EEHRA

1 RE5KEEEMERTR

£ Coq AL x: & > Prop SKRE/RFRA 0 HImRMMES x - F0 EFH, XHM a - prop
Fom x &M 4 hCERBIGER B, XEAN T x 2 AKT 4 P EMNR. TR a
JLER a ME, & AR x SN T & WHNRmE xa NE, XENT @ 2846 x xR, 1
SetsClass X —fhf@FEHHEIEEE aex

KU, £ Coq FHFHMEH ria>8->prop KKR a2 5 B FIUREZEM IR R.
I, “T@ w 2ES R PRITR” TLEE @b er , SetsClass #hEEMTRERNIXARKIE, B4R, B
1E Coq FHISEPRE St & R ab IXATREAL

SetsClass #h et T H REEGH—RIIE L. .

- M g BE MRS RR, BN Sets.empty

- BB BN [sets.gul (REERA T IMRRMS);
-ﬁfﬁ% ﬂaﬁﬁfﬁﬁﬁ%?@ﬂ?’ %X?’ﬂ Sets.singleton ;

- AME: B SN [sets.complement (FMERA LI TIRRFFS);
- & M o Bor, €N sets.union

- M e TR, BN [sets.intersect

- BEME: M = R, EXON sets.equiv ;

- LRSEEGRFR: H e TR, XN setsm

- THER R e FIR, N [sets.included ;

FEIXLERT 5 of, AMERLEHAN Coq BBUMILE S, CEMIEHII, RN EHHER, EEH
F. RERTERT SIS RC. i, TERANA KR TR, IFHHEAH Al s
A LA I

Check forall A (X: A -> Prop), X U J == X.

Check forall A B (X Y: A -> B -> Prop), X U (Y n X) C X.

7£ CoqIDE ', &7 LAFIH CoqIDE *FF unicode [T H R 7K 74

LB, ATHRR TR latex ik
R shife+ SRR
- latex FRHER B BN L T ARBIAORE R4

Fan, WMEARTBEATHATS e , BREMAETHMA \in , DURRIRE o INFHZERNfE, %
shift+ 2K RIT]

7E VSCode ', &R0 L] Unicode Latex Input #fi &G MM 77 Hu 4T H X BOREIRE 4 . 22351440
ffE, RATEHAN i i HIRRIEER e fF59.

1S — 2R, 1 SetsClass HEFEH LS — g EMHNES = MARTEES = Kk
G, SetsClass HEFECENHHAFUER T = 2—1MEMKHR.



2 FIREZEMHIEPARSEENMYR

SetsClass #hEFE T HIEGBHEFAFHZHET Coq M EEATE XM, B, 24 xv:a->prop K,
X n v B CAgE R XOR:

funa=>Xa/\Ya o

RE AT 527 IBHE IR — 3 B, aexny HHANY aex HH aevy - KRN, aex oy
MHANY aex BH aev o EUEWH, WA DR EE AR iE BRI NE S 50 R 2 A )2
firdl, Fln, FHAE Coq FIERH T, 53— 1MESMZEEHNLE R ERESHFE,

Theorem Setsl_intersect_includedl: forall A (X Y: A -> Prop),
X nY CX.
Proof.
intros.
(k% T & — % & 4 _[Sets_unfold] _RSetsClass ER W EHIEHE A, ETUKF X
SR EAAF ARG ANMER . *)
Sets_unfold.
(o EREEHUXTRENERAEREALNT -
_[forall a : A, a€ X /\ a€eyY ->aceX]_
MR TEHBE & AECq T ZEEFZIEHW .
intros.
tauto.

Qed.

N FRTIFRIZEMNER

Lemma Setsl_included_unionl: forall A (X Y: A -> Prop),
X< X ulY.
Proof.
intros.
Sets_unfold.
(xx Zd#f, EIEHBHLE LR _[forall a : A, a € X ->a € X \/ a € Y]_. %)
intros.
tauto.
Qed.

ATt AT A B A Ia S SR I AT S AT R R

Example Sets2_proof_samplel: forall A B (X Y Z: A -> B -> Prop),
XuyYcZ->
Y © Z.
Proof.
intros.
Sets_unfold in H.
Sets_unfold.
intros a b.
specialize (H a b).
tauto.

