t‘)

Check for
updates

Characterizing the Influence of Topology on
Graph Learning Tasks

Kailong Wu', Yule Xie!, Jiaxin Ding!'D<, Yuxiang Ren?, Luoyi Fu!, Xinbing
Wang!, and Chenghu Zhou!

! Shanghai Jiao Tong University Shenzhen, China
{1473686097, xyl-alter, jiaxinding, yiluofu, xwang8}@sjtu.edu.cn,
zhouchsjtu@gmail.com
2 2012 Laboratories, Huawei Technologies Shenzhen, China

renyuxiangl@huawei.com

Abstract. Graph neural networks (GNN) have achieved remarkable
success in a wide range of tasks by encoding features combined with
topology to create effective representations. However, the fundamental
problem of understanding and analyzing how graph topology influences
the performance of learning models on downstream tasks has not yet
been well understood. In this paper, we propose a metric, Topolnf, which
characterizes the influence of graph topology by measuring the level of
compatibility between the topological information of graph data and
downstream task objectives. We provide analysis based on the decoupled
GNNs5 on the contextual stochastic block model to demonstrate the effec-
tiveness of the metric. Through extensive experiments, we demonstrate
that Topolnf is an effective metric for measuring topological influence
on corresponding tasks and can be further leveraged to enhance graph
learning.
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1 Introduction

Graph neural networks (GNNs) have emerged as state-of-the-art models to learn
graph representation by the message-passing mechanism over graph topology for
downstream tasks, such as node classification, link prediction, etc. [12, 3, 18].
Despite their success, GNNs are vulnerable to the compatibility between
graph topology and graph tasks [14,9]. In essence, the effectiveness of the
message-passing mechanism and, by extension, the performance of GNNs de-
pends on the assumption that the way information is propagated and aggregated
in the graph neural networks should be conducive to the downstream tasks. First,
if the underlying motivation of graph topology, why two nodes get connected,
has no relation to the downstream task, such task-irrelevant topology can hurt
the information aggregation per se. For example, in a random graph that lacks
meaningful clusters, graph learning becomes impossible in community detection
tasks. Furthermore, GNNs may even be outperformed by multilayer perceptrons
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(MLP) on graphs exhibiting heterophily [31, 32]. Second, even if the motivation
for connections is compatible with tasks, graphs in real-world applications are
usually inherent with “noisy” edges or incompleteness, due to error-prone data
collection. This topological noise can also affect the effectiveness of message
passing. Third, the vulnerability of GNNs to compatibility varies across models
due to differences in their message-passing mechanisms. For example, GCN [12]
may not be as effective on heterophilic graphs. However, H2GCN [32] is able
to mitigate the heterophilic problem, with specially designed message passing.
Furthermore, even the same model with different hyperparameters of network
layers can also exhibit different vulnerabilities, since the reception fields of the
neighborhoods are different. All this, there is a natural question to ask: What is
the metric for the compatibility between graph topology and graph learning tasks?

This question, which is essential for choosing a graph learning model to deploy
over a graph for downstream tasks, has not yet been systematically characterized.
Existing work focuses on measuring homophily [17, 32, 24] or edge signal-to-noise
ratio [9], based on the discrepancy of nodes and their neighbors in features or
labels without considering graph learning models. Therefore, the results of these
metrics can be an indicator of the performance of GCN-like models but can-
not be generalized to more recently developed GNN models and guide topology
modification to improve the performance of these models. From the above anal-
ysis, we would like to investigate the compatibility between topology and tasks
associated with graph learning models globally, and locally, the influence from
each edge, either positive or negative, can be used to adjust the topology to in-
crease or decrease the performance. Answering this question can help us better
understand graph learning, increase the interpretability of learning models, and
shed light on improving model performance.

We first propose a metric for model-dependent compatibility between topol-
ogy and graph tasks, measured by the difference between the “ideal” results,
labels, and the result of the models performing on the “ideal” features. There-
after, we introduce a metric Topolnf, to locally characterize the influence of each
edge on the overall compatibility, by evaluating the change of such compatibility
after topology perturbation. We provide motivating analysis based on the decou-
pled GNNs [13,8] on ¢SBMs [7] to validate the effectiveness of the metric and
demonstrate that Topolnf is an effective metric through extensive experiments.

