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As a first step of designing Optical-circuit-switched Data Centers (ODC), physical topology design is critical
as it determines the scalability and the performance limit of the entire ODC. However, prior works on ODC
have not yet paid much attention to physical topology design, and the adopted physical topologies either scale
poorly, or lack performance guarantee.

We offer a mathematical foundation for the design and performance analysis of ODC physical topologies in
this paper. We introduce a new performance metric f(G) to evaluate the gap between a physical topology
G and the ideal physical topology. We develop a coupling technique that bypasses a significant amount of
computational complexity of calculating f(G). Using f(G) and the coupling technique, we study four physical
topologies that are representative of those in literature, analyze their scalabilities and prove their performance
guarantees. Our analysis may provide new guidance for network operators to design better physical topologies
for their ODCs.
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1 INTRODUCTION

As data center traffic doubles every year [24], building Clos topologies [1, 11, 24] for data centers
using electrical switches is becoming more and more expensive and power prohibitive [2]. In order
to meet the growing demand at reduced energy cost, building ODCs is becoming a promising
alternative for future data centers. An optical circuit switch, e.g. Calient [3], could offer at least
hundreds of times higher switching capacity than an electrical switch, while its energy cost is
hundreds of times lower (less than 45 Watts for an optical circuit switch with 320 Tx/Rx pairs).

While the eventual goal of ODC design is the full-optical data center, due to technological
immaturity, existing designs of ODC have mostly adopted a hybrid design that involves both
electrical switching and optical switching. The design of an ODC typically covers the following
four aspects:

(1) Physical topology design: Determine how to interconnect hosts, electrical packet switches
(EPS) and optical circuit switches (OCS).
(2) OCS control: Determine the configurations of all the OCS nodes in an ODC.
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(3) EPS control: Set up the routing strategies for all the EPS nodes. Since OCS reconfiguration
may affect the connected EPS nodes, the queuing and buffer management policies of the EPS
nodes may also require careful redesign.

(4) Host control: Modify the host protocol stacks at different layers in accordance with the
OCS/EPS control strategies to attain better end-to-end performance.

Existing works on ODC, e.g., Helios [9], c-Through [25], Mordia [23], REACToR [18], OSA [6],
Solstice [19], MegaSwitch [7], FireFly [12], ProjectToR [10], RotorNet [21], Opera [20], etc., have
primarily focused on the OCS/EPS/Host control aspects, but their physical topology designs may not
support large-scale data centers (see Section 2 for more details). Only until recently, three scalable
physical topology designs are adopted by Flexfly [26], Sirius [2] and 3D-Hyper-FleX-LION [17].
However, the performance guarantee of these physical topologies remain unclear. To the best of
our knowledge, there is a lack of rigorous performance metrics that evaluate the “goodness” of
a physical topology design, and there is no systematic study on how to design a good physical
topology for ODC.

In this paper, we focus on the physical topology design for ODC, and offer a rigorous performance
evaluation for different physical topologies. One challenge of this work is to design a performance
metric for physical topologies. While much of the literature on ODC has adopted network through-
put, flow completion time, max link utilization, etc., to evaluate the end-to-end performance of an
ODC, these metrics may not accurately reflect the “goodness” of a physical topology. The reason is
that, both the physical topology design and the network control policies may affect these metrics,
and thus it is hard to evaluate the exact contribution of a physical topology. To eliminate the impact
of network control policies, we introduce p(G, f), which is defined as the optimal throughput
across all possible network control policies for a given physical topology G and a given data center
demand pattern f (see §3.2). Based on u(@G, f), we then define “f-optimality” for a given physical
topology G, i.e., G is said to be f(G)-optimal as long as u(G, f) = f(G)u(G’, f) for any physical
topology G’ and any demand pattern f (see §3.3). A physical topology G is said optimal if f(G) = 1.