Qed.

24 7 UE B BB T BRI, KBRS HHOCH Coq i fBUR IT Iy 18 45 AH 5 Y i FBUE — v A4 E Bl ]
Jrike BRI, TEAEWIMSS AR BRI, Filin, Win T X $@E“x% SHXNAETHZNEEH
FHRA B HIE I R ERATRA 75 K KR & FP IS E Y .

AN (BlLuUB2U ... UBn) == (A nBl) U... U (AN Bn

X, EEAZEHEETHEABENFAMEFRRRIEH A ENENGEE 7. WF—3IFE, BATENH
IXFE AR 7



3 FIH rewrite IESIERRESEERIM R

AT, EEMERDENRR, REUTEAARMEMEENE. £ Coq . XEPEFED

N

Equivalence Sets.equiv
Reflexive Sets.included

Transitive Sets.included

SetsClass #hREJE CVAUEI T ix s 3, KIHCIRATEE T LA rewrite  reflexivity SFiEAHIES HTESE A
KETUEBA A T THISE A A T8 S B 1 o

Example Setsl_proof_sample2: forall (A: Type) (X Y Z: A -> Prop),

X =Y ->X==2 ->Y == 7.
Proof.
intros.

rewrite <- H, <- HO.
reflexivity.
Qed.

Example Setsl_proof_sample3: forall (A: Type) (F: (A -> Prop) -> (A -> Prop)),
(forall X: A -> Prop, X & F X) ->
(forall X: A -> Prop, X € F (F X)).
Proof.
intros.
rewrite <- H, <- H.
reflexivity.
Qed.

AN, EATEMAE. FHFEMNMNEBRE SRR “A87 5 “Bad” XR, WaRFEGHELR. £
SetsClass #hJEFEH, CAIUEH T :

Sets_union_mono:

Proper (Sets.included ==> Sets.included ==> Sets.included) Sets.union
Sets_intersect_mono:

Proper (Sets.included ==> Sets.included ==> Sets.included) Sets.intersect
Sets_union_congr:

Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv) Sets.union
Sets_intersect_mono:

Proper (Sets.equiv ==> Sets.equiv ==> Sets.equiv) Sets.intersect
Sets_complement_congr:

Proper (Sets.equiv ==> Sets.equiv) Sets.complement
Sets_complement_mono:

Proper (Sets.included --> Sets.included) Sets.complement

i—'l?ii, Sets.equiv 5 Sets.included ‘[ﬁ/ﬁ’hﬁj/@#%%ﬂ: Proper jﬁﬁﬁ/‘]‘l‘ifﬁo

Proper (Sets.included --> Sets.included ==> Basics.impl) Sets.included
Proper (Sets.equiv ==> Sets.equiv ==> iff) Sets.equiv

Proper (Sets.equiv ==> Sets.equiv ==> iff) Sets.included

PR =AM, AT 252 B sets.includea 5 sets.equiv. HIfEIETEH AHES RN, MH =FMFUR
SetsClass i R ZERAMIE B 4R AL T 1. IREEMEREE S E i, MARRAEFZIEHTT LT Coq M
rewrite $8-2 BT B RUEY] . R — AN &R



Example Setsl_proof_sample4: forall (A: Type) (X1 X2 Y1 Y2: A -> Prop),
X1 == X2 -> Y1 € Y2 -> X1 U Y1 € X2 U Y2.

Proof.
intros.
rewrite H, HO.
reflexivity.
Qed.

4 A AEREMRINE LB

FEARZAROL T, WIS I SR A T 105 UETE AR O a7 iR AR AR o Bl ZEET g A
RSN (p <> ), MEATREIEHENIAEZS (p>a « a->p ) BATRLT o AR, ZIEBPIANE
B, A FEIENEMTHEA S . £ Coq T RAFE appry Il 51 BRSEHIXMIEWIE IR,

