Fast Fourier Transform

Polynomial Multiplications and Fast Fourier Transform |



Polynomial Multiplication

et = - —e—

= Problem: Given two polynomials p(x) and q(x) with degree
=d =1 compute its product r(x) = p(x)q(x).

. Each polynomial is encoded by its coefficients:
o) al-xf > (g O )
- q(x) = Y55 bixt > (b, by, .., bg_1)

= Need to compute

Sdmi i
r(x) = 2 c;xt where ¢; = 2 a b;_j
i=0 | k=0

= Naive computation: 0(d?)



Polynomial Multiplication

E————

' leen p(x) = Y& a;xt and g(x) =Y b xt

Compute ’r(x)'— lZdO 2¢;xt where ¢; =YL _,ay bi_g,

« Class Discussion: Can we do better than 0(d2)?.



Divide and Cohquer

- Adapt Karatsuba Algorithm

= Assume d is an integer power of 2.

; d
= Write p(x) = p,(x) + p,(x) 'CJlCE where :

pr(x) =ay+a;x+-+ag x2 ' and p,(x) = 07 Tla Lok A= X2 .
7_1 : : 5 §+1
d
= Similarly, write q(x) = q;(x) + q2(x) - x2

1

: .
- Then, r = p1q; + (p1G2 + P291)x2 + pq,x%. We need to compute -

P141, (P12 + P2q1), P24>



Adapting Karatsuba Algorithm |

et = - —e—

* Need to compute p;q1, p2q2, and p1q; + pP2q1

* (0142 + P2q1) = (1 +P2) (@1 + 42) — P11 — P22

« Compute

- P191
- P29z
- (p1 + p2)(q1 + q2)

= One size-d multiplication = Three sizé—g multiplications

= Time Complexity
T(d) =3T (g) +0(d) = T(d) = o(dlogz 3)



Fast Fourier Transform‘(FFT) |

——— = - —

= In this lecture, we will learn a new divide and conquer
- algorithm with time complexity 0(dlogd)!

= Fast Fourier Transform (FFT)
= Polynomial Interpolation

= Complex Numbers



Another Interpretation of A Polynomial

N - — - ——

Polynomial Interpolation

Represent a polynomial p(x) of degree d — 1 by d points
' (“0»29(“0)) (%:P(Cﬁ)) (“d 1, P(ag- 1))

where ay, a4, ..., ag_, are distinct.



Framework for FFT

= Interpolation Step (FFT):
- Choose 2d - 1 distinct numbers g, a4, ..., @34_,, and
- compute the values of p(ay), p(a1), ..., p(@24-2), 9(@0),q(@1), ..., q(A24-2)

= Multiplication Step:
- Foreachi=01,..,2d — 2, compute r(a;) = p(a;)q(a;)
— Obtain interpolation for r(x): (@, r(ay)), (a1, 7(a)), .., (@zq—2, 7(@24_2))

= Recovery Step (inverse FFT):

- Recover (cy, ¢y, ..., C2q—2), the polynomial r(x) = Y242 c;x!, from the
interpolation obtained in the previous step.



Fram_ework'fo'rFFT =

R — - - __

p(x) = ,a.(j PO X -I—"ad_-lxd"l

g0 = by by + ok by_yxt!

Objéctive

-

“Interpolation Step
(FFT)

(“0: P(ao))'; (al, P(Cﬁ))» T (“2d—2; p(azd—z))

(“0; Q(a.o)): (“1: CI(“1)); ) (“2d—2: CI(C_YZd—z))

)

Multiplication

r(x) = p(x) - q(x)

=CpF Xt F oy x2hrt

~ Recovery Step
(Inverse FFT)

(“0» 7"(“0))» (“1: 7‘(@1)); Ty (“éd—z» T(azd—'z))

r(a;) = P(“i)CI(“i)_




Before we move on...

:-‘ = - 7_ —

= Let's prove that d distinct points can indeed uniquely
- determine a polynomial of degree d — 1.

