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1. Evaluation of Definite Integrals Using Residues



J7o R(x)dx

R(x) = % is a rational function of x, where N, D are polynomials

with deg D > deg N + 2, and R has no singularity on the real axis.

1. Pick a r large enough s.t. the upper 2
half disk centered at 0 contains all
the singularities zy, .. ., zx, of R(z) in P2
the upper half plane (we don’t care 2 2

about those in the lower half plane) — r
, K
2. / R(x)dx + / R(z)dz :j27rz Res(R, z)
-r G k=1

3. lim | R(z)dz = 0 by the condition deg D > degN + 2

r—0o0 C,

4. /oo R(x)dx :jZWZ Res(R, z)

- k=1



J7o R(x)dx

Lemma. Suppose f(z) is continuous on 2
D={z:R<|z] < 00,0, < argz < 6,}, .
where 0 < 6, < 6, < 2x. Let v, be the 0, 4

arc z(t) = reé®, r >R, 0 € [0, 6,]. If RN B Vgl
lim sup zf(z) = 0, then ,'l . >
D>z—o0 N ! 1 1,

lim | f(z)dz=0
r—00 "

Proof. Since limsup zf(z) = 0, given any e > 0, there exists an R,

D>z— o0

s.t. |#f(z)| < 5= forz € D and |z| > Ry. For r > Ry,

6,—06,
€
< ds < —ds =
_/%v<z>| _/% T

/%f(z)dz

NB. Item 3 of the previous slide follows from the lemma with
0, :0and92:7r.




Example

& xX2dx
Evaluate I = /_ T+ B where a,b > 0
Z2

Solution. R(z) = CEEE has four simple poles at

7z = tja, £jb. Two of them, ja, jb, are in the upper half plane. The
residues are

Res(Roja) = (e —JORE = 5y )
Res(R, jb) = lim ( —‘b)R()—_—b
S I T T g =)
Thus T

I = j27[Res(R,ja) + Res(R,jb)| = atb



f_o; R(x)e’™dx (a > 0)

R(x) = % is a rational function of x, where degD > degN + 1,

and R has no singularity on the real axis. R
1. Pick a r large enough s.t. the upper C,
half disk centered at 0 contains all )
the singularities z;, . . ., zx, of R(z) in 2 2
the upper half plane . > ”
, K
2. / R(x)e™dx +/ R(z)é“dz = j2r Z Res[R(z)e, z]
- G k=1

3. lim [ R(z)¢*dz = 0 by the condition deg D > deg N + 1 and

r—0o0 C

Jordan’s Lemma —r 4 -
4. / R(x)e™dx = j2r Z Res[R(z)e™, z] Z.'l . Z.g
S , z,
NB. If a < 0, use the Iower half disk instead. "



Jordan’s Lemma

Lemma. Suppose f(z) is continuous on Y
D={z:R<|z] < o0,Imz>0}. If
lim f(z) =0,anda > 0, then

D>z—00
lim [ f(z)é“dz =0
r—00 C,

><V

where C, is z(t) = ré’, r > R, 0 € [0, 7. —r —R R T
Proof. Let 7, = [ f(z)e/“dz and M, = max.cc, |f(z)|- Then

. . w/2 .
|Ir| < / V(Z)elaz|ds < Mr/ e arsint g 2Mr/ e—rsint o
0

Using sin§ > 26 for 6 < [0, 2] and llmM =0,

™™,
a

1| < 2Mr/ e 0rd) = (1—e)—0,asr— oo
0

NB. If a < 0, the lemma still holds if we replace D and C, by
{z:R< |zl <oo,lImz<0}and z(t) = re ™, r > R, 0 € [0, 7).



Example

Evaluate I = / );Siﬂd wherea > 0
o X*+a?

