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1. Parseval’s Identity



Parseval’s Identity

Theorem. If x € L,(R), X = F{x}, then

1 1 i
ol = 503 or [ (0= o [ G P

Note w is angular frequency and 3= is frequency

[ soba= [ PG

Interpretation: Energy conservation
* |x(1)|> power, or energy per unit time (second)
* |X(jw)|* energy per unit frequency (Hertz)

|X(jw)|? called energy-density spectrum



Parseval’s Identity

Theorem. If x,y € L,(R), X = F{x}, Y = F{y}, then
x, ) = %(X, Y), or /R *(t)y* ()dt = % /R X (ju) Y (juo)dow

“Proof.”

/R () ()dt = /R () (% /R Y(jw)efwfdw)*dt
::g;jgx@)jﬁy*gaoeJdedz

— % A (/Rx(t)e‘j“”dt> Y*(jw)dw
_ % /R X (ju) V* (joo)do



Parseval’s Identity

Example.

SIWO 5 o+ W) — (oo — W)

Tt

By Parseval’s identity

/R sin”(Wr) % /R u(w + W) — u(w — W)Pdw

w212
1 w
= — dw
27'(' W
w

™
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2. Convolution Property



Convolution Property

For LTI systems T with
® impulse response h
e frequency response H(jw) = [, h(t)e™'dt = F{h}

e is eigenfunction associated with eigenvalue H (jw)
T(e™") = H(jw)e*"
Input x is linear superposition of '

x(1) = 217r /X(]w)e’w’dw

Output
0 = om0 =7 5 [ XGajeras)

=5 X(]w) (€“"dw = —/X(]w VH (jw)e™ dw



Convolution Property

Flaxyy = F{THY o (xxy)(r) = X(jw) ¥ (jw)
convolution in time < multiplication in frequency

“Proof”.

/ xxy)(t)e dt = / / y(t — 7)e ' drdt
— /R x(7) ( /R y(t — T)e_j‘”’dt> dr

- /R ()Y (jw)e " dr

= Y(jw) /Rx(T)e_j‘”dT
= Y(jw)X(jw)



Example i
x<r>—(1—@){<+§>—“<"§>] NN
_r O A
X, = \/g ZSiIlw(wTT) z
s 2 (Wl _g o %
X(io) = Xlz(jw) _ 8811;2;4 )




Frequency Response of LTI System
LTI system T
e fully characterized by impulse response &

y=T(x)=hxx

e also fully characterized by frequency response H = F{h},
if H is well-defined
» BIBO stable system, h € L;(R)
» other systems: identity z = 4§, differentiator 7 = ¢/, ...
Typically, convolution property implies

Y = F{y} = HX = F{n}F{x}

Instead of computing x * i, can do
y=F(F{h}T{x})



Frequency Response of LTI System

h(1) H(jw)

id d(1) 1

T 5t — to) eI

d , )

% d' (1) Jw

t
/ u(t) —+ 7 (w)
, sin(w,f)
ideal lowpass - u(w+w) — ulw — w,)
1
1st order lowpass Le=!/Tu(r)




Examples

Example. Differentiation property
y=x =xx*¢

Y (jw) = X(jw)F{0'} = juwX(ju)
Example. Integration property

y(t) = /t x(1T)dT = (x x u)(1)

Y(jw) = X(jw)U(jw) = X(jw) []iw + Wé(w)l = jin(jw)—i-wX(O)(S(w)



Example
Unit ramp function u_, (1) = rmu(t) = (u * u)(1)
Convolution property suggests

T2} ) = V(i) = =5 + 2-0) + w28(0)5(0)
But d(w) and é(w)d(w) not well-defined!
Know F{u_»} = — 2 + jmd’' (w)
Convolution property not applicable here!

Rule of thumb. Applicable when formula is well-defined



Example

Response of LTI system with impulse response A(t) = e~ “u(t)
to input x(¢) = e ?u(t), a,b > 0

Method 1. Direct convolution y = x x h

Method 2. Solve following ODE with initial rest condition
Y(1) +ay(t) = e"u(t)

Method 3. Fourier transform.