Interpolation Theorem. Given d points (xq, yo), (X1, V1), .. (Xg-1, Ya—1)
such that x; # x; for any i # j, there exists a unique polynomial p(x)
with degree at most d — 1 such that p(x;) = y; for each i.



Proof of Interpolation Theorem

— = - — . e

= Let p(x) = X% L a, xt. We have y; = Y41 q, x! for each i.

Yo L B xb o o Fees
N e R
2 2 o d-tlatldy

| YVd-1. BER T e Xgoq | T ed

- We want to show: (ay,ay, ..., a,;_,) satisfying the above
equation is unique. |

» The yellow matrix is a Vandermonde matrix with determinant
[To<i<j<a—1(xj — x;), which is nonzero given x; # x;.

= Uniqueness is proved: y = Xa=a = X'y



Step 1: Interpolation

Interpolation Step (FFT):

Choose 2d — 1 distinct numbers a,, ay, ..., a34_2, and
compute the values of p(ay), p(@1), ., P(@2q-2), (@), q(ar), -, q(A2q-2)



Interpolation Step

Interpolation Step (FFT):
- Choose 2d - 1 distinct numbers g, a4, ..., @34_,, and
- compute the values of p(ay), p(@1), ..., p(@2q-2), q(ap), q(a1), -, q(@24_2)

Computing each p(«a;) or q(a;) requires 0(d) time.

We need to compute 4d — 2 of them.

Overall time complexity: 0(d?).

-+ Can we do faster by divide and conquer?



elpals Notations

= letD =2d —1.

= Assume D is an integer power of 2.

= Interpolation Step (FFT):
- Choose D distinct numbers ay, a4, ..., ap_4, and
- compute the values of p(ay), p(ay), ..., p(ap_1), q(ay), q(ay), ..., q(ap_1)



A Naive Divide and Conquer Algorithm

E——

= = —_— —————

‘Left-right decomposmon p(al) =p,(a;) + py(a;) - a

 - Compute p;(a;) and p,(a;) recursively.
» Time complexity: T(D) = 2T (%) +0(1) = T(D) = 0(D)
- No faster than direct computation! |

= Reason: no sophistication in itl We merely compute the D—1
additions in different order...



Lesson we learned

S = - —_— - — —— - = -

« Computing each p(«;) requires 0(D) time.
- - We need to compute D — 1 additions, and there is no way
to simplify it!

= We need to choose «y, @4, ..., ap_; In a clever way
so that, for example, p(a;) and p(a;) can be
computed together! '



An ldea toCo'mpute p(ay) and p(ay) Togéther

S ———— —

= Instead of the “left-right decomposition”, we use “even-odd
- decomposition”:
| - p() =pe(x?) +x - po(x?)

where
D—-2

px) =ag+ax+a x>+ -+ap ,x 2

D-2
p,(x) =ay + azx +asx* + -+ ap_1x 2

- Choose a, and a, such that a; = —a,. We have
pe(a(z)) = pe(“%) and _ po(a(z)) o po(“%)

————— s —



An ldea toCo'mpute p(ay) And p(aq) Tog’ether'

e —= ———— = — — $

p(ay) = pe(ad) + ag p,(af)

e p e ) e b )

: - : =D :
Two size-D computations — feur two size-— computations, great!



A Divide and Conquer Attempt

S ——— = - — = - — ———— = — = S

- ChOOSG Xog, X1, .-, Ap_1 SUCh that Xop = —Uq, Xy = —U3, ...,. Ap_9p = —Up_1.

. Compute p,(af), pe(a3), .., Pe(ah ) and po(ad), po(a3), ..., po(ah _2)
recursively.

. Foreachi=0,,..,D — 1, compute p(a;) = p.(a) + a; - po(af).
= Let T(D) be the time complexity for computing p(ay), p(ay), ...,p(ap_1). |
- Step 2 above requires 2T (g) time.

- Step 3 above require 0(D) time.

= Overall time complexity: T(D) = 2T (g) + 0(D) = T(D) = 0(DlogD)



Are We Done?