Sets_equiv_Sets_included:

forall x y, x ==y <->x Sy /\y <C x

FOFEAEM N E SN ZECE R =NES, sBEEIIEAEMN N E SRS =AM EEGEE, MR TZE
BTN P> @ /AR B P A Q- r MfE. BAATS,

N

xeyaz TUBMAN xey 5 xes ;
s Ayes TUBHAN ses ;
xNy<z &ﬂu%ﬁfm?@?ﬂ y<E z o

n

£ Coq ", HI—FIERI AT LUEIL appry 11 5] PESLH

Sets_included_intersect:

forall x yz, x Sy ->xC z ->xCynNnz

ﬁﬁ)ﬁﬁﬁpmﬂ;ﬁﬁj uﬁﬁ rewrite —Fﬁgl iﬁ;ﬂl‘m

Sets_intersect_includedl:
forall x y, x Ny € x
Sets_intersect_included2:

forall x y, x Ny Sy

Blhn, AT LA N IEM SR S A B A AL B A



Theorem Setsl_intersect_comm:
forall {A: Type} (x y: A -> Prop),
X Ny =13 nNX.
Proof.
intros.
(¢ T%, RIEARANECHEFRFELACMNEATE. ©)
apply Sets_equiv_Sets_included; split.
+ x FANAPXFEEHA [xnySynxl, FAEFAIMEEHRE, BUXAIMEaH4
GEALEANT . %)
apply Sets_included_intersect.
- AEFEILEH xnycyl, WAL, REEALZMNAANE LW R ERAMNESWH T
E, RRFEZREHRENBE N ECRLAMNEGHTERST .
rewrite Sets_intersect_included2.
reflexivity.
- (e KU, EATFTHOXFEUEA _xny<Sxl_, RMNTUAERLFTENEA L EH —
TNEGRAAEAWN TR . o *)

rewrite Sets_intersect_includedl.

reflexivity.
+ (k% BN XHIEH R KB . )
(% ... AEHENCoq B R ... %)

Qed.

Theorem Setsl_intersect_assoc:
forall {A: Type} (x y z: A -> Prop),
(xNny)nz==xn(yn z).
Proof.
intros.
(o« SEHREXRBBHRGEEN, RNEANECHFWIERBTTHEACNEN TE. %)
apply Sets_equiv_Sets_included; split.
+ (x FALGXFEIEHA [(xny) nzSxn (yn2)I_. BEHAMRAMEZALEEGRE
WY&, RFZLHALZMNEALEMNE -—IPEGNTR. »)
apply Sets_included_intersect; [| apply Sets_included_intersect].
G+ I EZMEHAE T LA E
- ny)nzcx
- (xnNny)nzCc
-(xnNny)nzC
EHAHAFERALA AN EEFF —NAREALNTFENT ., *)
(xx ... EBHF N CoqlE R ... %)
+ Gk B XHIEA R KU . %)
apply Sets_included_intersect; [apply Sets_included_intersect |].
(xx ... EBAF WL CoqR R ... *)
Qed.

z

XNFHEZHME, EUEAERMESIHERETHE =ANES, B IEHERANES IR =4
EAAE, MBRPTEIEREGN » >a\v/r 50 p\/q > r Hamil. Bk,

xCyuz ATUREZTN x v o
xS yuvz &ﬂ@l%ﬂi%ﬂé’ﬂ?’ﬂ xSz
xuygzﬂu%ﬁ%mé{]y‘jxgz‘—ﬁygzo

£ Coq H, HIPAFMIER] AT LUEE A AL rewrive TG FESEIL.

Sets_included_unionl:
forall x y, x € x U Yy
Sets_included_union2:

forall xy, vy €S x U ¥y

I Ja —FUE B AT OB, (appry 51 BESEH .



Sets_union_included:

forall x y z, x €Sz ->y € z ->x UyC z;

A, BE S e EMMES AR IS, FEEMMNAZEN T IFEN D BCHA REIEH] [sets_uion_included

o

SRR 1. IR R I OR TR A IR

Fact sets_fact_ex: forall (A:
X<CyYy ->
X nY == X.

(x FENLAEANREIER, U_[Q

Type) (X Y: A -> Prop),

ed] _& K. *)

SRR 2. WFIEW N ESE GBS A TERT .

Example Setsl_intersect_absorb

_union:

forall {A: Type} (x y: A -> Prop),

x N (x Uy == x.

(x FELBALENREIER, M _[Qed]l £ XK. =*)

SRR 3. UUEWI R RSB SRR .