Our main contributions can be summarized as follows:

— To the best of our knowledge, we are the first to measure compatibility
between graph topology and learning tasks associated with graph models.

— We propose a new metric, Topolnf, to measure the influence of edges on
the performance of GNN models in node classification tasks, and conduct
extensive experiments to validate the effectiveness.

— The proposed Topolnf can be leveraged to improve performance by modify-
ing the topology on different GNN models, and such a scheme can be applied
further to different scenarios.
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2 Preliminaries

Notations. We denote an undirected graph as G = (V,&,A), where V is
the node set with cardinality |V| = n, £ is the edge set without self-loop, and
A € R™™" is the symmetric adjacency matrix with A;; = 1 when e;; € &
otherwise A; ; = 0. D denotes the diagonal degree matrix of G where D; ; = d;,
the degree of node v;. We use A=A+TIto represent the adjacency matrix
with self-loops and D = D + I. The symmetric normalized adjacency matrix is

A= D_l/zAﬁ_l/Z. For node classification with ¢ classes, L € R™*¢ denotes the
label matrix, whose i*" row represents the one-hot encoding of node v;, while
X € R**4 ig the feature matrix, whose i** row X;,: represents a d-dimensional
feature vector of node v;.

Graph Filters. Recent studies show that GNN models, such as ChebNet [6],
APPNP [13] and GPRGNN [4], can be viewed as operations of polynomial graph
spectral filters. Specifically, the effect of such GNN models on a graph signal

x € R™ ! can be formulated as graph spectral filtering operation f(A) based

on adjacency matrix A, such that f(A)x = ZkK:O fykAkx, where A is the nor-
malized adjacency matrix, K is the order of the graph filter and ~;’s are the
weights, which can be assigned [26, 13] or learned [4, 11]. The graph filter can be
extracted as the effect of topology associated with GNN models.

Decoupled GNN. Recent works [13,29, 8] show that neighborhood aggre-
gation and feature transformation can be decoupled and formulate the graph

learning tasks as .
L = softmax (f(A)g, (X)) (1)

where the prediction L can be obtained by operating on graph feature matrix
X, through the feature transformation function g,(-) with learnable parameters,
thereafter applying the graph filter f(A) acting as the neighborhood aggrega-
tion, and finally passing through a softmax layer.

3 Methodology

In this section, we present our methodology to study the influence of topology
on graph learning tasks. We evaluate the global compatibility between graph
topology and tasks, and propose our metric, Topolnf.

3.1 Matching graph topology and tasks

We first relate the graph topology to the graph tasks. Thanks to the graph filters
in the preliminaries, the influence of the graph topology on a GNN model can
be simplified and approximated as a graph filter f(A). f(A) can be viewed as
a graph filter function f(-) : R™*™ — R™*™ applied to the adjacency matrix A
of the observed graph. With the decoupling analysis of GNN, the prediction is
obtained by f(A) working on prediction results g,(X) based on feature matrix
X through graph learning models [5,29, 8|, where g,(X) on X can be viewed
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as extracting task-related information in X and ideally, one of the best predic-
tions on X could be the label matrix L. Therefore, we replace the functions
with f(A)gy(X) in Equation 1 to be f(A)L, which simplifies the analysis from
features, makes us focus on the labels and graph tasks, and provides an “upper
bound” of the predicted results in the ideal situation. In the next section, we
will provide a motivation analysis for this setting.

Further, instead of applying the softmax function, we perform row-
normalization [9], which normalizes the summation of entries on the same row
to be one, on f(A)L as the prediction as used in previous works [16,9]. The
row-normalized matrix f(A)L provides a summary of the edge statistics at the
individual node level, as each row of f(A)L represents the label neighborhood
distribution of the node, which has direct connections to GNN learning [15].
As RowNorm(f(A)L) = RowNorm(f(A))L, we perform row-normalization on
graph filter f(A), and f(A) is row-normalized in our subsequent analysis.