We first study how to design the optimal physical topologies with f(G) = 1. A naive approach
requires calculating p(G, f) for different f’s and optimizing p(G, f) among different physical
topologies. Unfortunately, this approach is computationally prohibitive. First, the formulation of
(G, f) is essentially an integer programming problem (see (5) in §3.2), which is NP-hard in general.
Second, there are an uncountable number of different traffic patterns, and it is impossible to calculate
(G, f) one by one. To circumvent the above difficulty, we introduce a coupling technique (see
Lemma 1 in §3.3) to compare two physical topologies. The intuition is that, if one physical topology
can “imitate” all the control strategies of another physical topology, then the first physical topology
will perform no worse than the second one. Using this coupling technique, we prove that the ideal
physical topology and the uniform bipartite physical topology are both optimal. While these two
physical topologies have been adopted by many existing ODC designs [4, 6, 9, 18-21, 23, 25] to
build prototypes, they scale poorly to support large data centers.

We then study how to design scalable physical topologies for large ODCs. Along this direction,
we first prove a negative result that no physical topology is optimal when the number of EPS nodes
exceeds the number of ports of an OCS node. Hence, we have to seek for sub-optimal physical
topologies, and calculate f(G) as a performance guarantee of these physical topologies. We could
still use the coupling technique to calculate (&) for these physical topologies. However, due
to the lack of direct connectivity between certain node pairs, it may not always be possible for
one physical topology to imitate the control decisions of another physical topology. To overcome
this challenge, we enhance the above coupling technique using overlay topologies. If one physical
topology allows constructing an overlay topology to “imitate” all the control strategies of another
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physical topology, then the first physical topology will perform no worse than the second one (see
Lemma 2 in §3.3). Using the enhanced coupling technique, we successfully calculated (&) for
three representative physical topologies.

The contributions of this work are summarized below:

(1) We introduce a new metric f(G) to evaluate the goodness of a physical topology G.

(2) We develop a coupling technique to calculate f(G). This technique circumvents the compu-
tational complexity of calculating (G, f) for any traffic pattern f.

(3) We design an optimal physical topology (with rigorous proof) for small-scale data centers.

(4) We prove that no physical topology is optimal for large-scale data centers.

(5) Motivated by Flexfly [26], 3D-Hyper-FleX-LION [17] and Sirius [2], we design three physical
topologies that can scale to large ODCs, and prove their performance guarantees f(G).

2 RELATED WORK

Existing works on optical circuit switched data centers have primarily focused on the overall
network control. The adopted physical topology designs either scale poorly, or lack performance
guarantee.

c-Through [25], Mordia [23], REACToR [18], OSA [6], Solstice [19] simply use one OCS to connect
all the Top-of-Rack (ToR) switches. This physical topology design could only support tiny data
centers with ©(100) number of servers. To improve scalability, MegaSwitch [7] uses fiber rings
for interconnection (a similar idea was also discussed in [23]). This physical topology architecture
could support ©(1000) number of servers, but still does not work for large-scale data centers with
over 100k servers and thousands of ToRs.

Using free-space optics, FireFly [12] and ProjectToR [10] enable optical interconnection for thou-
sands of ToRs. However, the free-space optical switching technology faces tremendous deployment
complexity, as many environmental factors (e.g., vibration, dust, and humidity) may hinder the
performance of the free-space optical links.

Helios [9], RotorNet [21], Opera [20], TROD [4] create a uniform bipartite graph between all the
PoDs/ToRs and all the OCSs. This physical topology turns out to be optimal based on our analysis
in §4. While this design scales well for the PoD-level interconnect, it scales poorly for the ToR-level
interconnect. A large-scale data center may require hundreds of OCSs to connect over 100k servers.
Unfortunately, a ToR switch only has tens of uplinks and thus it is impossible to establish a link
between every pair of ToR and OCS. (In contrast, a PoD could have hundreds of uplinks.)

Recently, Flexfly [26], Sirius [2] and 3D-Hyper-FleX-LION [17] offered three physical topologies
that can potentially scale to large-scale data centers. However, no performance guarantee is provided
for any of the three physical topologies.