Example Setsl_union_absorb_intersect:

forall {A: Type} (x y: A -> Prop),

x U (x ny) == x.

(x FERKLENREIER, M_[Qed]l £ XK. *)

BIMEZ, BLUTIXEE SetsClass #0EE P51 B, MR 1 B 3RATTFEE S G s S 3 A 57

Sets_equiv_Sets_included:

forall x y, x ==y <-> x

N

Sets_intersect_includedl:
forall x y, x Ny € x
Sets_intersect_included2:
forall x y, x Ny Sy

Sets_included_intersect:

forall x y z, x &y -> x C

Sets_included_unioni:

forall x y, x € x U Yy
Sets_included_union2:

forall x y, y &S x Uy
Sets_union_included:

forall x y z, x € z -> y C
Sets_intersect_union_distr_r:

forall x y z, (x U y) N z
Sets_intersect_union_distr_1:

forall x y z, x n (y U z)

FeFax e g B, AT i 22 uEBA

z ->x UyCz
== xXNzuUynz

==X NyuUIxNnNz

A A AR 4 A A XS PA TR L FIE AL L 225 E SetsClass

WIS T, BRItz b, SetsClass $hREFERIEME TG IR MR S8 G UEG I EE T AL I
fitf# . SetsClass # & FE A FAEH W AR T U & - prop KM Coq A, M—HFEET a4 - B -> Prop

v A > B> c > prop HFTHATREN

.



Sets_intersect_comm:

forall x y, x Ny ==y N X
Sets_intersect_assoc:

forall x y z, (x ny) nz==xn (y N 2z)
Sets_union_comm:

forall x y, x Uy ==y U X
Sets_union_assoc:

forall x y z, (x U y) Uz ==3x U (y U 2z)
Sets_union_intersect_distr_1:

forall x y z, x U (y n 2z) == (x U y) Nn (x U z)
Sets_union_intersect_distr_r:

forall x y z, (x ny) uz-==(xuUz)n(yuz

SIRR 4. VEFIH torarignt & X —FIEAHIFHLE

Definition SetsList_union {A: Type} (1: list (A -> Prop)): A -> Prop
(¢ EELBREANGE R, U_[:=1_J%, U_[LI_FEK. *

THIEMSZ SR X — B S I I 2 B

Theorem intersect_SetsList_union_distr_1:
forall {A: Type} (1: 1list (A -> Prop)) (X: A -> Prop),
X N SetsList_union 1 ==

SetsList_union (map (Sets.intersect X) 1).

(v FHELKALENREIER, M_[Qed]l £ XK. =*)

SetsClass #h & FEXS T EM LR R BRI DL : mER—VEGH T,
Sets_empty_included: forall x, J € x

FARIRLE, — VIR G R i) T4

Sets_included_full: forall x, x © Sets.full

BT IRPIFAET, WTRNE 2 A IR SRR . SetsClass F2HE 1S LA -

Sets_union_empty_1: forall x, @ U X == X
Sets_union_empty_r: forall x, x U O == x
Sets_intersect_empty_l: forall x, J N x == J
Sets_intersect_empty_r: forall x, x N @ ==
Sets_union_full_1: forall x, Sets.full U x == Sets.full
Sets_union_full _r: forall x, x U Sets.full == Sets.full
Sets_intersect_full_1l: forall x, Sets.full N x == x
Sets_intersect_full_r: forall x, x N Sets.full == x
Sets_equiv_empty_fact: forall x, x S (J <-> x ==

Sets_equiv_full_fact: forall x, Sets.full € x <-> x == Sets.full

HEE 5. ﬁﬁﬁ EA%%%/%%IJ ’ SetsClass TEEE Elé,]xiiiE% T Sets_intersect_empty_1l o ﬁ%’ffﬁﬂ’fﬁﬁﬁ Sets_empty_included
AR AZ B R R IE B B

Lemma Setsl_intersect_empty_1:
forall (A: Type) (x: A -> Prop), & n x ==
(x FEBAEANRHWIER, U_[Qedl _ XK. *)



SetsClass JE R HEIRC TAMERMERA FHINAH. (1) —MES S B CRAMERZBOR IF 215 34
o

Sets_intersect_complement_self

forall x, x N Sets.complement x ==
Sets_complement_self_intersect

forall x, Sets.complement x N x ==
Sets_union_complement_self:

forall x, x U Sets.complement x == Sets.full
Sets_complement_self_union

forall x, Sets.complement x U x == Sets.full
(2) FMEMAMER JFEES .