Therefore, to quantify the compatibility between graph topology and graph
tasks, we propose measuring the similarity between the ideal prediction L and
the graph filter that performs the ideal feature f(A)L. The more similar L and
F(A)L is (f(A)L ~ L for short), the better the graph topology matches the
graph tasks, which we provide a motivating example with mild assumptions to
validate in the next section. This can be understood through various scenarios:

— In graph filtering, the fact that f(A)L ~ L indicates that signals in L,
whether low or high frequency, are well preserved after being filtered by
F(A). This preservation of information suggests a good match between task
labels and the graph topology.

— Considering the concept of the homophily/heterophily, when f(A)L ~ L
means linked nodes described by f(A) likely belong to the same class or
have similar characteristics, which is aligned with the homophily principle.

— In terms of Dirichlet energy, if f(A)L ~ L means low Dirichlet energy of
L w.r.t. the (augmented) normalized Laplacian derived from f(A). This
indicates the smoothness of L on f(A), suggesting a good match between
the graph topology and tasks.

All above, we define Z(A) to quantify the degree of compatibility between
graph topology and graph tasks,

Z(A) = S (Ll f(A)L),

where S(+) is a similarity measurement, which can be chosen according to the re-
quirements of the problem, for example, similarity induced by the inner product
or Euclidean distance.

To find a graph topology that matches the graph tasks well, our goal is
to maximize Z(A) over A. However, Z(A) would be trivially maximized with
f(A) = I, where the graph topology is completely removed. To address this
issue, we introduce a regularization function R(-), which penalizes Z(A) if f(A)
is close to the identity matrix, to minimize the modification of f(A). We also



Characterizing the Influence of Topology on Graph Learning Tasks 39

demonstrate such regularization from the perspective of graph denoising in the
next section. Therefore, the optimization problem is formulated as

max C(A) = Z(A) ~ AR (A) 2)

where \ is a hyperparameter used to balance the trade-off between Z(A) and
R(A). However, there are 2"*™ possible states of A, making the optimization of
C(A) computationally intractable due to its nondifferentiability and combinato-
rial nature. Moreover, the optimization does not consider the original topology.
Therefore, instead of optimizing the problem globally, a more practical and effec-
tive approach is to start with the originally observed graph and locally optimize
it, as we will present in the next subsection.

Now we zoom in the general compatibility to the node level: for every node
v;, we use the node level similarity function Sy () to measure the similarity of
its one-hot label vector L;. and its normalized soft label vector fi,: filtered by
f(A), and node level regularization function R+ (-) to measure the regularization
of its connectivity to other nodes, specifically, the i®" row of f(A). Let Ca (v;)
denote the compatibility between the topology of node v;” and graph tasks. The
overall compatibility metric becomes the following

C(A)= ) Ca(vi)= ) Za(v) = ARa(vi), (3)

v EVy v; €V

where Za (v;) = SV(LL:HE;’:) and V; C V is the node set. Notice that V; can be
not only the whole node set but also be chosen flexibly as the node set whose
compatibility we care about most in correspondence to the circumstances. For
example, in adversarial attack tasks, V; can be a collection of targeted nodes
to be attacked; in graph node classification tasks, V; can be the nodes to be
predicted. In this work, we choose the inner product as the similarity metric,
where Za (v;) can be evaluated as Za (v;) = L;,, and ¢; is the true label of v;,
and the reciprocal of degree as the regularizer, where Ra (v;) can be evaluated

as Ra(v;) = 1/d;, and d; is the degree of node v;.

3.2 Topolnf: measuring the influence of graph topology on tasks

From the above analysis, we can evaluate how well the overall graph topology
and learning tasks are in accordance with C(A). We are interested in optimizing
C(A), which can improve the compatibility between graph topology and tasks,
and, by extension, improve the performance of the learning model. We are also
interested in characterizing the influence of modifying part of topology on the
degree of task compatibility, which can provide more interpretability of graph
learning and meanwhile guide the topology modification for better task perfor-
mance. To maximize C(A), we can take the “derivative” of C(A) by obtaining the
change of C(A) with local topology perturbation. Here we focus on the topology
of edges and the same analysis can be simply extended to nodes and substruc-
tures. The influence of edge e;; can be measured by the difference between C(A)
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on original (normalized) adjacency matrix A and C(A’) on the modified (normal-
ized) adjacency matrix A’ obtained by removing edge eij. Therefore, we define
such topology influence as Topolnf of edge e;;, denoted as VCa (e;;), is given by

VCa(eij) =C(A") = C(A) = ) Car(vi) — Cal(vg). (4)

v EV

The sign of Topolnf reflects the positive or negative influence of removing the
edge on the matching of topology and tasks, which also indicates that removing
the edge can increase or decrease the model performance. Remark that edges
with positive Topolnf correspond to edges with a “negative” effect on the model
performance, such that removing those can bring a positive influence, and vice
versa. The absolute value of TopoInf measures the magnitude of influence: a
higher absolute value means a higher influence.