Solution. R(z) = -—— has two simple poles at z = Lja. The

pole ja is in the upper half plane,

Res[R(z)€", ja] = lim(z — ja)R(z)e" =

—ja 2

Thus

e’e] ejx )
/ x2x+ sdx = j27 Res[R(z)€", ja] = jme

Since 4124 is even,

1 [ xsinx 1 &
I=— T dx=—=Im ——  _dx=—e
2/00x2+azx 2 /Oox2+a2x 2¢



Example

Find the inverse CTFT of X (jw) = 5, where a > 0
Solution. x(1) = % /C: - jjwejwdw
R(z) = - j—jz has a simple poles at z = ja in the upper half plane.
Fort >0, C, g
x(1) = % /OO R(w)e™'dw = jRes[R(z)e™, ja) Ja .

—00 |

= jlim(z — ja)R(z)e = e
7—ja

For r < 0, R(z) is analytic in the lower half plane, P %y
SO r T

x(t) = / R(w)e!duo — 0 W ¥
27 J_
Therefore, x(t) = e~ “u(t). G
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2. Z-transform



Z-transform
Recall the response of a DT LTI system to the input x[n] = 7" is
yln] = (xx h)[n] = H(z)Z"
where & is the impulse response of the system and

[e.9]

H(z)= ) hlkz™

k=—00
The system function H(z) is called the z-transform of &.

In general, the z-transform of a DT signal x[n] is

also denoted by

X =2Z{x}, or x[n] <+ X(2)



Z-transform
Note

X(z) = Z x[nlz™" = Z cnd"

n—=——oo n=—oo

is a Laurent series at z = 0 whose coefficient for 7" is ¢, = x[—n].

As a Laurent series, the z-transform converges on an annulus
centered at z = 0, called its region of convergence (ROC)

Relation with DTFT

z=reé¥ = X(re") Z {x[n]r~"}e " = F{x[n]r "}

n=—oo

If the ROC includes the unit circle, setting r = 1 yields

X(2)] o = X() = F{x}(e")

z:@fw



Example

For x[n] = a"uln],

X pu— n,—n pu— pumm
2) gaz l—az7!' z—a’
with ROC |z| > |4|.
If |a| < 1, the ROC contains the unit circle,

B 1

1 —ae v

FlxH(e) = X(e)
If |a| > 1, the DTFT does not exist.
If |a| = 1, the DTFT exists as a distribution,

Fla}(e™) # X(2)] e
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Example

For x[n] = —a"u|—n — 1],

—1 "’ ~‘\
) 1 . p /‘\ .
X ) — — anz n et —= s l' 1
( ) n:z:oo 1 _az_l Z—a T \‘i}ax_ Re
with ROC |z| < |a|. e .

If |a| > 1, the ROC contains the unit circle,

X(e¥) = —

1 —age v

Fix}(e™)

If |a| < 1, the DTFT does not exist.

If |a] = 1, the DTFT exists as a distribution,

F{x}(e) # X(2)|




Importance of ROC

xi[n]

x[n] = —d"ul—n—1] RN X,(z) = L,
Z—a
Different signals can have the same X(z)
but different ROCs, consistent with the
fact a function has different Laurent
series in different annuli of analyticity.

Always specify ROC for z-transforms!

dufn] + Xi(@) = ——. d > al




7 6
T R v
g

(1 =327 (1 =327

2z = 3)

(z—3)z—3)
with ROC 2| > 1.

1
R = limsup v/|x[n]| = 5

n—oo




Example

with ROC || > 1.

Simple poles at z =

A simple zeroatz =10

By (=1,X() =
zero at oo.




Rational Transforms
A rational transform X has the following form

N(z)
X(z) = —=
where N, D are polynomials that are coprime, i.e. they have no
common factors of degree > 1.

By the Fundamental Theorem of Algebra,

X(z) = Hk (2 — )
Hk 12— pe)
with the convention []}_, - = 1.
® 7,,...,z, are the finite zeros of X
® pi,...,pn are the finite poles of X

e If n > m, X has a pole of order n — m at oo
e |f n < m, X has a zero of order m — n at co



Rational Transforms

A rational function X is determined by its zeros and poles in C,
including their orders, up to a multiplicative constant factor.