3 MATHEMATICAL MODEL
3.1 Basic Definitions

We study a network with N electrical-packet-switching (EPS) nodes S = {S1,Ss, ..., Sy} and K
optical-circuit-switching (OCS) nodes O = {01, Oy, ..., Ox}. Each EPS node has L ports, each of
which has a transceiver. Each OCS node has R ingress ports and R egress ports. Each EPS port can
either connect to another EPS port, or connect to a pair of OCS ports. Note that when we connect
an EPS port to OCS ports, we need to separate the transmitter and the receiver of the EPS port,
have the transmitter connected to an OCS ingress port, and have the receiver connected to an OCS
egress port. Since an OCS port capacity is typically much higher (100x and more) than an EPS port
capacity, the capacity of each network link is dominated by the EPS port capacity B.
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Remark on OCS-OCS connections: The optical transceivers commonly used in data centers,
e.g., 100G QSFP28 CWDM4, typically have a link margin of 5dB and a maximum transmission
distance of 2km. Note that signals traversing an OCS node could experience 3dB optical loss. To
enable OCS-OCS connections, one may need to replace the 2km optical transceivers by 10km
optical transceivers, e.g, QSFP28 LR4. However, the QSFP28 LR4 transceiver has a much higher
consumption and laser cost than the QSFP28 CWDM4 transceiver. Due to the above cost reasons,
we do not allow OCS-OCS connections in this paper. Nevertheless, the methodologies introduced
in this paper can be easily generalized to incorporate OCS-OCS connections.

Traffic Matrix: Let f;; be the relative traffic demand between the EPS node S; and the EPS node
S;j. Then, the network demand can be modeled using a traffic matrix f = [f;;,i = 1,2,..,N,j =
1,2,..,NJ.

Physical Topology: We use G = (V, &), where V = S U O, to denote the physical topology
among all the EPS nodes and all the OCS nodes. As shown in Fig. 1(a), the edges of G consist of
two parts & = &; U &, where &; is the set of bidirectional links that interconnect two EPS nodes
and &, is the set of unidirectional links that interconnect one EPS node and one OCS node. The
port count constraints of the EPS nodes and the OCS nodes are reflected by the degrees of the
nodes in G. Specifically, the in-degree and out-degree of each EPS node are no more than L and the
in-degree and out-degree of each OCS node are no more than R. Note that there could be multiple
physical links connecting two adjacent nodes.

OCS Configuration: Each OCS node has R ingress ports and R egress ports. As shown in Fig. 1(b),
an OCS configuration is essentially a 1 — 1 mapping from the R ingress ports to the R egress
ports. In this paper, we denote by I,k = 1,2,..,K as the OCS configuration of Oy, and let
IT = {114, I, ..., g }. An OCS configuration helps create multiple logical links between EPS node
pairs. For example, if an ingress port a is mapped to an egress port b in an OCS node, let S; be
the EPS node that connects to a and S; be the EPS node that connects to b, then a unidirectional
logical link is created between S; and S;. Since OCS nodes do not perform packet decoding, a packet
traversing through a logical link will not be aware of the underlying OCS node.

Logical Topology: Given a physical topology G and an OCS configuration II, a logical topology
G = G1(G,II) = (V}, &) is formed. In the logical topology G (also see Fig. 1(c)), the node set
Vi = S only contains the EPS nodes; the link set & = &; U &3, where & is the set of physical
links among all the EPS nodes and &; is the set of logical links formed by the OCS configuration II.
We use a non-negative integer x;;(G;) to denote the number of links from S; to S; in G;. Note that
x;j(G1) could be larger than one.

3.2 Network Control for Optimal Throughput

Network performance are usually evaluated from different dimensions, including throughput,
latency, flow completion time [8], deployment complexity [27], expansion complexity [27, 28], etc.
We focus on throughput in this paper due to the following reasons. First, compared to latency and
flow completion time, throughput can be mathematically formulated and thus is easy to evaluate
even at the planning stage. Second, having a higher throughput could also help reduce latency, flow
completion time, expansion complexity (the number of expansion stages can be reduced [27]), etc.

Given a traffic pattern f and a physical topology G = (V, &), network throughput can be affected
by various control policies, including route selection, load balancing, congestion control, etc. For
ODC, the OCS configurations can be also a determining factor for throughput. We consider an
“oracle” that could choose the best control policies for every pair of (G, f). Specifically, this oracle
performs topology engineering (ToE) and traffic engineering (TE) to attain the optimal network
throughput, denoted by (G, f). Admittedly, this oracle is hard to realize in practice. But on the
other hand, this oracle allows us to eliminate the impact of different control policies on p(G, f),
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(c) Logical topology.