It should be noted that to compute TopolInf of an edge, we do not need to
recompute f(A’)L, which is computationally expensive. The difference between
Z(A') and Z(A) after removing e;; is limited within K hop neighborhood of v;
and v; considering a K-order filter f(A). Therefore, we only need to compute
the difference of node influence on the neighborhood affected by the edge removal
in Equation 3.

Remark that we do not assume that we have all the true labels. Using all
labels is for the convenience of analysis to demonstrate the effectiveness of the
metric. In practical graph tasks where not all labels are available, we can use
pseudo labels obtained by MLP or GNN models as replacements for true labels
and compute estimated Topolnf based on pseudo labels. This will introduce
errors, but can still be effective which we will show in our experiment.

Moreover, due to the presence of nonlinearity in GNN models, the extraction
of f(A) can be challenging for graph models, and an approximation of f(A) is
required. We assume that f(A) can be obtained or approximated for the graph
models, and a better approximation can improve the accuracy of the influence
metric. Here, we present our approach to obtaining, approximating and learning
f(A) for several representative GNN models.

— Obtained graph filters. For SGC [26], S2GC [30], APPNP [13], and other
decoupled GNNs, f(A) can be directly obtained by Equation 1.

— Approximated graph filters. For GCN [12] and other GCN-like models,
the presence of nonlinearities introduces additional complexities to f(A),
as it becomes dependent not only on the observed graph topology but also
on the learnable parameters and the activation function. In this study, we
adopt an approximate approach to estimate f(A) by removing the nonlin-
ear activation to simplify the analysis, as works in [26, 15]. For GCNII [3]
and other GNNs with residual connections between layers, we can employ a
similar approximate approach as in GCN to estimate f(A) by removing the
nonlinear normalization. This approximation without nonlinearity, can still
capture the effects of graph learning models performing on the topology, as
we will show in our experiments.
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— Learned graph filters. For GPRGNN [4], ChebNet [6], and other GNNs
driven by learning filters, the filter weights are learned based on backpropa-
gation, where we are not able to obtain the graph filter f(A) before training.
In this study, we adopt two approximate approaches to deal with this prob-
lem. One approach is to train the filter-based GNN model, obtain the trained
filter weights, and then apply the learned graph filter as f(A). Another ap-
proach is to use fixed filter weights or predefined filters as the graph filter

f(A), such as AK. This approach ignores the effect of the learned filter
weights in the GNN model but can still preserve the order information and
other prior knowledge from the GNN model. Moreover, for GAT [25] and
other attention-based GNNs, unlike GNNs driven by learning filters, the
learned filters are implicitly determined by the weights of the neural net-
work and the input features, and the learned filters may change due to the
randomness during initialization and training. In this case, we apply only
the second approach with a predefined fixed filter as an approximation.

Table 1: Approximation approach of f(A) for representative GNN mod-
els. Here we take K-layer GNN models as examples. « is predefined hyper-
parameter and + is learnable parameter. H(®) = g,(X).

Model Neighbor Aggregation Filter Type

SGC L = softmax(A XW) f(A)=A" obtained
$2GC L = softmax (% YK, ((1 —a)A* + aI) XW) FA) =LK (1—a)A" +ar obtained
APPNP  H*) = (1 — o) AH® + oH©® F(A) =(1—a)A" + S5 a(1 — a)*A" obtained
GCN HAYD =4 AH([>W([)) f(A) = A% approximated
GONII  H*) =g E

E(l —a)AH® + aH(O)) W“)) fA)=(1- a)AK + Zi(;ol a(l— a)kAk approximated

GPRGNN L = softmax K, 'ykAka)) f(A) = Zf:(, "mAk learned

4 Motivation

In this section, we provide a theoretical analysis and motivating example to val-
idate our methodology and increase its comprehensibility. Specifically, we pro-
vide alternative perspectives to explain the meaning and validate the necessity
of Z(A) and R(A) in C(A).

