ sum_L2R_rec 1 a = a + sum_L2R 1 E‘J%[fiy\ﬁ%lﬁiﬁ%ﬂﬂ?mﬂ%o ﬁ%ﬂ’/ﬁ?
1), HAOCEER G BRE EUE R, a0 SR THE G B I AL

forall s, sum_L2R_rec 1 s = s + sum_L2R_rec 1 0O
i3
sum_L2R_rec (a :: 1) s = s + sum_L2R_rec (a :: 1) 0 o

AR 72 S B B B ATT AR -

sum_L2R_rec (a :: 1) s =
sum_L2R_rec 1 (s + a) =

(s + a) + sum_L2R_rec 1 O

s + sum_L2R_rec (a :: 1) 0 =
s + sum_L2R_rec 1 a =

s + (a + sum_L2R_rec 1 0)
XFERAE e E AN BRIUER 1o FIRUEIAR Coq WAL .

Lemma sum_L2R_rec_sum_L2R:
forall (s: Z) (1: 1list Z),
sum_L2R_rec 1 s = s + sum_L2R 1.
Proof.
intros.
unfold sum_L2R.
revert s; induction 1; simpl; intros.
+ lia.
+ rewrite (IH1 a), (IH1 (s + a)).
lia.

Qed.

FTIAIF AR A B P sun_Lor_sum r2L 22 2 .
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Theorem sum_L2R_sum_R2L:

forall (1: list Z), sum_L2R 1

sum_R2L 1.
Proof.

intros.

induction 1.

+ reflexivity.
+ unfold sum_L2R; simpl.
rewrite sum_L2R_rec_sum_L2R.
lia.

Qed.

THPE R RS R NG R, R R AT DUEE X 1 HYNIER] sunt2R 1 = sumroL 1, FRLEUERAH
M4 5 AN SR UE B AR G 51 3. [ R BRI IX — 4518, fF NHIX—FAFRMUER 7%, B2 E %
FEM sum_tor F sum_mor P E CHIZE R R AIE IR . FEIX P B E X,
X235 3 e SCHTRR AL, DRI ] AP S Uk B itk — 35 2 TRl R &R .

sum_R2L *ﬂ sum_L2R_rec %BIEILZ

Lemma sum_L2R_rec_sum_R2L:
forall (s: Z) (1: list Z),

sum_L2R_rec 1 s s + sum_R2L 1.

Proof.
intros.
revert s; induction 1; intros; simpl.
+ lia.
+ rewrite IH1.
lia.

Qed.

FEHEM Fat T LS Csuntor 1 [sum_ron ZEHT.

Theorem sum_L2R_sum_R2L
forall (1:

second_proof:
sum_R2L 1.

list Z), sum_L2R 1

Proof.
intros.
unfold sum_L2R.
rewrite sum_L2R_rec_sum_R2L.
lia.
Qed.

B sum Lor 5 [sum o [IE S, HSEMREAID AR ML AA TG R AR R 55—
MG R

sum_L2R [1; 3; 5; 7]

((C0 +1) +3) +5) +7

sum_R2L [1; 3; 5; 7] =1+ (3 + (5 + (7 + 0)))

BRI,

sum_L2R [1; 3; 5; 7] =

sum_L2R_rec [1; 3; 5; 7] 0 =

sum_L2R_rec [3; 5; 7] (0 + 1) =

sum_L2R_rec [5; 7] ((0 + 1) + 3) =

sum_L2R_rec [7] (((0 + 1) + 3) + 5) =

sum_L2R_rec [] ((((0O + 1) + 3) + B5) + 7) =

(0 + 1) + 3) +5) +7

I sum_tor HTFEOEFREF, MU A KIRITE T 0 v o+ 1 0+ 0 + 3 FEHEIXLEHELER, M sum_roL
E‘Jfrﬁﬁiﬁ?}ﬂ%}}\ﬁﬁﬂﬁﬁﬁo JZ*XﬂLHzﬁjﬂLJU\ sum_L2R 5 sum_R2L E@%X%tﬂo E sum_L2R_rec E‘]I@Uﬂ
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SE X, IAIEE ORI 2 AR, B, w RS AN H AR, M. BT
Coq " wast FIE SGEME A RIAGNE SRR, PRIk, 33 AR AT AT HEAT T S R o S R 2 A 1)
A T summon YE ARG, ERREE T 4 RS HABBUE A I/ BB A1, st vl, &%
Jeid A EHEOIMEIZ SR, BRI, BRI R R A AR . T T R R S E i Rk AR
AL EARIC IR 1o

Fixpoint sum_L2R_rec (1: list Z) (s: Z): Z :=
match 1 with

| nil => s
| cons z 1' => sum_L2R_rec 1' (s + z)
end.