1.' ChOOSG Xog, X1, ...-, aD_i' SUCh that Xo = —Adq, Ay = —U3y .... Ap_9 = —Up_1.
/\ nz . (03),0e(a3), .., e (@B—2) and po(a3), po(@3), .., Po(@h_)

3. i=0,1,..,D—1, compute p(a;) = pe(aiz) + q; -po(aiz). |
NO! |
To compute p,(a?), p.(a2), ..., p.(a3_,) “recursively”, we need that

a e ms oo v

ao — —C(4, (18 — _a16, et : C(D_g — faD_4

and so on...

We need complex numbers!

e— . - - —_— . pa MR & STV e e i 4



Complex Numbers

= z=a+ bi
- - a:real part
- b:imaginary part
- i = v/—1: imaginary unit

» Polar form: z = r(cos 8 + i sin8)
- r: the length of the 2-dimensional vector (a, b)
- 6: the angle between the vector (a, b) and the x-axis (the real axis)

« Euler's formula: z = r(cos 8 + i sin@) =r - %



Squares and Square Roots of Unit Length
Complex Numbers

e = x = - - — Do ieSes — e s

= The square of €% is e2%': we have just rotated e by an
~ angle 6. |

. Two complex numbers of unit length opposite to each
other have the same square:

(e(9+n)i)2 S 20E om0 (-eei)z

. 0, & N
 The square roots of e are ez' and e(z_+”)‘

e

e




Example for D = 8

Level 0

Level 1

8 [cvel 2

N Tcvel 3




Example for D = 8

1T . T . 371T.

b : il e
wo =1, w, = e4, w, =e2, w3 =e4
571T. 37TT. 7T .

- l l l
Wy e ws =e 4, Wg=e€2, W, = e 4




Interpolation: Putting Together

— - = - e —

| Algorithm 1: Fast Fourier Transform

27T,

| FFT(p, w): [l pisapolynomial of degree D —1and w = D'
1. if w = 1, return (p(1));

' D-2
2. Pe(X) = agp + ax + a4x2 + e+ aD_ZxT

' D-2
3.00(x) = a; + azx + a5x2 R aD—le_

4 (Pe(@®), pe(@?), ..., pe(WP™2)) « FFT(pe, w?);

5. (Po (@), Do (@), ..., Po(WP™2)) « FFT(p,, w?);
6.fort=0,1,..,D — 1:

/- p(wt) = pe(th) + - po(th)

' | 8. endfor '

9. return (p(w?), p(w?), ..., p(wP~1));




Time CompIeXity for Interpolation Step

E——

= Let T(D) be the time complexity for computing FFT(p, w),
- where p has degree D — 1.

. We have T(D) = 2T (2) ek

= Interpolation step requires T(D) = 0(d logd) tim_e. |



Fram_ework'fo'rFFT =

R — - - __

p(x) = ,a.(j PO X -I—"ad_-lxd"l

g0 = by by + ok by_yxt!

Objéctive

-

Interpolation S
(FFT)

0(dlogd)

(“0: P(ao))'; (al, P(Cﬁ))» T (“2d—2; p(azd—z))

(“0; Q(a.o)): (“1: CI(“1)); ) (“2d—2: CI(C_YZd—z))

)

Multiplication

r(x) = p(x) - q(x)

=CpF Xt F oy x2hrt

~ Recovery Step
(Inverse FFT)

(“0» 7"(“0))» (“1: 7‘(@1)); Ty (“éd—z» T(azd—'z))

r(a;) = P(“i)CI(“i)_




Step 2: Multiplication

Multiplication Step: |
For eachi = 0,1, ...,2d — 2, compute r(a;) = p(a;)q(a;)
Obtain interpolation for r(x): (ag, (o)), (a1, 7(ar)), .., (@2q-2,7(@24-2))



It's easy! Just compute it one-by-one...

et = - —

= Foreachi=0,1, 2d — 2, compute r(a;) = p(a;)q(a;)
= Time complexity: 0(d)



Fram_ework'fo'r_FFT =

R —

p(x) = ,a.(j PO X -I—"ad_-lxd"l

@G0 = by + by - bg_yxd1

Interpolation S
(FFT)

0(dlogd)

(“0: P(ao))'; (al, P(Cﬁ))» T (“2d—2; p(azd—z))

(“0; Q(a.o)): (“1: CI(“1)); ) (“2d—2: CI(C_YZd—z))

= S ———

Objective

-

'

0(d)

r(x) = p(x) - q(x)

=CpF Xt F oy x2hrt

~ Recovery Step
(Inverse FFT)

(ao» T(“o))» (“1: T(CF1)); Ty (“éd—z» T(azd—'z).)