X(jw) = ﬁ e Y(jw) =

1
(@ +jw)(b +jw)

H(jw) = a+jw’

IFa# b, ¥(iw) = (s — 5is) = ¥(0) = (e — e u(n)

Ita=b, Y(w) =~ (;55) = ¥(0) = — ke u(t) = te~u(s

Can also use Y(jw) = j-L (ajjw) and differentiation property



Example

Response of LTI system with impulse response A(t) = e~ “u(t)
to input x(¢) = cos(wot), a > 0.
Frequency response
1 1 , w
H(]UJ) _ — e*j arctan =

a-t+jw a4+ w?

Method 1. Use eigenfunction property

1 . 1 .
X(l) = Eelwot -+ Ee—ijl‘
eijI
a—+ jwy

1 . 1 i
¥(1) = S H(jwo)e™ + SH(—jup)e ™" = Re
t in(wot 1
_a cos(wy )2+ W%SIH(WO ) _ cos(wopt — arctan c&)
@ + W2 a2 + w} a




Example

Response of LTI system with impulse response h(r) = e~ “u(r)
to input x(¢) = cos(wot).
Frequency response

H(]UJ) _ 1 — 1 efjarctan “

at+jw a2+ w?

Method 2. Use Fourier transform of X

X(jw) = 76 (w — wo) + 70 (w + wp)
Y(jw) = mH (jwo)d (w — wo) + TH(—jwo)d (w + wp)

1 . 1 )
y(1) = EH(jwo)e’wot + EH(—jwo)eﬁwO’



Example

Response of ideal lowpass filter with impulse response k(t) to
input x(z).

h(r) = sin(u}ct)7 x(1) = sin(w;t)

Tt Tt

Fourier transforms

X(jw) = u(w + w;) — u(w — w;)
H(jw) = u(w + we) — u(w — w)

Use Y(jw) = X(jw)H (jw),

V(i) = {X(iw), for<we . {x(t), if Wy < we

H(jw), ifw > w, h(t), ifw > w,

NB. Convolution of two sinc is another sinc



Example

Convolution of Gaussians is another Gaussian

0= G ()

27o; i

Fourier transform (complex conjugate of characteristic function)

o2
X;(jw) = exp (—i,u,w — ?’w2>
Fory = x1 x x,

i) = Xl li) = e (=il -+ o) — 1527

(1) = : 5 exp (——(t L MZ)Z)

27(0? + o2 2(0t + 03)




System Connections

LTI systems in series connection

y=(xxhy)xhy =x% (h xhy) = (xxhy) * hy

h= hl * h2 X —:—P l’Ll > hz — )
E h E
commutative  '-----------m----iemooooooo-
h=hy,*h X —E—P hy > hy — )
E I E

Order of processing usually not important for LTI systems



System Connections

LTI systems in series connection

Y = (XH,)H, = X(H,H,) = (XH,)H,

H=H H, X —i—P H](jbd) > Hz(jw) — )
: H(jw) :
commutative  '-------------mm-mmmmmmmmomm o

H = H,H, X ———>{ H,(jw) > H (jw) fb——> Y
: H(jw) :

Order of processing usually not important for LTI systems



System Connections
LTI systems in systems in parallel connection

> h E
h=nh,+h X ——>¢ E—E—V
> hy :

h
L HiGw) i
H=H +H, x——¢ }—E—»
> Ha(jw) :
i H(jw) E



System Connections

LTI systems in systems in feedback connection

Y

h=? !
: h
Y =HX—HHY x J»@C H, (jw) L
Y H, : Hy(jw) | :
TX T 1+HH, i E
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3. Multiplication Property



Multiplication Property

Dual of convolution property
1
F{xy} = iff"{x]»k&"{y}, or x(t)y(z) PRI —/X(j@)Y(j(w—H))dG
27T 27T R
multiplication in time <= convolution in frequency

Proof. Let Z(jw) = 5= [ X(j0)Y (j(w — 6))df

! [ Zlju)edes - LI ( / X(0)Y (j(w — 9))d9) o1

o0 27T R 2T

/ X(0) 3 (/ Y(j(w — ))efwfdw> do

- / X(j0)y()e™d6 = x(1)y(1)



Example: Modulation

Baseband signal x(7) X0
Carrier /T\ R

p(t) = cos(w,t) T 0w

P(jw) = mé(w — w,) + 1 (w + w,)