Fig. 1. Physical topology and logical topology. When an OCS configuration acts on a physical topology, the
logical topology will be changed. In (a) physical topology, red arrowlines represent the set of bidirectional
links that interconnect two EPS nodes and arrowlines represent the set of unidirectional links that
interconnect one EPS node and one OCS node. In (c) logical topology, blue arrowlines represent the set
of logical links formed by the OCS configuration. Note that each EPS port can either connect to one red
bidirectional arrowline, or connect to two unidirectional arrowlines with opposite directions.

and thus p(@G, f) can be used to measure the goodness of the physical topology G under the traffic
pattern f. Next, we will describe how this oracle calculates the optimal throughput p(G, f).
Topology Engineering (ToE): ToE controls the logical topologies used to serve different traffic
patterns. For each traffic pattern f, ToE could either generate one logical topology, or generate
multiple logical topologies and perform time sharing among these logical topologies. Let M > 1 be
the number of logical topologies generated by ToE. Each logical topology, denoted by Ql(m), m=
1,2,..., M, corresponds to a set of K OCS configurations om = {Him), Hgm), e H;;") }, and lasts for
A™ amount of time. Note that reconfiguring OCSs could incur a reconfiguration latency 8, which
ranges from hundreds of nanoseconds to tens of milliseconds, depending on the optical switching
technology being used. Hence, the average bandwidth allocated to (S,, S,) can be computed as

M M
Buv = (Z xuu(gl(m))A(m)B) / (M5 + Z A(m)) . (1)
m=1 m=1
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In addition, traffic patterns may change in an ODC. To model this fact, we impose the following
constraint on A(™):

M
M + Z A < A )
m=1
where A is the duration of the traffic pattern f.
Traffic Engineering (TE): Given a ToE solution, network operators can then perform traffic
engineering to maximize network throughput. Here we adopt the max-flow formulation. For every
flow from S; to S;, let f;j(u, v) be the amount of traffic allocated to (S, S,). The traffic allocation
fij(u,v) must satisfy the following constraints:

(1) Flow conservation constraints: The total ingress traffic equals to the total egress traffic at
every EPS node, i.e.,

ZW1¢Uﬁj(W1’U) = sz#)ﬁj(v’ WQ)’ Yo #i Js
Hfij + Do iy (Wi, 1) = 2y fij (1, w2), ®3)
Zowzj fwi (W 1) = pfij + Xz fii (G, w2),
where p is a scaling factor of the network traffic pattern f.
(2) Network capacity constraints: For any EPS node pair (S, S,), the total amount of traffic
allocated to (S, S,) must be no larger than B,,, i.e.,

N N
Z Zﬁj(u, v) < Buo. (4)

i=1 j=1
Defining i (G, f): Note that we introduced a scaling factor y in (3). We could optimize y by solving
the following optimization problem:

max .
st. 6™ = GI(G. ™), Vm = 1,2,.., M, )
1, Buo, fi(1,0), G™, A™ satisty (1)(2)(3)(4).

Then, (G, f) is defined as the optimal objective value of the above optimization problem.
Remark on the complexity of calculating ;(G, f): Even though we have defined p(G, f) rig-
orously, calculating p(@G, f) turns out to be an NP-Complete problem (see Appendix A for the
detailed proof). We could use Gurobi [22], the world’s fastest linear programming solver, to solve (5).
Unfortunately, (5) contains ®(N2KM) number of integer variables and @(N*) fractional variables.
As we will show in Section 7.2, Gurobi may fail to solve (5) even when there are only 9 EPS nodes.
Remark on TE: We have adopted an “edge formulation” for TE in (3) and (4). This edge formulation
requires @(N*) routing variables, one for every link & flow pair. Another widely used formulation
for TE is the “path formulation” (see SWAN [13]). The path formulation pre-computes a set of paths
for each flow, and then defines a traffic-spitting ratio variable for every flow and every path. This
formulation generally requires fewer number of decision variables. However, its logical topology
must be determined first in order to compute paths. In contrast, calculating p(G, f) requires a joint
optimization over topology and routing, and thus cannot adopt the “path formulation”.

