Bregman Divergence and Mirror Descent

1. Mirror descent: the proximal point view

Recall the gradient descent method, where we optimize

F(2) = flax) + (Vi(er), @ — zx) + }nux — |?

and let ;1 + arg min f(az) A natural question is, can we use other functions
instead of quadratic functions to approximate f(z)? Clearly, we hope the
approximate function is easy to optimize, and somehow adapt the “geometry” of
the problem.

The mirror descent framework allows us to do precisely this. Specifically, given an
objective function f, we assume that there exists a convex function g that can
approximate f. Then we use the Bregman divergence with respect to g to replace the
squared Euclidean norm in f and still let .1 < argmin f(z), where the Bregman
divergence is defined by

Dy(z,y) = g(z) — 9(y) — (Vg(y), z — y)

and thus f can be expressed by

F(2) = flan) + (Vf(@a), o — ax) + %Dgcc, ).

Dropping the constant terms (that only depends on z; but not on «), the update



step of the mirror descent is given by
: 1
1 = argmin {(V f(xy), =) + ;Dg(x,wk)} ,

or equivalently,

o = argmin {n (Vf(21), @) + Dy(a, 21}

What is the “right” choice of g to minimize the function f? A little thought
shows that the “best” g should equal f, because adding D¢(z, ) to the linear
approximation of f at xj gives us back exactly f. Of course, the update now
requires us to minimize f(x), which is the original problem. So we should
choose a function g that is somehow “similar” to f, and make the update step
tractable.

Bregman divergence

We now introduce more on Bregman divergence.

Definition (Bregman divergence)

Let g : R® — R be a continuously differentiable and strictly convex function.

Then the Bregman divergence from y to x with respect to function g is defined
by

Dy(z,y) = g(z) — g(y) — (Va(y), z — y) .

Here are some examples.

Example
Euclidean distance. Let g(z) = + ||z||2. Then the Bregman divergence with
respect to g is

1 2 1 2 1 2
Dy(,3) = 5 1ol — 5 I8ll3 — (@ — ) = 5l oll3



Negative entropy. Let

A, & {cc ceR"| > " ,x;,=1land z; > 0foralli= 1,...,n} be the
(open) standard (n — 1)-simplex, and g(z) : Ap,—1 — R =", z;logz; be
the negative entropy function over A,_;. Then the Bregman divergence
with respect to g is

Dy(z,y) = g(x) — g(y) — (Vg(y), z — y)

n

= Zfﬁz logz; — Zyi logy; — Z(l + log y;)(x; — y;)
i=1 i=1 i=1

n
= wi(logz; —logy:) — > (x; — ys)
=i i=1
n
T
= Z x;log — .
=1 Yi

This is called the relative entropy, or Kullback-Leibler divergence (KL
divergence) between probability distribution & and y, measuring the
expected number of extra bits required to code samples from distribution
@ using a code optimized for y rather than the code optimized for x.

Since g is a strictly convex function, for any fixed y, we know that Dy(z,y) is also a
(strictly) convex function in the first argument x. But it is not convex in the second
argument y in general.

It is clear that D (z,z) = 0 for all z € R". Since g is strictly convex, by the first
order condition for convexity, we know that D,(z,y) > 0 if z # y.
Furthermore, if g is p-strongly convex, then D,(z,y) > 4|z — y||3 by
definition. So the Bregman divergence somehow measures the (squared)
distance from y to z. But we should note that in general the Bregman
divergence is NOT symmetric. For example, see KL divergence.

Consider a well-known puzzle: given k points z1, ..., x, the goal is to find a point
y to minimize the total (squared) distances from y to z1, ..., x;. A natural idea is to
choose the mean of z1, ..., z;. For example, in a triangle, the centroid is the point

that minimizes the sum of the squared distances of a point from the three vertices.
The Bregman divergence encodes a kind of (squared) distances that the mean of
distribution works.



Lemma

Suppose x is a random variable over an open set with distribution x. Then

min Bay|Dg(, y)

is optimized at y* = & £ E,,[@] = [, _gxdp.