Sets_complement_complement

forall x, Sets.complement (Sets.complement x) == x
(3) ZCERBIFER I KSR /L T AR AL

Sets_complement_union
forall x y,
Sets.complement (x U y) ==
Sets.complement x N Sets.complement y
Sets_complement_intersect
forall x y,
Sets.complement (x N y) ==

Sets.complement x U Sets.complement y
(4) *MERAG B O AL TI06 AL SRADIE 75 iy 2 ) F 1 IR

Sets_contrapositive_PP:

forall x y, x © y -> Sets.complement y & Sets.complement x

Sets_contrapositive_CC:

forall x y, Sets.complement y & Sets.complement x -> x & y
Sets_contrapositive_PC:

forall x y, y © Sets.complement x -> x & Sets.complement y
Sets_contrapositive_CC:

forall x y, Sets.complement x & y -> Sets.complement y & x

5 EBEHELEBEK

MR Xo, X1, Xo, ... —ILHKKIEGFFH, BB LT DO e F A EA TR 32 8w mT LA
E XA
UXnﬁ {z|3IneN ze X,}

neN

ﬂXn%{x|VneN.:ceXn}

neN
&£ Coq ", —M%H] x: nat > & - prop (W X, € A) B x: nat > 4 > B > Prop (WIHR X, € Ax B)
FERER X B—NEHKMESTFH. SetsClass tHEERFHIH Ux M Ox RRENWITLTSH
MITFAL

MW B, BIE X HAREUE NS C bR e . iR e 28— rfebr g, B4 b



I A AT AU 9
JXi={e|3ielzeX}

ﬂXié{x\WeI.xeXi}

ERE—fREMR, ET—RiEhnE T NEGTA L DEERNEE L. EERLIERE T 2THEN
K, Xier FIEGIE “287, HRABESRTIAAAE “UEIrA e g es”. Aid, wRE
Coq HAE x: 1> 4 - prop (B X; € A), IBARKEAEEGHIZHIRATLIRE XK, AL T TR
BIMERLE Xier WIACHER “2E” AMFTLLT o SetsClass BT, BTIRIMENE G I EEEG LR HIX
WA Coq 7 LFF:

Sets.indexed_union: forall {I: Type}, (I -> T) -> T

Sets.indexed_intersect: forall {I: Type}, (I -> T) -> T

Hr, 1 Z2HF 4> prop « A -> B -> prop HIEIK Coq AL,

BRItz Ah, G0 1L R U 1) SRR {2 | 3X e U. x € X}.7E Coq 1, W [u: a -> prop) -> Prop
s IABERT DAL v /2 a AWM TFER—JCiEW, Pl v 22 2 £E5NTEMBIIES . SetsClass
WRERRMH Qv #ox v )7 3038, R v Bf

(A -> B -> Prop) -> Prop Egzng (A -> B -> C -> Prop) -> Prop

EE2RA, R AFRIRER S v BT X IE. ZBLET, SetsClass tHEEME X TiXE v B X328, WHE
U: (A -> Prop) -> Prop ANERETE, MACH) XM E XN “EH8” 4
SR, SetsClass R ER AL T A SCRETE 75 2 AN TE 55 HAEII € o

- TR RIS I U x , Sets.indexed_union X
{z|Jiel. X;}
- BT ERNESR: () X » Sets.indexed_intersect X
{z|Viel. X}
ST || U , Sets.general union U
{z|3X eU ze X}
ST [TU , Sets.general_intersect U
{r | VX eU ze X}

EATH SRR UEN] 5 305 Wl A 5 S R IR U5 SR A . R TR — AN TR A BT

Example Setsl_union_indexed_intersect_fact:
forall {A: Type} (x: nat -> A -> Prop) (y: A -> Prop),
(Nx)uvuy<() Eunn=>xnuUy.

