MWU Algorithm Revisit
and Its Applications

121 MWU AS MIRROR DESCENT

Recall the (projected) mirror descent algorithm on the N dimensional simplex:

+ Feasible Set: Probability simplex Ay : {(py,...,p5) | Y_p, =1,Vi,p, > 0}.

+ Mirror Map: Negative entropy ¥ (p) = Zi]\;l p;lnp,.

- Bregman Divergence: D, (p,q) = Zilp,; In (’;—)

Denote V f(p?) by ¢!. At iteration ¢, mirror descent solves:

Pl = arg min {n(€*,p) + Dy (p,p")} -
Substitute the KL divergence D, into the objective function:
N N
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Now introduce Lagrange multiplier A for the constraint ) _. p, = 1 (constraints p; >
0 hold trivially):

N N
£(p,\) = 2 (n€ip;+p;Inp; —p;Inpf) + A (1 - Z;m)
For each p,, set g—p‘i =0, which gives
nlt+Inp,+1—Inp! —X=0

Rearrange terms:

Inp, =Inp! —nlt—1+ X
Exponentiate both sides:

p; =piexp(—nl; —1+ )

The multiplier A enforces > p, = 0. So we should normalize p,. Let W, = Z;V:l phexp(—ntf).
We have
p; = piexp(—nt;)/W,.
Substitute back into the iterative rule of mirror descent:
1 _ piexp(=nt))
" Y, phexp(—nth)

pitt = plexp(—ntl)-




This gives the MWU update rule with weights:

w; ™ =wexp(—nf})

From the convergence analysis of mirror descent, we have
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where L = max, |[¢'], and

1
R= D(,—l):lN.
max Dy (¢, 7 1n n

Forn= /288 and T'=2L?In N /2, the regret satisfies:
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12.2 SOLVING LP BY MWU: PLOTKIN-SHMOYS-TARDOS
ALGORITHM

An interesting application of MWU is the Plotkin-Shmoys-Tardos Algorithm for solv-
ing linear programmings.
The PST algorithm solves packing/covering LPs of the form:

- Covering LP:
mine'x st Ax>b
x>0

- Packing LP:

maxc'x st Ax<b

x>0
Solve an LP is equivalent to finding a feasible solution in a polytope, namely, de-
ciding whether
Jx7? such that Az <b.

Intuitively, each constraint can be viewed as an expert, where the tightest constraint
corresponds to the best expert. We do not know which one is the best, but the regret
analysis of MWU algorithm provides a lower bound of the tightest constraint.

At round ¢, we relax the constraints Az < b as (p*, Az —b) < 0. If this is infeasible,
then clearly the there is no solution in the original polytope. Otherwise, if we can find
solutions in T" rounds, the inequality

1 & 1 &
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tells us each constraint A,z < b, is approximately feasible, i.e., A,z < b, +¢. Here ¢!
is defined as
0t=Axt—b,,

where 2! is a feasible solution at round ¢, namely, (p?, Azt —b) < 0.



We now introduce an example: deciding whether a bipartite graph has a perfect
matching. Given a graph G = (V, E') on n vertices and m edges, the following linear
programming reformulate the perfect matching problem:

find r €R™
subject to fo’ =n

ecE
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z, >0 Vee F

A solution to the above linear feasibility program is called a fractional perfect match-
ing. The question which arises very naturally is whether the “fractional” problem is
equivalent to the original one? It basically asserts that the fractional bipartite match-
ing polytope (defined in the linear programming description above) has only integral
vertices. So we assume G is a bipartite graph here.

Our goal is to produce approximate answers, that is, for an e > 0, we would like to
answer whether there exists = € R™ such that

ecE
Z:L'e§1+s YoeV
e:vee
z, >0 Vee F

In fact, from such an approximate fractional matching one can construct a matching
in G of cardinality at least (1—¢)n and, thus, also solve the perfect matching problem
exactly by takinge < 1/n.

The following algorithm based on MWU constructs an e-approximate fractional
perfect matchings.

Algorithm 1 Plotkin-Shmoys-Tardos Algorithm for Perfect Matchings

1. Input: A bipartite graph G = (V,E),ann >0, an integer T > 0

2: Output: An approximate fractional perfect matching « € [0, 1]™, or “no answer”
3: Initialize weights w! =1 forallv e V

4 fort=1toT do

5. Compute distribution p! = Z,l,?iw%

6:  Findapoint z* € RZ), satisfying

ZP%(Z CCZ) <1 and ng;:n
ecE

veV e:vEe

If there is no such !, output “no answer”
Compute loss: £y =137 xf

Update weights multiplicatively:
wit =w) - exp (—nt})

10: end for
. Output: x = L7 ot

Clearly once there is no z* satisfying constraints, we know that the original prob-
lem has no solution. If we find x* at all 7' rounds, then we have
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where L = max, [¢'|., and R = Inn. Note that for each ¢, (¢!,p*) > 0 by the con-
straints of x!. By selecting 7' = O(L?1nn/e?), we obtain that forall v € V/,

1 <& 1 <&
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which shows that x is an e-approximate solution.
The final ingredient is finding z* efficiently. In fact, this is very easy. Let us rewrite

the condition
pr) ( Z :1:2) <1

veV ewee

quxte <1

ecE

in the form

whereg, =3 _ p. Lete* betheedgesuchthate” = argmin, g g.. Since Yzl =n,

we have that
ng,. < Z q.7t.
veV
Hence, setting z£. =n and z% = 0, Ve # e* is always a valid solution (otherwise the
original problem is infeasible).
Such a choice of 2 also guarantees that for every v € V:

1-n<1-> 2t<1
e:vee
which in particular implies that L = max, |[¢*| ., < n — 1. Thus our algorithm runs in
time O(e 2n?mlnn) (iterate T = O(e2n?Inn) rounds and cost O(m) time at each
round).



