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1. CT Fourier Transform



CT Fourier Transform

Fourier transform (analysis equation)

X(jw) = F{x}(jw) = /OO x(t)e ™' dt

X (jw) called spectrum of x(z)

Inverse Fourier transform (synthesis equation)

0.9}

x(t) = FHXY(1) = ;ﬁ / X(jw)e ! dw

—00

Superposition of complex exponentials at continuum of
frequencies; frequency w has density ;-X(jw)



CT Fourier Transform
Two equivalent representations of same signal

¢ time domain vs. frequency domain: x(t) LN X(jw)
Also widely used elsewhere. In probability theory,
e characteristic function of random variable X with density p(x)
oxl) =Bl = [ plajeas

—00

In quantum mechanics

e position representation: wave function (x)
» |+(x)|? probability density of finding particle at position x

e momentum representation: ¥(p)
1 > ,
U(p) = x)e P x
<p) vV 27Th /—oo w< )

» |U(p)|? probability density of finding particle with momentum p
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2. Fourier Transform of L; Signals



Fourier Transform of L, Signals

Recall from calculus, for real-valued x, improper integral

b
/ x(t)dt = lim x(t)dt
R

T,,T,—00 -T;

is well-defined if x € Li(R), i.e. ||x]|; = [ |x(r)|dt < o0

Same is true for complex-valued x = u + jv, since |u|, |v| < [x]

and
/Rx(t)dté/Ru(z)dt +j/Rv(t)dt

For signal x € L;(R)
e x(r)e™" € Li(R), since |x(t)e | = |x(1)]
e Fourier transform X(jw) = [_x(t)e™dt is well-defined
improper integral for each w



Fourier Transform of L, Signals

Theorem. If x € L;, then X is bounded, in fact || X < ||x]|x
Proof. Consequence of following lemma.

Lemma. For complex-valued function f of real variable ¢,

[ roa < [ yroar

Proof. If [ |[f(z)|dt = o, trivial. Assume [ |f(7)|dt < co. Let
phase of [f(t)dtbe ¢,i.e. [f(t)dt = | [ f(t)dt|e’. Then

‘/f(r)dt =e/? /f(t)dt: /e_j¢f(t)dt

Taking real part

’ / F()di| = Re / IO (1)dt / Re [e~/*f()|dt < / eI (1)|dt




Fourier Transform of L, Signals
Theorem. If x € Ly, then X is uniformly continuous
Proof. Forany T > 0,

X (jwn) — X(joon)| < / ()e " — x()e |t

-f

/ x(0)[dt + | Aw|T / 1x(1) i

[t|>T lt|<T

gz/ x(6)]dr + |Aw|T|xlls 2 1 + I
[t|>T

dt (Aw=w; —w,)

wt
2sm—

Given e > 0, since x € L;(R), exists T > 0 s.t. I| < ¢/2.
Fix such T. For |Aw| < €/(2T||x[[1), I, < €/2.
Thus |X(jw) — X(jw,)| < €.



Example: Right-sided Decaying Exponential

x(1) :
x(t) = e “u(t), a>0 | X (jw)]
B
> . 0 1 t \
X(jw) _ / e—(a+ju))tdt /a |
0 1
b e !
a+ jw 0 a+jw —a0 4 w
NB. Above formula for X also works arg X (jw)
for complex a with Rea > 0. 4z
For a > 0, (i) = N @
ol =T T N —
: w N
arg X(jw) = —arctan —  ---------q-- -
a 2




Example: Two-sided Decaying Exponential

x(t)=e M a>0 x(1)

X(/'w):/ edle=itgy LD

0 00 — 0 t
_ / plailigy 4 / (@i gy /a /a
—00 0
-yt X(jw)
a—jw a-+jw A
~ 2a
a4 w2

NB. Above formula for X also works
for complex a with Rea > 0.