Proof

For any y € S, we have

Eanu[Dy(@, )] = Eany[D (w z)]
= Eawy | (9(@) - 9(v) — (Vo(¥), = — 9)) — (9(=) — 9(2) — (Vg(2), = — )]
— 9(&) — 9(y) + (Vo(), ¥) - <v9<:e> @>+Ew~u[ <Vg<y>, z) + (Vg(2), )]
=g(®) — 9(y) + (Vg(y), y) — (Vg(@), fE>+<Vg(a?)—Vg(y), [w]>

(v

— () 9(y) + (Vg(y), y — &)
g( ,y)

This must be nonnegative, and equal 0 if and only if y = &.

Perhaps a surprising result is that Bregman divergence is an exhaustive notion for

such (squared) distances. In other words, if a kind of distance satisfies the above

lemma, then it must be a Bregman divergence. See, e.g., 1 or 2 for proof details.

The Bregman divergence is also a right way to describe the (squared) distance from

a point to a convex set. Recall that, in , we show the following lemma,

which means Zxyz is obtuse.

Lemma

Let C be a nonempty, closed and convex set. Given « and y = Pc(x), for any
z € C, it holds that (x — y,z — y) <0.



We now establish a similar result using Bregman divergence. If * is the projection
of x, onto a convex set C, namely,

" = argmin Dy(x, zo) .
zcC

Then for all y € C, it holds that
Dy(y, o) > Dy(y,x*) + Dy(a*, a0) . (W)

In Euclidean case, it also means that the angle Zyx*x, is obtuse, by the generalized
Pythagorean theorem (law of cosines) ¢ = a? + b? — 2abcosy. The proof is a simple

application of the law of cosines for Bregman divergence. Since

" = argmin Dy(x, xo),
zcC

we have
<VDg(:13, a:o)|w:w*, Yy — m*> >0

for all y € C. Note that VD (x, z() = Vg(x) — Vg(x,). So the above inequality is
equivalent to

(Vg(z") — Vg(zo), y — ") 2 0.

Then the proof concludes with the following lemma (by setting x = y, y = «*, and

Z = 2130).

Lemma (Law of cosines for Bregman divergence)

Dy(z,y) + Dy(y, 2) = g(z) — g(y) — (Va(y),  — y) + g(y) — 9(2) — (Vg(2), y — 2
=g(z) — 9(2) — (Vg(2), ¢ — z) — (Vg(2), y — z) — (Vg(y), =
= Dy(z,2) + (Vg(2) — Vg(y),  — y)



2. Mirror descent: the mirror map view

A different view of the mirror descent framework is the one originally presented by
Arkadi Nemirovski and David Yudin. Recall that in the gradient descent, we update
the iterate by ®x+1 = &r — n V f(xr). However, the gradient was actually defined as
a linear functional on R" (a linear map from the vector space R" into its underlying
field R). Hence, V f(x) naturally belongs to the dual space of R". The fact that we
represent this functional as a vector is a matter of convenience, and highly depends
on the choice of coordinates. In fact, that’s why the gradient descent is not affinely

invariant.

In the vanilla gradient descent method, we only consider R” with L?-norm, and
this normed space is self-dual, so it is perhaps reasonable to combine points in the
primal space (the iterates @) with objects in the dual space (the gradients f(x)).
But when working with other normed spaces, adding a linear map V f(x) to a
vector & might not be the right thing to do.

Instead, Nemirovski and Yudin propose the following:

we map our current point x; to a point y;, in the dual space using a mirror
map.

Next, we take the gradient step yr+1 < yr — n Vf(xr).

We map yy1 back to a point in the primal space x}_, using the inverse of the
mirror map from Step 1.

If we are in the constrained case, this point «)_; might not be in the convex

feasible region 2, so we still need to project «},,, back to a close point ;. in
Q.

How do we choose these mirror maps? Again, this comes down to understanding
the geometry of the problem, the kinds of functions and feasible sets Q2 we care
about. We usually choose a proper differentiable and strongly convex function
g(x) : R™ — R, and define the mirror map by Vg : R" — R", that is,

x — Vg(x).