Proof.
intros.
(xx RIEALEDECREARAF SN 20X ENTE, RFEILALUECREALE -1 E S
T E. %)

apply Sets_included_indexed_intersect.
intros n.
v AAERFEEH [N xuUySxnuyl_. *
rewrite (Sets_indexed_intersect_included n).
reflexivity.

Qed.



N SetsClass i DEIEM R TETTRZEE LT IHE GETIRIrE) MtEh.

Sets_included_indexed_intersect:

forall xs y, (forall n, y € xs n) ->y € () xs
Sets_included_indexed_union:

forall n xs x, xs n & LJ XS
Sets_indexed_union_included:

forall xs y, (forall n, xs n S y) -> |J xs C y
Sets_indexed_intersect_included:

forall n xs, r] xs © xXs n
Sets_intersect_indexed_union_distr_r:

forall xs y, |J xs ny == |J (fun n => xs n N y)
Sets_intersect_indexed_union_distr_1:

forall x ys, x n [J ys == J (fun n => x N ys n)

MRS XA ST SO ITER .

Sets_general_intersect_included:
forall Ux, Ux -> [| U C x

Sets_general_union_included:
forall U y, (forall x, U x -> x

N

v > U

N
<

Sets_included_general_union:

forall Ux, Ux ->x € || U
Sets_included_general_intersect:

forall U y, (forall x, Ux ->y S x) >y S []|]U

EE—3EH, LIRS e FMARI & 55 XA TH 57 . BN, %558 T XA 75
ARG, BRREITRFEEGUERA DK

XocXj<c...CcX,

WA eI IR 2 el i se, B

U X, =X,

0o<igsn
B, RE Xo, Xy, .., X, BREFE, BLAENMIEERE S E. AT, WREELSIE BLRE
BRI, FHXSEESEESOHENELT, —AL—Ak, B MEREHE, EREMNMIER LS
£
(4,{0},{0,1},{0,1,2}, ... {0, 1,2, ... n}, ..
B0 AT AN TG 55K HIAE 5 7 B 1 — /25 SRR IR R KA O R, I8 4 SRATTRT AR, 7E3 At e,
R RRIE S 220, BAMR AR — G, HEAETES 252G, WAHT A EHE.
AN, R T A A2 4,

{0,1,2,...,n,..}
{1,2,3,...,n,..}
(2,3,4,....}

IAAHERDL, ENTHERETIA 75 2 M EG RIS, R — 5%, R, ZXLEHZMEEIE
I3, WM IiE—a5E!

10



6 ZRXRSHEHEMER

gk, MR R EZ MW ALEEGE BEGH P J0KAR, BAERRN RS AXxB, IR} AL
B ZF—MES, B RS Ax A, MALABIK R 22— AEE LR —IekAR. BFit, — P "JukA R
PR RS WIS, “IURASPN TR G X IR R . .

{(z,9)eZ xZ | z<y}=1{(-1,0),(—1,1),(0,5),(10,100), ...}

{(z,y) eZ X Z | Fz. zx2z =1y} ={(1,2),(2,6),(3,15),(—1,1),...}

XPANEA RN LR /N7 RRAEBE L) BB KR
HT Rk RRES, FM It KRB LMIAS . HESEGZH . BRItz ZIoRARZEE
AL — R e UK RERE ORI ZIGRANE S . b, Ik RINERAT LA
THERTE X
(z,2) € Ry o Ry HHAUHAFAE y 13 (2,y) € Ry HH. (y,2) € Rse

B, 2 Siv Sov S< 5 So FRBALEN “In 17 KA, I 27 KA UNFETT KAM CUNF7 KA
(U, RPT:

S1={(z,z+1) | z€Z}
Se ={(z,x+2) | z€Z}
S.={(z,y)€EZXZ | z<vy}
S<=A{(z,9) €eZXxZ | v <y}

FATHRNE -
31051252

S1085¢=5<081=5<
Si0S.=8_08 ={(z,y) €eZXZL | x+1<y}c S

M EEES A, THEEES A EHTIGRR, Ax AKX CGEMEN EMaE) WREE A BK
TICRFR. BRMZAL, BATEZLE HEMB T A MR iR R, HERR” 5 7.