Example: Gaussian

Fora > 0,

x(1) = e’ T, X(jw) =

yx(1) X (juw)
—a=1/2 V2r
—a=1
1 — a=2
:t >
In particular, x(f) = e=2" +— X(jw) = v2me " = v2mx(w),

i.e. F{x} = V2mx



Example: Gaussian

Fora > 0,
w2
x(t) = e Ty X(jw) = \/Eefla
a
Proof
d ® J [T (d e\
2 x(; _ Jwt _ at Jwi
70 (jw) /_OO (—jn)edt = 2a/ (a’te )e dt
= AN P d e | dt (integration by parts)
2a J_ dt
_ _i > —at? —jwt — —iX .
> e et > (jw)

4 (xiapet) =0 — (o)~ xoye % = [Te- %



Fourier Inversion for L; Signals

Given Fourier transform,
X(jw) = Fx}(jw) = / x(t)e"d
Is inverse Fourier transform well-defined? Is it equal to x?

" oo |
x(t) = FXH(0) = % / X(jo) ' du

e}

Theorem. If x € L(R) is continuous and X = F{x} € L;(R),
then x = F1{X}.

¢ e.g. Two-sided decaying exponential, Gaussian
But, for x(z) € L;(R), X(jw) is not necessarily in L;(R)

® e.g. one-sided decaying exponential, rectangular pulse
e if X € L;(R), x must be continuous



Fourier Inversion for L; Signals

Inverse FT typically interpreted as principal value, i.e.

1 [~ : 1 v :
X(jw)e*'dw = lim 2—/ X(jw)e dw
-w

2 J_ o W—oo 2T

may converge without being absolutely convergent

Theorem. If x € L;(R) satisfies Dirichlet conditions on all finite
intervals, then

1 v : - .
lim — / X(jw)e™'dw = x(ty) +x(t-) pointwise
W

W—o0o 277 2

NB. Gibbs phenomenon at discontinuity

Often also need to interpret FT as principal value

00 T
/ x(t)e7'dt = lim x(t)e ' dt
oo T—o0 T



Example: Rectangular Pulse

x(t) =u(t+T) —u(t—T) 4 x(1)
1
T 2sin(wT
X(jw) = / eiorgy — 25mT)
=T w >
—T T t
Inverse FT
/ de =x(0)=1
o W
As T — oo,
¢ frequency domain
i T
tim ST s
T—o0 W

e time domain: x(r) — 1, DC v/



Example: Ideal Lowpass Filter

Frequency response H(jw)

H(jw) = u(w + we) — u(w — w)

Impulse response o we W
| Y e sin(w,t)
h(t) = — &'dw = <
(t) 2T / e v mt

NB. () ¢ Li(R) but H(jw) € Li(R)

As w, — 0,
¢ time domain
» h(r) — 4(t), becomes identity system
¢ frequency domain
» H(jw) — 1, passes all frequencies v



Duality

Xl(]w)
2T
aXxi
i ; ]
) T
-T 0 T =t 0
(1) >< .
ALXZ(]w)
w s 3" 1
™ w -

0 t -wWo w
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Fourier Transform of More General Functions
If x, — x, define Fourier transform of x by
X(jw) = F{x} = lim F{x,}

X(jw) = /x(t)e_jw’dt = lim/xn(t)e_jwdt
R T JRr
If x € L;(R), above definition is consistent with old one

In general, convergence interpreted in distributional sense, i.e.
for nice test function ¢

/ X))o 2 T / ( / e f“”dt) b (w)dw

Interchanging order of integration leads to alternative definition

/RX(/w dw —hm/xn </(b w)e ’”’dw) dt = / x(0)®(ji)dt



Schwarz Space

Space of test functions is so-called Schwarz space on R,
denoted § = $(R)

Function ¢ € Sifitis
e infinitely differentiable: ¢ exists for all k € N
¢ rapidly decreasing:

ISlle = Sup '6®(1)] < oo, VLkeN
te

Example. Gaussian g(r) = ¢ " € 8
Note ¢ € 8 = ¢ € L, Fourier transform ® well-defined.