Since g is differentiable and strongly convex, its gradient is “monotone”, and thus
the inverse mirror map exists. We can use these maps in the Nemirovski-Yudin



process, namely, we set

yp = Vg(zy) and =z = Vg (Yr1)-
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The name of the process comes from thinking of the dual space as being a mirror
image of the primal space.

But why this view and the proximal point view give the same algorithm? We
consider the update rule in the proximal point view

) 1
Ty = argmin {(Vf(:ck), x) + EDg(a:, xk)} ,
and consider the gradient of Bregman divergence
VDy(z,x) = Vg(x) — Vg(zy) .

Since & — (V f(z), ) + + Dy(@, k) is a convex function, we obtain that

V((Vf(xk), z) + %Dg(x’mk)) |w:xk+1 =

Y

which is

Vf(zr) + %(Vg(wkﬂ) — Vg(:vk)) =0.



Rearranging terms it gives a step of update in the dual space
Vy(zri1) = Vg(zr) —nV f(zk) .
Dual space and dual norm

Given any vector space V over a field I, the (algebraic) dual space V* is defined as
the set of all linear map ¢ : V' — F (linear functional). Since linear maps are vector
space homomorphisms, the dual space may be denoted hom(V, ). The dual space
V* itself becomes a vector space over F when equipped with an addition and scalar
multiplication satisfying:

forall g, € V*, 2z € V,and a € F.

If V is finite-dimensional, then V* has the same dimension as V. In particular, R"
can be interpreted as the space of columns of n real numbers, its dual space is
typically written as the space of rows of n real numbers. Such a row acts on R" as a
linear functional by ordinary matrix multiplication. This is because a functional
maps every n-vector x into a real number y. Then, seeing this functional as a
matrix M, and @ as an n x 1 matrix, and y a 1 x 1 matrix (trivially, a real number)
respectively, if Ma = y, then by dimension reasons, M must be a 1 x n matrix,
that is, a row vector. So there is an isomorphism between R" (and any finite-
dimensional vector space V) and its dual space.

However, it is not a canonical isomorphism. Informally, an isomorphism is a map
that preserves sets and relations among elements. When this map or this
correspondence is established with no choices involved, it is called canonical
isomorphism. When we defined V* from V we did so by picking a special basis (the
dual basis), therefore the isomorphism from V to V* is not canonical. But for the
double dual V** of a finite-dimensional vector space V (the dual of the normed
vector space V'*), there is a canonical isomorphism. Indeed, the following map

7w :V — V** defined as follows is a canonical isomorphism. For any v € V,

7w(v) € V** is a map from V* to IF given by

VoeV*: VT, m(v)(p) = p(v).

Given a norm || - || on a vector space V, its dual norm, denoted by || - |+, is a
function (a norm) of a linear functional ¢ belonging to V* defined by

lells = sup {lp(v)] v €V, |v] <1},



In particular, for R”, a linear functional can be represented by a vector with inner
product. Thus, the dual norm is given by

[l = sup{(u,v) : [[v]| <1}

By Cauchy-Schwarz inequality, the dual norm of the L2-norm is again the L2-norm.
In general, the dual for the LP-norm is the L?-norm, where 1/p +1/q = 1 and we
assume 1/o0o0 = 0 for convenience.

Similar to the double dual space, for a finite-dimensional space with norm || - ||, we
have ([| - [[.). = [|-[|-

3. Convex conjugate

We now focus on how to implement mirror descent. We need to show that the
inverse gradient (Vg) ! can be computed efficiently.

For any convex function f with domain D C R", the gradient of f at some point x
is a vector (actually a covector) v satisfying

f(y) > f(z) + (v, y — )

for all y € D. More generally, the subgradients of f is the set of all such vectors,

namely,
8f(x) = {v € R" | f(y) > f(z) + (v, y — x) for all y} .
Rearranging terms we obtain
(v, y) — f(y) < (v, 2) — ()
for all y € D. Note that = € D. It gives that

max (v, y) — f(y) = (v, z) — f(z).

yeD
Thus we can rewrite the subgradients as
0f(z) = {v € R" [max {{v, y) — f(y)} = (v, 2) — f(2)}.