3.3 Objective of Physical Topology Design
DEFINITION 1. A physical topology G is said to be f-optimal if for every traffic pattern f,

WG, f) z pu(G’. f)
holds for any possible physical topology G'. B is called the performance ratio of G.

Proc. ACM Meas. Anal. Comput. Syst., Vol. 5, No. 3, Article 42. Publication date: December 2021.



Understanding the Performance Guarantee of Physical Topology Design for Optical Circuit Switched Data Centers 42:7

Clearly, every physical topology G corresponds to a f(G) € [0,1]. f(G) can be viewed as a
performance guarantee of the physical topology G, and the larger the better. A physical topology
is said to be optimal if its corresponding f = 1.

Unfortunately, directly calculating f(G) based on (5) and Definition 1 is computationally in-
tractable for large scale ODCs. First, calculating f(G, f) is NP-Complete. Second, there are un-
countable number of traffic patterns f, and it is impossible to calculate u(G, f) one by one. Due
to the above difficulties, we have to resort to a theoretical approach. The key to our theoretical
approach is a coupling technique detailed in the following two lemmas. This coupling technique
helps us circumvent the algorithmic complexity of calculating §(G, f) for all possible f’s.

LEMMA 1. Given two physical topologies G and G'. If any logical topology G formed on top of G
can be also formed on top of G’, then for any traffic pattern f, p(G’, f) = u(G, f).

Proor. Let ( Ql* (m), J;7(u,v)) be the optimal topology+routing solution that attains the optimal
throughput u(G, f). Since the logical topologies Ql* (™) are also realizable on G, (Ql* (m), fij(w0)
must also satisfy the constraints in (5) when calculating u(G’, f). Therefore, u(G’, f) = p(G, f). O

Lemma 1 can be also generalized to the concept of overlay topology, which is defined below:

DEFINITION 2. Given a logical topology G;. A topology G, can be formed as an overlay topology
of Gi if we can reserve a number of paths for every source and destination pairs S;, Sj, such that the
following two conditions are met:

(1) From the overlay topology Go1 aspect, for every pair of EPS nodes S;, S;, the total reserved capacity
among all paths is equal to x;;(Go1)B.

(2) From the underlay topology G aspect, for any EPS node pair (S;,S;), the total capacity offered
for reservation does not exceed x;;(Gr)B.

LEMMA 2. Given two physical topologies G and G’. If for any logical topology G; formed on top
of G, there is a logical topology G| formed on top of G’, such that G| can be formed as an overlay

topology of G/, then for any traffic pattern f, u(G', f) > p(G, f).

Proor. See Appendix B. O

3.3.1 An Ideal Physical Topology. Fix the number of links L and the link capacity B of an EPS node.
Assume that each OCS node has the infinite number of ports. Then, we could connect all the EPS
nodes to a single OCS node and obtain an ideal physical topology QiL‘}gal. It is easy to verify that
any logical topology formed on top of any physical topology is realizable on top of ggfgal. Then

according to Lemma 1, Q}_dgal is optimal, as stated below:

THEOREM 3. For any fixed number of links L and fixed link capacity B, QLidgal is optimal.

Based on the ideal physical topology Qidf;‘l, we can then define the ideal throughput uiLdEal (f) for
an arbitrary traffic pattern f as

Hs () = mGLE ).
ideal

Clearly, ;" (f) scales linearly with respect to B. Further, as the number of links L of an EPS node

ideal

15 (f) would never decrease.

increases, the ideal throughput p
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4 OPTIMAL PHYSICAL TOPOLOGY FOR SMALL DATA CENTERS WITH N <R

Building an ideal physical topology requires R > NL. This only applies to tiny data centers with
at most tens of EPS nodes’. In this section, we study a less restrictive case where N < R, which
corresponds to hundreds of EPS nodes.

Before proposing our physical topology design, we first introduce the following lemma.