_ P(jw)
Modulated signal 4 I
—Ww

y(t) = x(1)p(7)

Bl
A

0

Y(jw) = %X(j(w—wc)H%X(j(wa)) Y(jo)
N A
o T o 1 =« 1w

—We — W —We T Wi We — W1 We +wg




Example: Demodulation
Modulated signal y() }Y(iw)

Carrier /\ A2

p(t) = cos(w.t) o ’ - ’
P(jw) = mé(w — w,) + T (w + w,) '
Demodulation T TP(M) 7T

2(1) = y(t)p(t) _tc 0 3 w

1 1
— 5x(t) + Ex(t) cos(2w,t)

R(iw) = Z(jw)Hlowpass (]w)

r(t) = x(1) 2 Z(jw)
- Ty » lowpass filter

20, I 2w, w




ldeal AM Communication System

baseband signal mixer transmitted signal
x(1) =? >~ (1)
transmitter cos(w,t)

local oscillator

L

2
¥(?) —»(%)—> 11 r(1) = x(1)
received (1) W W w demodulated
signal signal
cos(w,t)

local oscillator receiver



Example

sint - sin %

x(t) = ————= = mx(t)x2(2)

w12

sin t

x(r) = Tt

st
sin 5

xz(t) B Tt

X=X X

X (jw)

Xz(j&])

/
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4. Systems Described by Linear Constant-coefficient
ODEs



Linear Constant-coefficient ODEs

Frequency response of LTI system described by
Z ak dlk Z k dlk

Method 1. Use eigenfunction property
x(t) =Y = y(t) = H(jw)e™'
Substitution into ODE yields

ZakH(]w (jw)ke" = Zbk(/w e

Zk obk(lw)

Hw) = Zk:O ar(jw)*



Linear Constant-coefficient ODEs

Method 2. Take Fourier transform of both sides

N M
dky d*x
k=0 k=0
By linearity and differentiation property
N M
D a(jw)Y(w) = > bil(jw) X (jw)
k=0 k=0
By convolution property

Y)Yy biljw)*
X(w) 3 a(jw)r

Frequency response is rational function of jw

H (jw)




Example

Y+ 4y +3y=x"+2x
Frequency response

SN Jjw+2
Hijw) = (jw)? 4+ 4(jw) + 3

By partial fraction expansion

Hiw)— —J¥2 2 )2
“ C (wt+D)w+3) jut+l o jw+3

Take inverse Fourier transform to find impulse response

h(t) = —e "u(t) + %e‘%t(t)



Example

Y+ 4y + 3y =x +2x
Find zero-state response to x(7) = e 'u(t)

Y(jo) = H(jw)X (o) = — 222 1 Jo + 2

N (jw+1)(jw—|—3)‘jw—l—1 B (jw + 1)*(jw + 3)
By partial fraction expansion

1/4 1/2 1/4
Y (jw) = - Ao 12 Y
jw+1l  (w+1)? jw+3

Take inverse Fourier transform to find zero-state response

1 1 1
y(1) = (Ze_t + Ete_t - 16_3’) u(t)



Inverse Fourier Transform of ﬁ
Recall

Cat 5 1
e “u(t) +—— ,
a—+ jw

Note

o 4 1 (.4 " 1 _ (n—1)!
a1 \a +jw) I dw a+jw)  (a+jw)n
Recall frequency differentiation property

() Jdix(,w)

Applying it n — 1 times yields

a F 1
e u(r) +——— PR




Partial Fraction Expansion

Rational function
P(s) _ 22/1:0 bys*
O(s) SN, axs*

Proper rational function if M < N

R(s) =

Improper rational function can be rewritten as sum of
polynomial and proper rational function by long division

Pi(s)
R(s) = Py(s) +
() 0() Q(S)
where deg P, < deg Q
Example.
34552 +8s5+5 2
s° 4+ 55"+ 8s + 14 s+

2445+ 3 2 +4s+3



Partial Fraction Expansion

Example (long division).