Step 3: Recovery i

Recovery Step (inverse FFT):
2d-2

Recover (cy, ¢y, ..., C24—>), the polynomial r(x) = Y2454 ¢;x*, from the
interpolation obtained in the previous step.



We Have Interpolation‘of r(x) Now...

E——

= We have (1,72‘(1)), (w,7()), (0% r(@?)), ..., (WP, r(wP1)), |
~ where w = ed"..

= (1)
r(w)

| r(w?)

_r(a);)‘l)_

1

|
1

W w2
2 4

1 101 € T

wP™t | &1
2@ || ¢

w@-DO-1] lcp 4]

What we want...

e —



Complex Matrices Recap

e— . - - —_— . pa MR &~ e e i !

The complex conjugate of z = a + bi is z = a — bi.

‘Given two complex vectors a,b € C*, their inner product is

- fa by = ZF b,

a,b are orthogonal if (a,b) = 0; a,b are orthonormal if (a, b) =0 and -
(a,a) = (b,b) = 1. -

A square matrix A is an orthonormal (unitary) matrix if every pair of
its columns is orthonormal.

- If columns are pairwise orthonormal, so are the rows.

Conjugate transpose of 4, denoted by 4%, is defined as (4%); ; = 4; ;.

If A is an orthonormal, then A4 is invertible and A=1 = A*.



Let's come baCk...

We have (1, r(l)) (a) r(a))) (w? r(a)z)) L

~ where w = eD
o r(r
r(w)

| 7(w?)

_r(a);)‘l)_

EE———

(@)

A: C = CP*D is 3 function.




Proposition. \/%A(a)) Is orthonormal for w = eD".

— - : ——— : e e s

Proof.

Let €0, € be two arbltrary columns of fA(w)

Cl,CJ Z— wk-D0-1) . w(k 1)(J-1) — zw(k 1)(j—1)

By _1 D T
. Ifl—], we have (ci,cj)—B e D —1,

= If i #j, then | /a)D alne
~ L U=0D ' |
Ew(k Nt 1 0

D 1l=ai=t—

(c;, c]

= Thus, —DA(a)) IS orthonormal.



Invertlng A(a))

——— - —

 Theorem. If 4 is an orthonormal then A IS mvertlble and A1

TL'

2
o Proposmon —A(a)) IS orthonormal for w = eD

\/_
- We have

e L _121 1= _121 =
A(w) —<\/5 T A(w)) \/5(\/5 A(w)) | ﬁ(\/ﬁ ()

» Therefore,

(A@) ™), = —(A<w>) = w-ﬁ DD = = (w-1><i-1><f-1>,

which implies

= A(w™).

Alw)™1 -~

= A”.



Putting T — % - A(w™1) back

>, ' V— 4 =5 i ——— = — = - = -

= e

c1 | r(w)

L | e -

:2 = (™) - r(cf) )
Cp—1. _r(a)b_l)_

= This is very similar to the first step!

= Let s(x) be a polynomial with coefficients (1), r(w), ...r(w”~1).
Can we just apply FFT(s,w™1)?

B E s s just the same as (0!, w?, ..., 0P~D) with
a clockwise orientation!

- Yes, we can just apply FFT(s, ™1)!



Fram_ework'fo'r_FFT =

R —

p(x) = ,a.(j PO X -I—"ad_-lxd"l

@G0 = by + by - bg_yxd1

Interpolation S
(FFT)

0(dlogd)

(“0: P(ao))'; (al, P(Cﬁ))» T (“2d—2; p(azd—z))

(“0; Q(a.o)): (“1: CI(“1)); ) (“2d—2: CI(C_YZd—z))

= S ———

Objective

-

'

0(d)

r(x) = p(x) - q(x)

=CpF Xt F oy x2hrt

Recovery Ste |
~ (Inverse FFT

0(d logd)

(ao» T(“o))» (“1: T(CF1)); Ty (“éd—z» T(azd—'z).)