We can now introduce the convex conjugate of a function.

Definition (Convex conjugate)

Let f: D C R" - RU{oo} be a convex function. Its convex conjugate is the
function f*(v) : R®™ - RU {oo} given by



f*(v) = sup (v, y) — f(y) .

yeD

Note that for any fixed y, (v, y) — f(y) is an affine function of v. Thus f*(v) is a
convex function of v (by the convexity of pointwise supremum).

In fact, f* is defined on the dual space of R". Roughly speaking, for each v € R",
one can think of it as the hyperplane {(z,2)" € R"™ | 2 = (v, )} with the normal
vector (—v,1)T. Then f*(v) gives the longest (directed) vertical distance between
the hyperplane and the graph of f(«). In other words, f*(v) is how far down you
can translate the hyperplane so that the entire hyperplane is just below the graph
of f(x), namely, becomes the supporting hyperplane of the epigraph. So this
definition can be interpreted as an encoding of the convex hull of the function's
epigraph in terms of its supporting hyperplanes.

4
TZ

z=(v, X)

1 (-9, 1)

N

} 0, )= fy)

v

Example
We now see some examples.

Let f(x) = (a, ) — b be an affine function. Its convex conjugate is

s 8 |b, v=a
/ (v)_{+oo, v#a.

Let f(x) = %HmHz be a quadratic function. Its convex conjugate is

£'w) = sup {(w,2) — 212} = S]]

xcR™



Let f(z) = zlogx. Its convex conjugate is

f*(v) = sup vz — zlogz = ve’ ! — f(e? 1) =" L.
z€R

Let f(z) = e®. It convex conjugate is

0, v=20
+o00, v<0.

f*(v) = supvx —e® =
zeR

{vlogvv, v>0

It is easy to see that v € 0f(z) (in particular, v = V f(x) if f is differentiable at z) if
and only if f*(v) = (v, z) — f(z). Otherwise (v # V f(z)) we have
f*(v) > (v, z) — f(z), which gives the following Fenchel’s inequality.
Theorem (Fenchel’s inequality)
For all z € D and v € R"®, we have
f(x) 4+ f(v) = (v, ).
The equality holds if and only if v = V f(z) (or v € 8f(z) in general).

It is still not easy to compute (V f)~! by Fenchel’s inequality. We need the
following direct corollary.

Theorem (Fenchel-Moreau theorem)

For any convex function f : R” — R, we have f = f**.

Proving the theorem in full generality (the domain of f is given by D C R")
requires a bit of care. But it is relatively straightforward to show that the result
holds on the interior of D. For simplicity, we only consider the case where D = R".
The proof consists of two parts: (1). proving that f(z) > f** () for all z; (2).
proving that f(z) < f**(z).

Proof



By definition we have

f7(z) = sup (v, z) — f*(v) .

veR™
Note that — f*(v) = inf e f(y) — (v, y). In particular,
—f*(v) < f(z) = (v, 2).

Thus, f**(z) < sup,er: {(v, z) + f(z) — (v, )} = f(=).
For any z € R", let u = V f(z) (or u € 0f(z) for general non-differentiable f).
Then by Fenchel’s inequality we have

(u, ) = f(z) + f*(u).

So

Now we can show that

Corollary
If f: R®™ — R is strictly convex, then

(VH =V
More generally, if the domain of f is D C R", then

(zx € D,ve df(z)) <= =xe€df*(v)ND.

Proof
Let v = V f(x). By Fenchel’s inequality we have
f@)+ f*(v) = (v, z).
By Fenchel-Moreau theorem, it is equivalent to
)+ f7(z) = (v, z),

which gives x = V f*(v) if we apply Fenchel’s inequality again.



Example

Consider f(z) = zlogz on (0,1). We know that f*(v) = e"~!. If we take
v=Vf(x) =logz + 1, then

r=e""'=Vf*(v).