LEMMA 4. Given an N X N non-negative integer matrix x = {x; ;}, for any integer H > 1 and
mutually disjoint sets Ay, Ay, ..., Ac satisfying Ucczlﬂc ={1,2,...,N} and A, N A, = 0,Vc1 # ¢y,
there must exist H non-negative integer matrices x, . x® satisfying

(1) x=x +. x®);

SN
(2 0< Z (h) {—”},for anyi=1,..,Nandanyh=1,2,..,H;

) N
(3) 0< Yiem, Zl\i xl.(?) < {M},foranyc =1,..,Candanyh=12,...H;

@o<yN, (h) {#w foranyj=1,..,Nandanyh=1,2,..,H;

(5) 0 < Zl 1 ZjeA. xl(il) < {myforanycz L,...,Candanyh=1,2,.., H.

Lemma 4 can be proved by transforming it into a sequence of max-flow problems. It is actually
a direct consequence of Theorem 3 in [28] by setting o/ = # = {Ay, ..., Ac, {1}, ... {N}}. See
Appendix A in [28] for the detailed proof.

4.1 Physical Topology Design

Motivated by Lemma 4, we set the number of OCS nodes as K = L and evenly distribute the L links
of each EPS node across all the OCS nodes. In other words, the physical topology G becomes a
uniform bipartite graph, with exactly one bidirectional physical link between every pair of EPS
node and OCS node. (More specifically, the transmitter of the EPS port is connected to an OCS
ingress port, and the receiver of the EPS port is connected to an OCS egress port.) Note that N < R
ensures that the number of ports of each OCS node is not exhausted. We denote such a physical
topology by Guniform, as shown in Fig. 2. We can prove that Gypiform 1s optimal.

0Cs 1 0CS 2 0CS 3 0CS I
L Bperts b
EPS1, ports‘ ‘ EPS 2 ‘ ‘ EPS 3 ‘ ‘ EPS N

Fig. 2. Guniform topology.

THEOREM 5. If N < R, then Guniform is optimal.

Proor. We only need to prove that any logical topology G; is realizable on top of the physical
topology Guniform-

1A practical OCS node has hundreds of ports and a practical ToR switches has tens of ports.
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Since each EPS node has L ports, we must have
{ poni xij(G) <L, Vj=1,..,N,
2?7:1 xij(G1) <L, Yi=1,..,N.
Then, according to Lemma 4, we can decompose {x;;(G;)} into H = K = L integer matrices
{xl.(;’) (G1)}, h=1,2,.., H satistying the conditions in Lemma 4. Based on (6) and the conditions (2)
and (4) of Lemma 4, it is easy to check that any {xl.(jh) (G} h=1,2,.., H, must satisfy

(6)

h ;
g\il xl(])(gl) < 1’ v J= 1, LX) Ns
h :
Nox™(G) <1, Vi=1,..N.
Since xi(}l) (G1)’s are non-negative integers, xl.(jh) (G)) is actually a permutation matrix. Note that
each EPS node has one bidirectional physical link connected to the h-th OCS node, it is easy to
verify that the permutation matrix xl.(.h) (G)) is realizable on the h-th OCS node.

J
m}

5 NEGATIVE RESULT ON PHYSICAL TOPOLOGY DESIGN

Having designed an optimal physical topology for the case N < R, we thus wonder if it is possible
to design an optimal physical topology for large-scale data centers with N > R. Unfortunately, the
following theorem demonstrates the impossibility of such a design.

THEOREM 6. If N > R, then no physical topology is -optimal for § > A;;fi‘; In other words, for

any physical topology G, there exists a traffic pattern f and a physical topology G’, such that

WG.f) < TG )

Proor. Let Z = (ki, ks, ..., kn) be a permutation of the N EPS nodes. In total, we obtain N!
different permutations. For each permutation Z = (ky, k, ..., kn'), we count the maximum number
of unidirectional logical links that can be formed for Sy, — Sk,, Sk, — Sks» --» Skyy — Sk, under a
physical topology G, and denote this number by N(G, Z).