Putting 3 Steps Together



Putting Three Steps Together

e - —

| Algorithm 2: Polynomial multiplication by FFT

Multiply(p, q):

/] v, q are two polynomials with degrees at most d

: St : D
1. let D be the smallest integer power of 2 such that d < Y

27T,

2. letw =eD";

3 (pO) P1, ---;pb—l) o FFT(p' (1)), // where pbi = p(a)l)

4.(q0,q1, -, qp-1) < FFT(q, w); [l where q; = q(wi)
| 5.foreacht =0,1,...,D — 1: "compute e < Pe " qs

6detsln) = X Lt

7. (€, €1y s Cp—q1) « FFT(s, w™1);

18.letr(x) = ?;01% i

‘1 9. returnr;




Overall Time Complexity

——— - = - —

O(dlogd) + 0(d) + O(dlogd) = O(dlogd)






Three Steps:

R — - - __

p(x) = ,a.(j + ax + - -I%’ad_-lxd"l

g0 = by by + ok by_yxt!

Objéctive

-

Interpolation Step
(FFT)

(“0: P(ao))'; (al, P(Cﬁ))» T (“2d—2; P(azd—z))

(%; Q(a.o)): (“1: CI(“1)); ) (a2d—2: Q(CFZd—z))

S

Multiplication

r(x) = p(x) - q(x)

=CpF Xt F oy x2hrt

~ Recovery Step
(Inverse FFT)

(“0» 7"(“0))» (“1: 7‘(@1)); Ty (“‘Zd—z: T(“zd—é))

r(a;) = P(“i)CI(“i)_




Step 1: InterpOIation

Naive computation: 0(d?)

Even-odd decomposition: p(x) =
pe(xz) +Xx- po(xz)
D

“Tree structure” for a;, af?, af, ..., a;

Choose a; = w' where w = ep"

FFT to compute p = A(w) - a and
q=A(w)-b

p(x) =ap+a;x+ - +ag_(x%1

q(x) = by + byx + -+ by_,x9°1

‘ _Interpolation Step
(FFT)

(Ofo: P(“o))» (“1» P(“fl)): e (a2d—2_» P(“2d—2))

(@0, 4(@0)), (a1, (@), -, (-2, 4(@24-2))



Step 2: Multiplication ‘

S — - S

. Just perform 2d — 1 normal complex number multiplications.

(“0: P(ao)); (“1; P(“1))» ey (“201—2; P(azd—z))

(%; Q(“’o)): (a1: CI(051)); ) (“2d—2: Q(qu—Z))

)

Multiplication

(ao; 7‘(“0))» (“1» 7‘(6?1)); e (a'Zd—Z: T(azd—lz))

r(a;) = pla;)q(a;)




Step 3: Recovéry

E——

» We have r = A(w) - ¢, and we want
- to recover ¢ from r and A(w).

» Nice property of A:

Alw) ! = % -A(w™1)

. Thus c=-= A(w‘l) r, and we can
compute A(w Y- r by FFT again.

r(x) =px) - q(x)

e P bl o x 1 0E2

Recovery Step
(Inverse FFT)

(050; 7”(“0))» (051» 7‘(“1)); e (“éd—z» T(“zd—z))



Polynomial Multiplications vs Integer
Multiplications

N - — - ——

»23341=2X104+3X103+3X102+4X10+1

plx) =2x— k3% -+ 3x° +4x +1
. D'onnomiaIs and integers are similar!

» Perhaps the only difference in multiplications is “carry”.

= FFT-based algorithms for integer multiplications:
- Schonhage-Strassen (1971): 0(nlognloglogn) |
~ Furer (2007): O(nlognlog* n)

- Harvey and van der Hoeven (2019): 0(nlogn)