A rational z-transform is determined by its pole-zero plot and
ROC, up to a multiplicative constant factor.

Example. Im

(z+2)(z — &%)

X(Z):A 3 1 37 T
(= - teF)e—2e7)

Four possibilities for ROC
° |zl <1/2
° 1/2< 7/ <3/2
®3/2<z] <2
® 2 <zl <0

Re



Properties of ROC

e The ROC' of X(z) is an annulus R, < |z] < R,
* X(z) is analytic in the ROC
e [f x is of finite duration, then R, = 0 and R, =

N>
X(z) = Z x[n]z™",  where x[N,] # 0,x[N,] #0
n=N;
> if x causal, i.e. Ny > 0, ROC = C \ {0}
» if x is anticausal, i.e. N, <0, ROC = C

» if x is neither causal nor anticausal, ROC = C \ {0}

X may also converge at some points on the boundary, but for
simplicity, we do not include them in the ROC, except for 0 and oc.



Properties of ROC
e If x[n] is left-sided, then R, =0
e If x[n] is right-sided, then R, = oo

e If x[n] is two-sided, then R, > 0 and R, < o0

Im Im Im

1'—— .N‘\ I’—— ~~‘\
I"-\\ / K /! I"-\\ k

1 1
1 ] Re T — Re — +—— Re
\~.—' A " Y \N-'l 'l

\~ ’I \\ ’,

left-sided right-sided

two-sided



Properties of ROC

e If X(z) is rational, the ROC is bounded by poles or extends
to 0 (inward) or co (outward).

Im
e If x[n] is also right-sided, then

R, = 0o and R, = maxy |px|, A\

where p, are the poles in C, / [
e.g. region IV Il
(X“ Re
e If x[n] is also left-sided, then
R, =0 and R, = miny ’pk|,

where p, are the poles in
C\ {0}, e.g. region |




Inverse Z-transform

Recall x[n| is the coefficient of z7" in the Laurent series of X(z),

oo o0

X(2)= Y xnle" = ) e

n=—00 n=—0o0

For any positively oriented circle C centered at 0 in the ROC,

1 X(z) 1 »
=C_y, = — —d = —_— X n d
i = jzvr/cz"“ : jzw/c (@) dz

which can be evaluated directly or using the Residue Theorem.

Alternatively, we can use any other method to find the Laurent
series expansion of X(z), e.g. partial fraction expansion, and
power series expansion for some known functions.

Remember x[n| is the coefficient of ", not 7!
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3. Properties of Z-transform



Properties of Z-transform
Linearity

d x[n] +2 X(z) with ROC;

y[n] +2— Y(z) with ROC,
then
ax[n] + by[n] RN aX(z) + bY(z) with ROC > ROC,n ROC,

Time shifting

If
x[n] PN X(z), Ri<|zl <Ry

then .
x[n—no) +——z27"X(z), R <|zl <R,

NB. The convergence property at 0 and oo may change.



Properties of Z-transform

Scaling in the z-domain

If
xn] « 25 X(2), R <7 <R

then for zo # 0,
Z

Zox[n] Eax (5)

|20|R1 < |2| < |20|R>

Time reversal
If

Xn] «2=X(z), R <[z <R
then
1

Z 1 1
—n|+— X , — <zl < =
x[-n] @), <<z



Properties of Z-transform
Time expansion

Recall the time expansion of x is

o] = {x[n/k], if k | n

0, otherwise

If 2

xn| +—— X(z), R <|z7] <Ry
then .