We use contextual stochastic block model (¢cSBM) [7] for analysis, which is
a widely used model for complex graph structures that integrates contextual
features and graph topology [1,9,7]. In ¢SBM, node features are generated by
the spiked covariance model, which follows a Gaussian distribution, the mean
of which depends on the community assignment. The underlying assumption is
that the node features are “informative” and can be perceived as label embedding
vectors with Gaussian noise. The graph topology is generated by SBMs, resulting
in communities of nodes connected by certain edge densities.

Definition 1. (Contextual Stochastic Block Model, ¢SBM). G has n
nodes belonging to ¢ communities, with intra/inter-community edge probabili-
ties of p and q. The feature matriz is X = F+ N, where N;; ~ N(0;02) are
i.1.d. Gaussian noise, F; . = u;'—i is the d dimensional feature vector for the center
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of the community c;, which is the community v; belongs to. Therefore, F = L,
where L is the matrixz of one hot label that denotes the community to which each
node belongs, and p = (pq, o, - . -, uc)T € Rexd,

4.1 Theoretical Analysis

Here we present a theoretical analysis to validate our Topolnf and enhance its
comprehensibility. According to the definition of ¢cSBMs [7], the feature matrix
F = Ly is directly related to the prediction L and contains sufficient information
for the graph learning task, which is also discussed and empirically verified in
[16]. In this part, we follow the setting in [16] as a motivating example, and treat
F as the true signals and f(A)X as the prediction, and evaluate the effect of the
low-pass filter by measuring the difference between the filtered feature matrix
f(A)X and the true feature matrix F. To analyze the difference, we focus on
the low-pass filter, which is true for most GCN-like models [12,26,13,16], use
||f(A)X — F| as the prediction error introduced by the learning model and the
topology, and consequently establish the following theorem.

Theorem 1. For 0 < 6 < 1, with probability at least 1 — §, we have
[f(A)X — F|| < c1|[f(A)L = L|| + c2 | fF(A)][ , (5)
where ¢y = O (||pl]), c2 = O (E{|| N[} /9).

Proof. By substituting X = F + N, we obtain || f(A)X — F| < || f(A)F — F| +
||f(A)N||. For the first term, by substituting F = Ly, we obtain || f(A)F — F|| <
|F(A)L — L|| O (||p]]) . For the second term, by Markov inequality, we obtain,
Yt > 0, Prob {||f(A)N] >t} < w. By substituting ¢t = w, we

obtain Prob {||f(A)N|| <0 (EM) ||f(A)||} <1-4.

Theorem 1 suggests that the effect of a graph filter is upper bounded by two
parts, as shown on the right side of Equation 5. For the first part, || f(A)L — L||
represents the bias introduced by the filter f(A) on the ideal feature matrix
F = Lu, which is related to the label matrix L, weighted by a constant of the
embedding vectors of the labels. For the second part, ||f(A)| weighted by the
constant related to the noise, reflects the effect that f(A) filters the noise N.
Intuitively, better performance can be achieved when bias is minimized and more
noise is filtered out. Our definition of C(A), which captures the compatibility
between graph topology and tasks, aligns with Theorem 1, as it considers both
parts. On the one hand, Z(A) corresponds to || f(A)L — L||, as a smaller value
of || f(A)L — LJ|| indicates a higher similarity between f(A)L and L. On the
other hand, R(A) aligns with ||f(A)||, as a smaller value of || f(A)| implies
less regularization on f(A). Furthermore, our definition of C(A) offers more
flexibility, as the similarity function S(-) is not limited to Euclidean distance
and the regularization function R(-) is not limited to L2-norm. This flexibility
allows for a broader range of choices in defining the compatibility measure based
on specific requirements and characteristics of the graph learning task at hand.
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We further investigate the bias introduced by f(A) on F by analyzing the
change in the distance between a node and its farthest inter-class node, which
represents the radius of nodes belonging to a different community distributed,
centered on the node. A larger radius indicates easier classification. For noise
filtering, we measure the change in variance after applying the filter. In the
following, we present the results in detail.