3 +552+85+5 s+2
=s+14+-——"—
s2+4s+3 s2+4s+3

s+ 1

s +4s+3) s 4+57+8s+5
— 53 —4s% — 35

s> +55+5

—s*—4s-3

s+2




Partial Fraction Expansion

Consider proper rational function R(s) = P(s)/Q(s)

Denominator Q(s) has r distinct roots ay, .. .,a, € C and
factorization

r

0(s) = [ (s - a)"

i=1
R(s) has following partial fraction expansion

r

R 9) prec e

i=1 k=1

Find coefficients by
¢ reducing to common denominator
e comparing coefficients of numerators



Partial Fraction Expansion

Example.
s+2 Al A, Ay
R p— p— 2 ? J
(5) (s+1)2(s+3) s+1 (s+U2+s+3
RHS is

A171<S —+ 1)(S -+ 3) +A172(S + 3) +A271<S + 1)2
(s+ 1)2(s +3)
(A1 +A21)s* + (4A11 + Ao +2A51)s + (3A11 +3A12 + Az))

(s +1)%(s +3)

A1 +A =0 A =1/4
4A171 —|—A1,2 + 2A2’1 =1 = Al,2 = 1/2
3A171 + 3A1,2 —|—A271 =2 A2,1 = —1/4



Partial Fraction Expansion

Multiply both sides by (s — aj) s,

(s — a;)"R(s) Z (s — @)V 4 (s — @)V Ry(s)
ki=1

where R;(s) = Z#]Z Goag . Fork <N,

' - k)! Nj—k;—k
% [(s —a;)"IR(s)] = ;Aj‘,kj (NiNi K i>k>‘(s a;)



Partial Fraction Expansion

d* ! ke
a5t L5 = @)VR(s) Z T_)k)!@—aj)”/ K
k
K N _
> <€) i~ ) TR
=0

Evaluating at s = a,

o) o)

Replacing k by N; — &,

M = g | (6= RO




Partial Fraction Expansion

Example.
s+2 A A Az
R prm— prm— 2 2 2
(s) (s+1)2%(s+3) s+1 (s—|—1)2+s—|—3
To find A2,1

1. Multiply both sides by s + 3,

s+2 A11<S+3) A12(S+3)
R pu— puy 2 2 A
SR e e R o

2. Evaluate at s = —3,




Partial Fraction Expansion
Example (cont'd).

s+ 2 Ay Aip n Az
(s+1)2(s+3) s+1 (s+1)2 s+3

R(s) =

Tofind A,
1. Multiply both sides by (s + 1),

+2
(s +1)2R(s) = i+3 —An(s+ 1)+ Aa+

Azjl(s + 1)2
s+3

2. Evaluate at s = —1,

s+2 1

1,2=s+3 )

s=—1




Partial Fraction Expansion
Example (cont'd).

s+2 A, Air As i
R(s) — _ A : ,
(s) (s+1)2(s+3) s+1 (s—i—1)2+s—l—3
To find A171
1. Multiply both sides by (s + 1),
s+2 Ay (s +1)?
(o DR = 52 = a5 1) 4 a4 2O

2. Take first derivative w.r.t. s,
d (s+2 1 d (A (s+1)?
_ et e Al 1 + J— = 7
ds \s+3 (s +3)? T ds s+3

3. Evaluate at s = —1,

1
(s+3)2

1
A p— —_—
Li s=—1 4




Partial Fraction Expansion
Example.
_ 1 Ay A Az Az
RS = G653 s+l  Gr1E  Gr1f T3
1. Ay,

1 A]](S+3) A12(S+3) A13(S+3)
R(s) = -4 ’ ’ A
(s+3)R(s) (s +1)3 s+1 G112 o (silp
1 1
A f— = — —
T s+ 1= 8
2. A
(s+1)°R(s) = A5+ 1P AL (s 1) A g 2D
s+3 ’ ’ ’ s+ 3
1 1
A173 = = —

s+ 3ls=—1 2



Partial Fraction Expansion
Example (cont'd).

R(s) = 1 _ A A, Az L Ar g
(s+1)3s+3) s+1 (s+1)2 (s+1)3 s+3

3. A172

1
+3

d 1
Ay = —
Y27 ds (s+3>

A271<S + 1)3
s+3

(S+1)3R(S) == :A]71(S+1)2+A172(S+1)+A173+

)

1

s=—1 - _4

B 1

=1 (s+3)?




	Parseval's Identity
	Convolution Property
	Multiplication Property
	Systems Described by Linear Constant-coefficient ODEs