Theorem. If ¢ € §,then ® € §
Example. Gaussian G(jw) = \/ge‘f*j €8



Example: Unit Impulse

Method 1. Recall for ideal lowpass filter,

_ sin(Wrt) PN Hy(jw) = u(w + W) — u(w — W)

hw (1)

Tt

Since hy — das W — oo
F{o} = V&I_I)I;OHW(_]W) =1

Can also use Gaussian instead of sinc. Recall

1 12 awz

2 g . _aw?
ga(1) = \/ﬁe @ Gu(jw) =€ 4

Since g, »dasa—0

F{6} =limG,(jw) =1
a—0



Example: Unit Impulse

Method 1. In fact, for any x, — 9,
F(6) = li’gn/xn(t)ej‘”dt = /R(S(t)ejw’dt =e 0 =1
Method 2. Let X = F{d}.
| Kwpotrdo = [ s0atnd =20 = [ 1- o)

Thus X(jw) = 1.
0 has “white” spectrum, equal amount of all frequencies!

Inverse Fourier transform

o(1) 1 / &“"dw = lim i/ ¥ — lim M

27 W—oo 27 [y W—oo Tt



Example: DC Signal 1

Method 1. Recall for rectangular pulse,

2 si T
k() = e+ 7) — ule — T) ¢ Xy i) = 2T
Sincexy > 1asT — oo
1 T
F{1} = lim X7(jw) = 27 lim sin(wT) = 270(w)
T—o0 T—o0 W

NB. Same as direct calculation using FT formula

Can also use Gaussian instead of rectangular pulse. Recall

2

g4(1) = e I éa(jw) = \/Eeu‘:“
a
Since g, — 1 as a — 0 and {G,} is family of good kernels

F{1) =l G i) = 3(w)



Example: DC Signal 1

Method 2. Let X = F{1}.

/RX(]'(JJ)QS(UJ)dw = /Rl - ®(jr)dt = 2mp(0) = /RZ7r5(w)¢(w)dw

Thus X(jw) = 27é(w). Formally
21 (w) = / e dt

Spectrum of DC signal is impulse at zero frequency!

Inverse Fourier transform

1 L 270 (w)e™ dw

T o oo



Example: Complex Exponentials
Let X = F{x} for x(r) = &*'.

| Kot = [ i = 2mofen)
= [ 2060 — ot

Thus X(jw) = 27 (w — wp). Formally,

270 (w — wy) = / /o)t gy

R

Spectrum of ¢« is impulse at w!

Inverse Fourier transform

et = i/ 270 (w — wo)e™'dw

™ e



Example: Complex Exponentials

2m0(wi — wn) = / Pty — / gy
R R

Can be interpreted as orthogonality of ¢
e ¢« and ¢+ are orthogonal if w; # w,

CT Fourier transform can be considered as “orthogonal”
expansion into continuum of “basis” functions

X(jw) = (x,e") = /Rx(t)ﬁdt

and
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4. Fourier Transform of Periodic Signals



Fourier Transform of Periodic Signals

Periodic signal with fundamental frequency w, has Fourier
series

o

x(t) = x[kle*

k=—o00

Fourier transform

X(](,d) = /R)C(t)e_jwzdt — /R Z X.[k]ejkwgte—jw;dt

k=—o00
oo

— 3 / et — 3 2mr{k|d(w — k)

R

k=—00 k=—00

Spectrum of periodic signal consists of impulses at
harmonically related frequencies! Areas of impulses
are 27 times Fourier series coefficients



Example: Sine and Cosine

1. 1 _,
xc(t) = cos(wot) = Ee’w‘)’ + Ee_’w‘)’

X (jw) = m0(w — wp) + T (w + wp)

1
x,(1) = sin(wgt) = e’“’"t 2} et

X, (jw) = ;—T(S(w - wo) . ;5@ + wp)

e
X, (jw)




Example: Periodic Square Wave

A

x(2)

A\

—2T -T _T -T
2

%] = sin(kwoT)

km

X(jw) = Z M(S(w—kwo) G

k=—00

1N
~

Ty




Example: Periodic Impulse Train

k=—00

W)= 36— k) s X(w) = S

—-4T7 3T 2T T 0 T 2T 3T 4T t
X(jw)
2
Pttt Pt
8 6t _4m  _ 27 0 2 4 [ 8 z)
T T T T T
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