Fixpoint sum_R2L (1: list Z): Z :=
match 1 with

| nil => 0
| cons z 1' => z + sum_R2L 1'
end.

AR, WS RE RN L REE, ZMWAARFERIA. B, FABERTBUE R Coq AL
TR BEIIR IR

Fixpoint sum_R2L_by_L2R_rec (1: list Z) (cont: Z -> Z): Z :=
match 1 with

| nil => cont 0
| z :: 10 => sum_R2L_by_L2R_rec 10 (fun z0 => cont (z + z0))
end .

Definition sum_R2L_by_L2R (1: list Z): Z :=
sum_R2L_by_L2R_rec 1 (fun z => z).

ENTHEEREE RN AT, EREMNSERERMNAFLLTE, il

sum_R2L_by_L2R [1; 3; 5; 7] =

sum_R2L_by_L2R_rec [1; 3; 5; 7] (fun z => z) =
sum_R2L_by_L2R_rec [3; 5; 7] (fun z => 1 + z) =
sum_R2L_by_L2R_rec [5; 7] (fun z => 1 + (3 + z)) =
sum_R2L_by_L2R_rec [7] (fun z => 1 + (3 + (5 + z))) =
sum_R2L_by_L2R_rec [] (fun z => 1 + (3 + (5 + (7 + z)))) =
1+ (3 + (5 + (7 + 0)))

ERTHEE R R K ERE T

(fun z => z)

(fun z => 1 + z)

(fun z => 1 + (3 + z))

(fun z => 1 + (3 + (5 + z)))

(fun z => 1 + (3 + (5 + (7 + 2))))

IR N B A R SR, (R T A E A R A N .

FATH AT DUIE B IX AN 52 USSR 5E XA sumt2r 5 sum mor Z (A5 R - AT ITIGNIE ] sum_Rot_by_L2R_rec
5 lsumror Z (AR, LA [sun_R2L_by LoR_rec 15 ‘sum LoR_rec Z [AIHICR, B HIX A HES Y [sun_r2L_by_L2R
5 sumi2r .+ swmpor Z[AJAHZE. BAKH) Coq iERHX BLmSE L 7, XH HPIHE5L8,
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Lemma sum_R2L_results_aux:
forall (cont: Z -> Z) (1: list Z),
cont (sum_R2L 1) = sum_R2L_by_L2R_rec 1 cont.

Lemma sum_L2R_approaches_aux:
forall (cont: Z -> Z) (s: Z) (1: list Z),
(forall z, cont z = s + z) ->

sum_L2R_rec 1 s = sum_R2L_by_L2R_rec 1 cont.

Theorem sum_R2L_results:

forall 1, sum_R2L 1 = sum_R2L_by_L2R 1.

Theorem sum_L2R_approaches:

forall 1, sum_L2R 1 = sum_R2L_by_L2R 1.

—ARIE, BRI AL TR RIS R A Sy, EAEI PR A ST TR A
RAWHRE S . (HRZEY “INEmA” 5 “WARLE” ZRFRFMEAEFEE 25—, & Lo
ARE, MEER A, SRAMSRIAGNEIED], BE Mg SCH AR Bl Bhid V9 52 L2 TR 9 2R 02 o WL IRIE B
ISy

[l BRI A2 ) zev BRELYS rev_append BRIES, FATTANKER I, oSk zev 2 “ AT )27 P15 | rev_append
R CNEEAT R, TS EATEEATT S A RAN R R (revoare HD R 1 AR INGERIAGY
o UWIZFERI ARG, map PAES rev —FF, 22— “WAEA” HEIRE TATATLUE LER “ M
TR A

Fixpoint map_L2R_rec

{X Y: Type}
(f: X ->Y)
(1: list X)
(1': list Y): list Y :=

match 1 with

| nil => 1"

| cons x0 10 => map_L2R_rec f 10 (1' ++ [f x0])

end.

Definition map_L2R {X Y: Type} (f: X -> Y) (1: list X): list Y :=
map_L2R_rec £ 1 [].