Iy ={(a,a) | ae A}
WHR X < A, W4 test(X) = {(a,a) | ae X}

Rk, WT2SMER A7 T, test(D) = & I tost(A) = L.
SetsClass JFiJ i Rt T 1K 4656 F —J0 L R IR L

—:ﬁ%/%ﬂﬁii?ﬁ' )EH o %%/ji\‘y %X?'ﬂ Rels.concat
- FHERR: TN Rels.ia BB LIIHIRRFTS);
SR B SUN Rels.test (H LI IHIRRTS).

ST, BATHTLUR & SR RIBF MG T H1E Coq wrfll, w2 —MXFERIH T

11



Fact plus_1_concat_plus_1:
forall S1 S2: Z -> Z -> Prop,
(forall nm, (n, m) € S1 <->m =n + 1) ->
(forall nm, (n, m) € S2 <->m = n + 2) ->
S1 o S1 == S2.
Proof.
intros S1 S2 H_S1 H_S2.
Sets_unfold.
intros x z.
(x* _[Sets_unfold]l _# A4 ¥ _[cl_WEXETF, AEFEILH:
- exists y, (x, y) € 81 /\ (y, z) € S1
L HMR L
- (x, z) € S2]_. *)
rewrite H_S2.
setoid_rewrite H_S1.
Gex R _[S11_5_[s2]_mE X, AFEIEH:
- (exists y, y=x +1 /\ z =y + 1) <-> 2z = x + 2 %)
split.
+ intros [y [7 71].
lia.
+ intros.
exists (x + 1).
lia.
Qed.

TICRRRR TR EEE SIS HME R AL, A LKA E IS A .

-GS oy oz==xo0(yo2

- LA IG: [Rels.id o x == x

- ZEEéJﬁZjﬁ: x O Rels.id == x

- ENTE: xoGuz) =xoyuzxoz
- Al Gupoz=xo0zuyoz

Fhh, ICR AN IR EEN T I T IR MO XL I SetsClass J H N X 8 5E PE

Rels_concat_assoc:

forall x y z, (x 0y) 0z ==x0yoO0z
Rels_concat_id_1:

forall x, Rels.id o x == x
Rels_concat_id_r:

forall x, x 0 Rels.id == x
Rels_concat_union_distr_1:

forall x y1 y2, x o (y1 U y2) == x 0 y1 U x 0 y2
Rels_concat_union_distr_r:

forall x1 x2 y, (x1 U x2) oy ==x1 0y U x20y
Rels_concat_indexed_union_distr_1:

forall x ys, x o |J ys == |J (fun n => x o ys n)
Rels_concat_indexed_union_distr_r:

forall xs y, |J xs oy == |J (fun n => xs n 0 y)

MR R Rels.test A FIHJLIAEEMET .

Rels_test_full: Rels.test Sets.full == Rels.id
Rels_test_empty: Rels.test (J ==
Rels_test_is_id:

forall x, x == Sets.full -> Rels.test x == Rels.id
Rels_test_is_empty:

forall x, x == -> Rels.test x ==
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SRR 6. EARTE TR RIERIE SCUEW] R IR -

Lemma plus_n_plus_m:
forall (plus_rel: Z -> Z -> Z -> Prop),
(forall n ml1 m2, (ml, m2) € plus_rel n <-> ml + n = m2) ->
(forall n m, plus_rel n o plus_rel m == plus_rel (n + m)).

(¢ FHEBALENREIER, M_[Qed]l £ XK. *)

SIRR 7. AR TR RIER IE SGIEM] R IR -

Lemma Rels22_concat_assoc:
forall {A: Type} (x y z: A -> A -> Prop),
(x 0oy) oz ==xo0 (yoz).

(¢ FEBALENREIER, M _[Qed]l £ XK. *)

Lemma Rels22_concat_id_1:
forall {A: Type} (x: A -> A -> Prop),
Rels.id o x == x.

(v HERLENREIER, M_[Qed]l £ XK. =*)

Lemma Rels22_concat_union_distr_r:
forall {A: Type} (x y z: A -> A -> Prop),
(x Uy)oz==x02zUyoOoO z.

(x FEBALENREIER, M _[Qed]l £ XK. =*)
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