Theorem 2. Suppose that f(A) = RowNorm(Zfzo vkjlk), Zli,{:o v =1 and
Y >= 0, which are low-pass filters [{, 11]. We define the distance between node
v; and the farthest node to v; that belongs to a different community as D(X,v;) =
maxy,;ev,c,#¢; | Xi: — Xj:||. We have

— The mazimum distance between v; and the farthest node to v; that belongs
to a different community decreases after applying the graph filter: Yv; €
V,D(F7 ’UZ') Z D(f(A)F, ’Ui).

— The total variance of the noise decreases: || Var{N}||; > || Var{f(A)N}|;,
where | X||, = X, X5, [ X1

Proof. For the first result, by definition,

D(f(A)F,v;) =
(F(A)F,v;) o,

Z (.f(A))l,k F,. - Z (.f(A))Jk Fy..

v €V Vv EV
C
_ _ — (4,5)
7“161‘1}%3(#% (F(A);. Ly (f(A))j“LuHivjerg%i(#j ;lc el
where 109 = (f(A)); L — (f(A);.L and 1) € R™C and

(f(A));.. (f(A));. represents the ith and ;™ row of f(A) respectively. And
Jw %’Jn),zcczl l(i’j) = Zm 1 Zn 1 wfﬁ’ﬁn)(,um ), such that V1 < ¢,m,n, <
C, wg,c) =0, S;ﬂ)w,@l;{) > O,mm(wﬁ,{ﬂn),w%m)) = 0. This can be seen as the
process that the positive elements in () distribute its value to negative ele-
ments in [(+7). Then we can obtain ZC 1 |l ’J)| = QZm 1 Zn 1 |w(m)| Due to
the fact that all elements in f(A) are non-negative and each row sum of f(A)
equals one, we obtain Vv;,v; € V, ch=1 189 = 0 and ZCC:l |l£w)| <= 2. Fur-
ther, we denote v;- = argmax, cy ¢z, [Fi, — Fj|| for Vo; € V, then we obtain

DF,v;) = ||F;. —Fj« . — fic,« || - Subsequently, we derive
D(f(A)F,v;) = max Z Zw<”> — pim)
v EV,ci#c; B St
c c
<  max w(Z 9) < max wbd) = e
<, o, ZD A = ol < e, S S i e — e
< HMCi — Hej || = D(Favi)'

For the second result, f(A) is a row stochastic matrix, so absolute val-
ues of all eigenvalues of f(A) are within 1. Therefore, |Var{f(A)N}|, =

trace (E(f(A)NNTf(A)T)) < no? - trace (E(F(A)f(A)T)) < n20? =
[[Var{IN},.
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Fig.1: The performance of GCN and MLP on the synthetic graph
datasets generated by cSBM with different o, p, ¢, corresponding to the noise
variance of features, intra-community and inter-community connection probabil-
ity. The synthetic datasets share the same statistics with Cora [20], such as the
number of nodes and edges and the dimension of features. p and ¢ used to gen-
erate SBMs are (0.9,0.1), (0.8,0.2), and (0.7, 0.3) respectively from left to right.
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Theorem 2 shows that the distances analyzed decrease after applying the
graph filter, indicating that the difficulty increases for classification and reflects
that bias is introduced. For noise, the variance of the noise decreases through the
low-pass filter, suggesting that the noise is reduced. In order to analyze the com-
patibility comprehensively, we need to consider these two effects simultaneously.
This also explains why Z(A) and R(A) are necessary in C(A).

4.2 Motivating Example

We further present a case study on ¢SBM to analyze the performance of GCN
with different feature noise and show the effects of f(A).

As shown in Figure 1, MLP outperforms GCN when the noise variance o is
close to zero. The performance gap occurs because f(A) biases the prediction of
GCN and the lower the quality of the topology, i.e., the lower p, the larger the
gap, from left to right. However, as o increases, the performance of both MLP
and GCN decreases, but the performance of GCN decreases more slowly than
that of MLP because GCN smooths the noise through topology. During this
phase, the performance of MLP gradually approaches that of GCN until GCN
outperforms MLP. When the noise variance is too large to dominate the feature,
the performance of MLP and GCN drops and converges. The convergence per-
formance of GCN is usually higher than MLP, as MLP degenerates into random
guesses, while GCN is still able to learn from topology.