Now we put convex conjugate together with Bregman divergence. Let g : R" — R
be a differentiable and strictly convex function. Then g* : R®™ — R is also

*

differentiable and strictly convex. The Bregman divergence with respect to g and g

are
Dy(z,y) = g(x) — g(y) — (Vg(y), z —y),
and
Dy (u,v) = g*(u) — g*(v) — (Vg"(v), u —v).

Let u = Vg(z) and v = Vg(y) in the Bregman divergence with respect to g*. Then

we have
9(z) + g (u) = (u, z) and g(y) +g"(v) = (v, y).
Thus By (u,v) simplifies to
Dy (u,v) = (u, ) — g(x) — (v, ) + 9(y) — (¥, u —v) = g(y) —9(z) + (v, z - y),

which gives the following result.

Theorem

Let g : R™ — R be a differentiable and strictly convex function. Then for any
z,y € R™ it holds that

D, (Vg(z), Vg(y)) = Dy(y, ).

4. Convergence of mirror descent

We now consider the convergence analysis of mirror descent. Similar to the
analysis for gradient descent, we hope to establish the connection between f(xy)
and f(z*) in terms of Bregman divergence.



We start from the “mirror gradient flow”, which should be

d

—Vg(X(t)) = ~VF(X(2).

It suggests that we should analyze the decrement of D (z*, X(¢)), since (applying
the chain rule)

© Dy, X(1)) =~ (ala") — 9(X(1)) — (Va(X(1), =" — X(1)
— Dol - E(g z*) —g (Vg : >)

= —(Vo(X(0), = X(0)) + (Vo(X(0), = X(0)) — { = Vg(X(1)), 2" -

P dt
= —(VI(X(), X(t) - 2").

The remaining part should be the same as what we’ve seen in the analysis of
gradient descent.

Now we turn to the (discrete-time) mirror descent, and try to analyze the
decrement of D (x*,x;) in terms of f(«). The basic ingredient is equation (#). In
general, given any convex function L(x), let * be the following minimizer

x* = argmin {L(x) + Dy(x, o)} .

zeC
Then for all y € C, it holds that

L(y) + Dy(y, xo) > L(x") + Dy(y, =) + Dy(x*, xo) .
Recall the mirror descent update

211 = argmin {5 (Vf(z1), ) + Dy(z,z1)}

It gives that for all y,

n(Vi(®r), y) + Dy(y, @i) > 1 (Vf(2r), Bri1) + Doy, rr1) + Dy(@pr1, Ti) -
Rearranging terms we obtain that
n(Vf(xr),y — xr) > n(Vf(xr), ®rs1 — xk) + Dy(y, ®py1) + Dg(®ri1, ) — Dy(y, ) -
Note that f(y) > f(zx) + (Vf(2k), y — @), and

Dy(k, 1) + Dg(xri1, 2x) = —(Vg(®rt1), Tk — Trt1) — (Vg(@k), i1 — k)
= (Vg(xri1) — Vg(xr), Tri1 — xk)
= —n(Vf(zr), Trs1 — T) -



Hence we have
(Dg(y, x1) — Dy(xg, Tri1) — Dy(y, wk))

for all y. Now we can give the following lemma.

Theorem

Let f be a convex and L-Lipschitz function with respect to some norm || - ||,
and g be a o-strongly convex function with respect to the same norm. Suppose
Dg(x*, x0) can be bounded by R. Then by selecting

_o, /28
=TV o
it holds that

R
. < * -
hgﬁqf@w_f@)+L T

In other words, if we would like to obtain an (approximate) answer that is less
than f(x*) + ¢, it is sufficient to run the mirror descent O(L2R/e?) steps.

Proof

By previous analysis we have
* 1 * *
f(@") = f(@) > (D@, @r1) ~ Dy(ar, @) — Dyfe’, 1) )

Summing over both sides from 0 to T — 1, it implies that

=
—

N
—

f@) < TH(@") + 7 (Dyfe", 20) = Dyfe",21) + 3 Dyfer 2isr))
0 0

x>
|

B
|

The remaining part is to bound ) | Dy(@k, Tr11).

We assume f is differentiable for convenience. Then f is L-Lipschitz with
respect to some norm || - || if and only if its gradients are bounded by L with
respect to the dual norm || - ||«. Otherwise there exists , v € R" such that
(Vf(x),v) > L. So f is not L-Lipschitz for # and @ + év with sufficiently small
6> 0.