S_]EE 15. f’ﬁzﬁl—ﬁ‘jﬁlEEﬁ map_L2R '—5 map E‘Jﬁﬁ%%%ﬁﬁ%ﬁﬁo

Lemma map_L2R_rec_map: forall X Y (f: X -> Y) 1 1',
map_L2R_rec £ 1 1' = 1' ++ map f 1.
(x HERKAENKRWIER, LL_[Qedl & XR. *)

Theorem map_alt: forall X Y (f: X -> Y) 1,
map_L2R f 1 = map f 1.
(+ EEMAENRNIER, U_[Qedl _E XK. *)

SRR 16. HIREIEH PSR, FH—/ N ford 1est FEIMN fold_rignt o
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Theorem fold_left_fold_right:
forall {A B: Type} (£f: A -> B -> A) (1: list B) (a0: A4),
fold_left f 1 a0 =
fold_right (fun (b: B) (g: A -> A) (a: A) => g (f a b)) (fun a => a) 1 a0.
(¢ EAELAENREIER, MU_[Qed] _ZE K. *)

NI fold rignt FAUN fordaners o PR REX—/PNEE LESE—NERIFRE, HEEIE
WIRRE LR L, WREH E SN — KB 51 B4 RE 7€ HIE M

Theorem fold_right_fold_left:
forall {A B: Type} (£: A -> B -> B) (bO: B) (1: list A),
fold_right £ b0 1 =
fold_left (fun (g: B -> B) (a: A) (b: B) => g (f a b)) 1 (fun b => b) bO.
(x FELLENKREIER, U_[Qed]l XK. *)

S 17, FHE XM aaseine €T CBEGIRBIFEBR X MER . XAE LS.

Fixpoint list_inc_rec (a: Z) (1: list Z): Prop :=
match 1 with
| nil => True
| cons b 10 => a < b /\ list_inc_rec b 10

end.

Definition list_inc (1: 1list Z): Prop :=
match 1 with
| nil => True
| cons a 10 => list_inc_rec a 10

end.

Bl

list_inc [] = True
list_inc [x1] = list_inc_rec x1 []
= True

list_inc [x1; x2] list_inc_rec x1 [x2]
x1 < x2 /\ list_inc_rec x2 []

x1 < x2 /\ True

list_inc [x1; x2; x3] = list_inc_rec x1 [x2; x3]
= x1 < x2 /\ list_inc_rec x2 [x3]
= x1 < x2 /\ x2 < x3 /\ list_inc_rec x3 []
= x1 < x2 /\ x2 < x3 /\ True

Tﬁ%ﬁﬂﬁﬁiﬂffﬁ, il[l?ﬁ 11 ++ al :: a2 :: 12 %ﬁiﬁ%iﬂg’ %B/Z\LZ‘%%‘ al < a2 o

Lemma list_inc_rec_always_increasing':
forall a 11 al a2 12,
list_inc_rec a (11 ++ al :: a2 :: 12) ->
al < a2.

(v FERRLENKREIER, M_[Qed]l XK. *)

28



Lemma list_inc_always_increasing':
forall 11 al a2 12,
list_inc (11 ++ al :: a2 :: 12) ->
al < a2.

(v HERRLENKREIER, MU _[Qed]l XK. *)

T fasesine 25h, AT DURELF IR AT R X« S

Definition always_increasing (1: list Z): Prop :=
forall 11 al a2 12,
11 ++ a1l :: a2 :: 12 = 1 ->
al < a2.

AR E SCARERIA T “ i ” iR 8, A TRATEE S RERSIE B E A 14 . S nl w4 51 BRI
’TI]EAZJZ:ﬂ U\'fjti}zﬁ list_inc ?EHZI] always_increasing o iXIEEI'E:E(] Coq lIEEHo

Theorem list_inc_always_increasing:

forall 1, list_inc 1 -> always_increasing 1.
Proof.

unfold always_increasing.

intros.

subst 1.

pose proof list_inc_always_increasing' _ _ _ _ H.

tauto.
Qed.

NHITERIEY],  alvays_ increasing HREHMEM! 1ist_ine o $7R: WIRFHEE, KW LS M IHAEH] — i & 5 B
T4l B UE R .

Theorem always_increasing_list_inc:
forall 1,
always_increasing 1 -> list_inc 1.

(v HERKLENKREIER, U_[Qed]l_ XK. *)

SIRR 18. FIHE X 1ist_sinc A strong_increasing RN T — DN Rm B L e MG T xR
AR TR . HA IR, X EETE XM 1ist_sinc_rec BEASE HLAL K ML ) A7 TR AN i il WA
W ZETHE, B R SCRBEA R 2 BT, CRIB IR 2 R R

Fixpoint list_sinc_rec (a: Z) (l: list Z): Prop :=
match 1 with
| nil => True
| cons b 10 => a < b /\ list_sinc_rec (a + b) 10

end.