This motivating experiment shows that, compared with MLPs which do not
utilize graph topology, the bias introduced by the low-pass filter f(A) results in
that MLPs outperform GNNs when the noise variance in features is near zero,
suggesting that this effect is generally bad for performance. However, compared
to MLPs, low-pass filters f(A) also provide an additional noise reduction ability,
which improves the performance of GNNs when the noise variance in features is
greater than zero. Therefore, to fully analyze the compatibility between topology
and task in GNN models, we design both Z(A) and R(A) in C(A) to analyze
and quantify these two effects simultaneously.
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5 Experiments

We conduct experiments to validate the performance of Topolnf:

— validate the effectiveness of Topolnf on graphs with ground truth labels;

— estimate Topolnf based on pseudo labels and utilize the estimated Topolnf
to refine graph topology for improving model performance;

— show further applications of model improvement, by modifying topology
guided by Topolnf, with DropEdge [19] as an example.

Setup. We choose six real-world graph datasets, namely Cora, CiteSeer,
PubMed, Computers, Photos and Actor in our experiments [20,28,21,17]. For
Computers and Photos, we randomly select 20 nodes from each class for train-
ing, 30 nodes from each class for validation, and use the remaining nodes for
testing. For other datasets, we use their public train/val/test splits. We choose
nine widely adopted models, namely GCN, SGC, APPNP, GAT, GIN, TAGCN,
GPRGNN, BernNet and GCNII to work on [12,26, 13, 25,27, 10,4, 11, 3].

5.1 Validating Topolnf on Graphs

Can Topolnf reflect edges’ influence on model performance? We first
conduct experiments on TopoInf computed using ground truth labels. Based on
the former analysis, the sign of Topolnf implicates the directional influence of
removing e;; on the model performance, while the absolute value of Topolnf
reflects the magnitude of the influence. We validate these implications in real
datasets. For each dataset, we compute Topolnf based on ground truth labels
and partition edges with positive Topolnf into the positive set and edges with
negative Topolnf into the negative set. Then we sequentially remove edges from
the positive/negative set ordered by the absolute values of their Topolnf in a
descendant manner and record the performance of models.

As is shown in Figure 2, performance curves exhibit an S-shaped pattern.
Specifically, after removing edges in the positive set, the model performance in-
creases, while removing edges in the negative set diminishes the performance.
Moreover, removing edges with higher absolute Topolnf values results in a
greater derivative of the performance plots. These are consistent with our pre-
vious analysis and show the effectiveness of Topolnf.

In addition, we compare our edge removal strategies with other methods.
We choose two baseline methods, namely Random and AdaEdge. For Random,
we randomly remove edges with equal probability. AdaEdge [2] divides edges
between nodes with the same labels into the negative set and different ones into
the positive set. AdaEdge randomly removes edges in each set, while Topolnf
removes edges in each set in descending order, sorted by the absolute values of
their Topolnf.

Figure 3 shows our results. When an equal number of positive/negative edges
are removed, the model performance of Random remains unchanged almost,
while the model performance of AdaEdge and Topolnf increases/decreases dis-
tinctly, indicating a correlation between both the homophily metric and our
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Fig. 2: Performance change while deleting edges by Topolnf. Horizontal
axis’s meaning: zero point corresponds to the original graph without deleting any
edges. The absolute value of the coordinate denotes the ratio of deleted edges
to all edges. The negative/positive coordinate corresponds to the case that the
graph is obtained by deleting edges with negative/positive Topolnf values of
the corresponding proportion, in the descendant order of the absolute value of
Topolnf. The vertical axis is the accuracy of the node classification in the GNN
models. The Topolnf values are calculated with V; in Equation 3 set as the test
set. For each step, we remove 10% of edges in the negative/positive set.

compatibility metric with the model performance. Moreover, the model perfor-
mance of Topolnf increases/decreases more significantly than that of AdaEdge.
This shows the effectiveness of Topolnf as it not only identifies the direction of
influence but also measures the magnitude of influence.