Since g is o-strongly convex with respect to the same norm || - ||, we have

Dy(xk, ®r+1) = n(V f(xk), Tk — ®kt1) — Dg(®rt1, Tk)
o 2
< nll@r — @pia | = S ll@ee — 24
1’]2L2

< .
- 20

Thus we obtain that

1 = D,(x*,x9) nL?
— xzr) < f(z*) + +
7Y fen) < fla) + L7 o 2
. R nL?
2R
= * Ly —.
flat) + 1y 2R

Note that this results holds even for non-differentiable f. We only need to replace
V f(x}) by some subgradient v € df(x) in the previous analysis.

To see the advantage of mirror descent, suppose f is L-Lipschitz with respect to
some norm (which means the gradient of f can be bounded by L with respect to its
dual norm), and g is o-strongly convex with respect to the same norm. Then f is
L/ 2/o-Lipschitz with respect to the Bregman divergence. We can choose a
particular norm and a particular Bregman divergence to capture the geometry of
the problem.

We now give an example. Suppose A,,_; is the (open) n-dimensional probability
simplex, and we use KL-divergence for which g is 1-strongly convex with respect to
the L' norm. The dual norm of the L!-norm is the L*°-norm. Then we can bound
Dy(z*, o) by using KL divergence, and it is at most log n if we set ¢y = 11 and =*
lies in the probability simplex. Suppose the objective function f is L-Lipschitz with
respect to L'-norm (and thus is Ly/n-Lipschitz with respect to L2-norm). So the
mirror descent requires O(L?logn) time to approximate a*, which is smaller than
that of subgradient descent by an order of O(L?n). Note the saving of n term is
from the norm of gradient by replacing the L?-norm by the L*-norm (decreasing
by an order of y/n), at a slight cost of increasing D (x*, @) by logn.

Furthermore, if f is L-smooth with respect to some norm || - || (the gradient of f is
L-Lipschitz continuous), namely,



IVf(z) = Vil < Lilz -yl

then the convergence rate can be better.

Theorem

Let f be a convex and L-smooth function with respect to some norm || - ||, and
g be a o-strongly convex function with respect to the same norm. Suppose
D,(x*, z¢) can be bounded by R. Then by selecting

_9
n= I’
it holds that
LR
. < * -
w i f(zr) < f(z*) + T

This result gives O(1/T') convergence rate to obtain an (approximate) optimal
value.

Proof

We start again from
* 1 * *
f(@") = f(@) > - (Do@',mr1) = Dylan, @) = Dyl @) . ()

Now we bound D, (@, 1) by | f(2r) — f(2r41)|- Since f is L-smooth and g is

o-strongly convex, we have
L 2
f(@ri1) — f(@r) < (VF(@r), Trpr — @x) + EHwk—i—l — @]
and
o 2
Dy(®r+1,2r) 2 o || @rs1 — "

Thus it follows that
N (Vf(er), Tr — Tpy1) — Dg(wk+1a x)

L 2 @ 2
<1 (#(@s) = f@rer) + Fl@nes — 2il?) = < @k — @il
=1 (f(zr) — f(@r1))



by selecting n = o/ L. Plugging in inequality (x) it gives that

f@") = fl@ra) 2 1 (Dyf@’,2un) = Dyfa,21))

The remaining part is the same as the previous proof. Summing over both
sides from 0 to T' — 1, we obtain that

1 & Dy(z,z) LR

?;f(wk)sﬂw*w T < fl@)+—

Reference

[1] A. Banerjee, Xin Guo and Hui Wang, "On the optimality of conditional
expectation as a Bregman predictor," in IEEE Transactions on Information Theory,
vol. 51, no. 7, pp. 2664-2669, July 2005.

[2] A. Banerjee, Srujana Merugu, Inderjit S. Dhillon, Joydeep Ghosh, and John
Lafferty. "Clustering with Bregman divergences." Journal of machine learning
research 6, no. 10 (2005).