X 1] s X(), R:/k <|7] < R;/k

Conjugation
If 2

x[n] «——X(z), Ri <z <R,
then

[n] «2 X*(2), Ry < |z <R



Properties of Z-transform
Differentiation in the z-domain

If
x[n] @X(z), R <zl <R,

then . d
nx[n] «—— —zd—ZX(z), R, < l|z]| <Ry

This follows from term-by-term differentiation of Laurent series.

Example. 1 >
—— =) d7z", |z >]a
1 —az —
d 1 - n_—n—1
1 a1 Z(—”)a AN e
dz1—az —~
-1 o)
az d 1 -
(e~ gl a2 >l

n=0



Properties of Z-transform

Initial Value Theorem. If x is causal, i.e. x[n] = 0 for n < 0, then

x[0] = lim X(2)
Proof.
lim X(z) = lim Zx[n]z_" =lim Y x[n]C" © X1(0) = x[0]
z—00 z—00 p— ¢—0 —0

where (x) follows from the continuity of X,(¢) = > 7 x[n]¢".

We can verify



Properties of Z-transform

Final Value Theorem. If x is causal, and the ROC contains the

unit circle, then
lim x[n] = lim(z — 1)X(z)

Proof. o o
(z=1X(@)=(E-1) Zx = 2{0] + ) (xln + 1] = x[n])z”™"
Letz — 1, .
lim(z — DX (2 Y x(0] + > (aln+ 1] = xfn))
= x[0] —1—1\}51010 - (x[n+ 1] —x[n]) = A}grgox[N}

where (x) follows from the uniform convergence of the series.
NB. The condition can be relaxed by Abel’s Theorem.



Properties of Z-transform
Convolution property

If
x[n] +2 X(z) with ROC,

y[n] <2 ¥(z) with ROC,

then

(x*y)[n] +2 X(z)Y(z) with ROC > ROC;n ROC,
Proof.

XOY@ = 3 3 slalylmlz o =kfj e

Collecting terms of the same power z7*

o

clk= Y xlnlyim] = ) alnlylk —n] = (x * y)[k

n+m=k n=-—o00
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4. Analysis of DT LTI Systems by Z-transform



DT System Function
Recall the response of a DT LTI system to the input x[n] is
yln] = (x* h)[n]
where h is the impulse response of the system.
If x and h have z-transforms, the convolution property implies
Y(z) = X(z)H(z)

in their common ROC.

If the ROC has a nonempty interior point, the system function
(aka transfer function) H(z) uniquely determines i and hence
system properties through the Laurent series expansion



Causality

Recall & is right-sided iff the ROC of H(z) is the exterior of a
circle,i.e. R; < |z] < >

n=N1

The following conditions are equivalent
1. Ny >0
2. H(z™') = Y h[n]z" is a convergent power series on |z| < ar
n=N|
0 is a removable singularity of H(z™!)
oo is removable singularity of H(z)
lim H(z~') exists and is finite
z—0

I o

lim H(z) exists and is finite?

Z—00

2This is the more precise statement of oo € ROC.



Causality

An LTI system with system function H(z) is causal iff
1. the ROC is the exterior of a circle
2. lim H(z) exists and is finite
Z—00

causal <= ROC is the exterior of a circle including oo

An LTI system with rational system function H(z) = % is causal
iff

1. the ROC is |z] > |p|, where p is the outermost pole

2. degD > degN

Example. H(z) = 5 ;EZ;‘%Z cannot be the system function of a
causal system.




Stability
Recall an LTI system is stable iff its impulse response i € /4, i.e.

Z |h[n]| < co

i.e. H(z) converges absolutely on the unit circle |z| = 1, so its
ROC R, < |z] < R, must satisfy R; < 1 < R,.

stable <= ROC includes the unit circle |z| = 1

A causal LTI system with rational system function H(z) is stable
iff all its poles are inside the unit circle.

Example. A causal system with H(z) = ——; is stable iff |a| < 1

l—az—!

Example. A system with H(z) = ;—— where |a| > 1 and ROC
|z| < |a| is also stable, but it is noncausal.
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