5.2 Validating Estimated Topolnf

When ground truth labels are generally only available on training sets, we employ
an initial training phase using the GNN model to obtain pseudo labels for each
node. Thereafter, we estimate Topolnf using these pseudo labels for the nodes
without true labels and remove edges based on the estimated Topolnf.
How well does estimated Topolnf work to improve model perfor-
mance? We conduct experiments on nine GNN models. We train the model
and obtain pseudo labels. After that, we can estimate Topolnf based on pseudo
labels and refine the original topology based on the estimated Topolnf. Specif-
ically, we remove a given number of edges, which is a hyper-parameter deter-
mined by validation, with the highest estimated Topolnf. Since we have already
obtained the model parameters through the initial training, we can choose to
either continue to apply these parameters on the refined topology (denoted as w
retrain) or retrain the model on the refined topology (denoted as w/o retrain).
Table 2 shows the results. We can see that in almost all cases, the re-
fined topologies based on estimated Topolnf outperform the original ones, in
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Fig.3: GCN performance with different edge deletion strategies on
Cora. The left figure shows the results of removing positive edges to increase
performance (higher is better), and the right figure shows the results of removing
negative edges to decrease performance (lower is better). The horizontal axis
denotes the ratio of deleted edges to all edges. The vertical axis is the accuracy
of the node classification in GCN. The Topolnf values are calculated with V; in

the Equation 3 set as a test set.

both retraining and non-retraining settings. On SOTA models, such as BernNet,
TAGCN and GCNII, Topolnf still achieves competitive results or improves per-
formance. This experiment shows that the estimated Topolnf is still an effective
metric for enhancing topology.

Are there any other approaches to utilize estimated TopolInf? In this
work, we also demonstrate that the estimated Topolnf can be combined with
other methods to guide topology modification and improve model performance.
We take DropEdge [19] as an example, where edges are randomly removed from
the original graph at each training epoch to help prevent over-fitting and over-
smoothing and achieve better performance. We replace the random dropping
edge scheme with a Topolnf-guided scheme, where edges with higher Topolnf
are more likely to be dropped. Specifically, for Topolnf-guided DropEdge, we
define our edge-dropping probability as P;; o A;j - exp (VCal(ei;)/T), where
A,;; indicates the existence of e;;, VCa (e;;) is the Topolnf of e;;, and 7 is the
temperature, which is a hyper-parameter and determined by validation.

Table 3 shows the results. In almost all cases, our Topolnf-guided DropEdge
method achieves the highest accuracy, and in all cases, our method outper-
forms DropEdge. Even in cases where DropEdge degenerates the performance
of GNNs, such as BernNet on CiteSeer, and GPRGNN on PubMed, Topolnf-
guided DropEdge can still improve the performance. This experiment shows the
potential to combine Topolnf with other methods for topology modification and
performance improvement.
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6 Related Works

tion. These studies approach graphs as filters for fea-

imiza

Graph filters opt

tures and aim to find the optimal filter coefficients for the graph learning task.
ChebNet [6] approximates the spectral graph convolutions using Chebyshev poly-

ls. GPRGNN [4] adaptively learns a polynomial filter and jointly opt

nomia.

1mizes
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the neural parameters of the neural network as well as filter coefficients. ASGC
[1] obtains filter coeflicients by minimizing the approximation error between the
raw feature and the feature filtered by graph topology, to make SGC appropri-
ate in heterophilic settings. These works improve graph learning by optimizing
coefficients of graph filters, while we focus on optimizing graph topology.
Graph topology optimization. Curvature-based methods [23] view graphs
from a geometric view, measure the effect of edges by the graph curvature, and
rewire the graph topology with the help of curvature, to improve the model per-
formance. Node pair distances [2,24] and edge signal-to-noise ratio [9] are pro-
posed to measure the topological information and alleviate the over-smoothing to
further build deeper models to exploit the multi-hop neighborhood structures.
In the era of large models, Sun et al. [22] utilize LLMs to evaluate the edges
between nodes based on node attributes in order to optimize graph topology.

7 Conclusion

In this work, we model and analyze the compatibility between the topologi-
cal information of graph data and downstream task objectives, and propose a
new metric called Topolnf to characterize the influence of one single edge by
measuring the change of the compatibility. We also discuss the potential appli-
cations of leveraging Topolnf to model performance adjustment and empirically
demonstrate the effectiveness of Topolnf. In future, a better estimation of the
topological effect of GNNs may further improve our metric.
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