Definition list_sinc (1: list Z): Prop :=
match 1 with
| nil => True
| cons a 10 => 0 < a /\ list_sinc_rec a 10

end.
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Definition strong_increasing (1: list Z): Prop :=
forall 11 a 12,

11 ++ a :: 12 = 1 ->

sum_L2R 11 < a.

ijﬁz'f;ﬁiﬁ% list_sinc 5 strong_increasing %1jl\o j:/%/j—_\" il[l%ﬁ?ﬁ%

75, URATLAE H IR LS E O B T
UERT, AT BLE LA B T THIE R

Theorem list_sinc_strong_increasing:

forall 1, list_sinc 1 -> strong_increasing 1.

(v HERLENREIER, M_[Qed]l £ XK. =*)

Theorem strong_increasing_list_sinc:
forall 1,

strong_increasing 1 -> list_sinc 1.

(¢ FEBALENREIER, M _[Qed]l £ X. *)

7 Coq ¥EEFR string

B T —BERIBIER 1ise 25k, Coq FREEEHIETE T 7478 X —Ha i B Biln T X L2 745
Fio

7T

Check "abc".
Check "Hello world".

Check "".

TR ting (07 15 (s AL

Inductive string :=

| EmptyString:

| String: (c: ascii) (s:

string

string).

-;H\:EP, EmptyString E)t*ai—/lﬂ: nil , String ?JH‘H%—’I%: cons » ascii %%%Fﬁﬁ ascii E%E‘J%éo JH:’ ?‘Z'ﬂ‘]
DR G HIGE X (string 5 1ise A IAHELAEAL . B R AL B BCER T LLH Coq £5H438 9 B BUE X o

Fixpoint list_ascii_of_string (s: string): list ascii :=
match s with
| EmptyString => nil

| String cO sO => cons cO (list_ascii_of_string s0)
end.

Fixpoint string_of_list_ascii (1: list ascii): string :=
match 1 with

| nil => EmptyString

| cons cO 10 => String cO (string_of_list_ascii 10)
end.

FERCEERE b, BATAT AR Coq Hh BS54 A ARYEIE I B Ak o B . D9 e bR B

30



Lemma string_of_list_ascii_of_string:

forall s: string, string_of_list_ascii (list_ascii_of_string s) = s.
Proof.

intros.

induction s; simpl.

+ reflexivity.

+ rewrite IHs.

reflexivity.

Qed.

Lemma list_ascii_of_string_of_list_ascii:

forall 1: list ascii, list_ascii_of_string (string_of_list_ascii 1) = 1.
Proof.

intros.

induction 1; simpl.

+ reflexivity.

+ rewrite IHI.

reflexivity.

Qed.

Bt b, AT AR f: A — B RS, AR

chl,a2 S 14.‘f(a1) ::!f(ag) = a1 = Q2
Vbe B. Ja€ A. f(a) =b.

MAE Coq 1, fEAES B3 EAHE H R EANE 1 SR, AT TAE G SAE W rewrite EHES
iJ:EEEo WJﬁD, ?&ELEW%%\%ML, ﬁEEﬁ list_ascii_of_string %Xﬂﬁj‘%ﬁ%%o

Lemma list_ascii_of_string_inj: forall sl s2: string,
list_ascii_of_string sl = list_ascii_of_string s2 ->
sl = s2.

Proof.
intros.
rewrite <- (string_of_list_ascii_of_string si1).
rewrite <- (string_of_list_ascii_of_string s2).
rewrite H.
reflexivity.

Qed.

Lemma list_ascii_of_string_surj: forall 1: list ascii,
exists s: string, list_ascii_of_string s = 1.
Proof.
intros.
exists (string_of_list_ascii 1).
apply list_ascii_of_string_of_list_ascii.

Qed.

F SRR LA RS SR BB Coq Bt e rh 4R iR 52 S ER

8 Coq tREESFR] nat

£ Coq ', WEHUE LIRS T UHIAGEAE L. B, Coq H HARBUE SO A2 e fil H2H H 94
FAZ —. Nl Coq FFATLAHTAE mat ££ Coq FHIE Lo

Print nat.
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ARERIT

Inductive nat := 0 : nat | S: nat -> nat.

ATUER], ARBEESHIAGE LTLLEM tree BN 1ise » B ise BE—PIRBLMISIR . T
TR LA B SR E A ARG, 4 Coq ARifE R B AR 6 s A SO 3, BATIE 2R IE W —2inik
MISEANET : A et

S e LEREL nat o

Inductive nat :=
| 0: nat
| S (n: nat): nat.

XH 0 RRFE, s RRARE @ K54k B a1 o THEEXERBINEEH.

Fixpoint add (n m: nat): nat :=
match n with
| 0 =>m
| Sn' =>38 (add n' m)

end.
T AR UE M INE AT A

Theorem add_comm:
forall n m, add n m = add m n.
Proof.
intros.
induction n; simpl.
(¢ BHESRFEIEN [add O m = add m 0]_. RIE_[add]_#H&E X, _[add 0 m = m]_,
WERAMNFERIEH _[add m 0 = m]_ X £ T, %)
Abort.

N 5 B AR

Lemma add_O_r: forall n, add n 0 = n.
Proof.

intros.

induction n; simpl.

+ reflexivity.

+ rewrite IHn.

reflexivity.

Qed.

SIEPIEMI ARG, T ARSI A B (e -

32



Theorem add_comm: forall n m,
add n m = add m n.
Proof.
intros.
induction n; simpl.
+ rewrite add_O_r.
reflexivity.
+ (ox ARSBEFEEHAAT _[add (S n) m = add m (S n)]_, TR _[add]l B = X,
_[add (S n) m =8 (add n m)]_. FEM, RFEZLIEHT E

_fadd m (S n) =S (add m n)I_, BT UAHFTHMBE _[add nm = add m n]_#EHE
B ELT o %)

Abort.

N T B E .

Lemma add_succ_r: forall n m,

add n (S m) =S (add n m).
Proof.

intros.

induction n; simpl.

+ reflexivity.

+ rewrite IHn.

reflexivity.

Qed.

FIXH, FATATEAE Coq 58 UMM A # AR AR T .

Theorem add_comm: forall n m,

add n m = add m n.

Proof.

intros.

induction n; simpl.

+ rewrite add_O_r.
reflexivity.

+ rewrite add_succ_r.
rewrite IHn.
reflexivity.

Qed.

HI T HARBTE N, B S SRR 2 — N B R, HSRE UAE Coq hIFANE o AT
. BB LS IIEAE Coq HHHEM.

Fixpoint mul (n m: nat): nat :=
match n with
| 0=>0
| S p=>add m (mul p m)
end.

A INE S RE R H B A

Theorem add_assoc:

forall n m p, add n (add m p) = add (add n m) p.

Theorem add_cancel_1:

forall n m p, add pn = add pm <->n = m.
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Theorem add_cancel_r:

forall nm p, add n p = add m p <-> n = m.

Lemma mul_O_r: forall n, mul n 0 = 0.

Lemma mul_succ_r:

forall n m, mul n (S m) = add (mul n m) n.

Theorem mul_comm:

forall nm, mul n m = mul m n.

Theorem mul_add_distr_r:

forall n m p, mul (add n m) p = add (mul n p) (mul m p).

Theorem mul_add_distr_1:

forall n m p, mul n (add m p) = add (mul n m) (mul n p).

Theorem mul_assoc:

forall nm p, mul n (mul m p) = mul (mul n m) p.

Theorem mul_1_1: forall n, mul (S 0) n = n.

Theorem mul_1_r: forall n, mul n (S 0) = n.

B C&4R 5], Coq £ BRBUE S A TRk ikZizs, Kk, Coq M4 Sl {Er] LU 2
MAE nas o SRM0, BHTHAETRRTHEMES L RBECEAINE, nae HWREHFZHIE. B0, Coq hrifE
FEFFH Wat.iter BLFRINEEELZ RIEN, BART S, Nat.iser n £ FWKIEREL £ 150 0 IRIWEER. H Coq
& AR

Fixpoint iter {A: Type} (n: mnat) (f: A -> A) (x: A): A :=
match n with
| 0 =>x
| §n' =>f (iter n' f x)

end.

EEVFZ EEMR, .

Theorem iter_S:
forall {A: Type} (n: nat) (f: A -> A) (x: A),
Nat.iter n £ (f x) = Nat.iter (S n) f x.

VR, WRHE A R B, RATIE R TR EAE Coq A HANIEIE R .
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Proof.
intros.
induction n; simpl.
+ reflexivity.
+ rewrite IHn; simpl.
reflexivity.
Qed.

SRR 19. 1HUEA NIRRT wat.iver MM

Theorem iter_add:
forall {A: Type} (n m: nat) (f: A -> A) (x: A),
Nat.iter (n + m) f x = Nat.iter n f (Nat.iter m f x).

(v FERKALENREIER, M_[Qed]l £ XK. =*)

SRR 20, THIEHI FIHR T vat.iver FIPERR.

Theorem iter_mul:
forall {A: Type} (n m: nat) (f: A -> A) (x: A),
Nat.iter (n * m) f x = Nat.iter n (Nat.iter m f) x.

(¢ FAELAENREIER, MU _[Qedl _& K. *)
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