Step 1: We would like to prove that for any physical topology G, there must exist a permutation
Z*, such that

N

NLR
N(G. Z") < .
6.2 < 57
Let N;_,; be the maximum number of links that can be created from the EPS node S; to the EPS
node S;. We compute

ZN(Q’Z):Z Z 1{jisafteriinZ}Ni—>j= Z Niﬁjzl{jisafteriinZ}-
Zz

Z Ljii#E] i,j:i#j z

Here, “j is after i in Z = (ky, k», ..., kny)” means that either there exists r = 1,2, ..., N — 1, such that
kr = i,kr+1 = j, or ky = i,k; = j. In order to compute the number of permutations in which j is
after i,ie, ZZ l{j is after i in Z}»
(1) we first find a permutation with N — 2 elements excluding i and j, and the total number of
such permutations is (N — 2)!;
(2) we then insert i and j to the right places of the above permutation, and the number of different
inserting positions is N. (For example, when N = 4, ij % %, *ij*, * % ij and j * i are the 4
generated permutations.)
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Hence,
Z 1{jisafteriin zZy = N X (N - 2)!.
Z
We then focus on }3; ;.;xj Ni—j. We first fix i and compute 3, ;.;.; Ni ;. Assume that the EPS node S;

has at least one transmitter connected to the OCS node Oy. Let R be the number of links between
the egress ports of the OCS node O and the receivers of all the EPS nodes excluding S;. Then it is
easy to check that the contribution of the OCS node Oy to 3’ ;,;,; Ni—; is at most Ry < R. Since the
EPS node S; can connect to at most L different OCS nodes, we must have

Z Ni_j < LR, for any fixed i.

Jij#i
Therefore,
N
D Nij=>0 > Niwj < NLR (7)
i,ji#j i=1 j:j#i

Note that there are N! different permutations in total. According to the Pigeonhole Principle,
there must exist a permutation Z* such that
2z NG, 2) - NX(N-2)!xNLR _ NLR
N! B N! TN-1

Step 2: We construct a permutation traffic pattern f* based on Z* = (k7. k;, ..., kl*\,), ie.,

1, ifi=k,j=k,

fii=9 L ifi=ky,j=kj;
0, otherwise.

N(G.Z") <

wherer =1,2,..,N — 1;

Clearly, if we create a physical topology G(Z*) such that the I-th (I = 1,2, ..., L) egress port of the EPS
node Si: (or Sg; ) and the I-th ingress port of the EPS node Si;  (or Sk;) connect to the same OCS, then
the resulting physical topology G(Z*) would be the optimal physical topology for f*. Specifically,
on top of the physical topology G(Z*), we can create L identical cycles ki — k; — ... — k3, — k]
as the logical topology. It is easy to check that this logical topology offers the highest throughput
for the traffic matrix f* over the physical topology G(Z*), and u(G(Z*), f*) = BL.

We then compute the throughput p(G, f*) for f* over G. Consider the optimal ToE+TE strategy
that attains the throughput value (G, f*). Then, within a time period of A,

N N
WG [N Y fi = n(G.fIAN (®)

=1 j=1
amount of traffic is delivered from sources to destinations. The delivered traffic can be grouped
into two classes:

(1) Class-1: traffic that is delivered via only one hop;
(2) Class-2: traffic that is delivered via at least two hops.

Class-1 traffic must occupy one of following types of logical links Sgr — Sg;, .., Sy —
Skfv’ Skj\] — Sk;«. Since the total number of such links is at most N(G, Z*), we must have

Class-1 traffic < N(G, Z")AB. 9)

Every byte of the Class-2 traffic occupies at least two bytes of the network capacity. Note that
every logical topology has at most LN unidirectional links. Hence,

2 X Class-2 traffic < (LN — N(G, Z7))AB. (10)
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Based on (8)(9)(10), we then obtain

1 B BL B
* < - * = _ * _ _ *

WG.F) < £ (BNG.Z)+5 IN=-N(G.Z))| == +5N(G.Z")
BL BL R N+R-1
= = — Z* % )
st o N1~ N Me@).f)

This completes the proof. O
N+R-1

Discussion: Note that 55— < 1 when N > R + 1. Then according to Theorem 6, no physical
topology is optimal. Readers may wonder if it is possible to construct an optimal physical topology
for the case where N = R + 1. The answer is no. When N = R+ 1, ]\ZIXIR__ZI = 1. This indicates that, if
there exists an optimal physical topology, the “=” must hold for the inequality (7). This “=” requires
that the 2R ports in each OCS (R ingress ports and R egress ports) must connect to 2R different EPS

nodes. This is impossible because there are only N = R+ 1 EPS nodes.

6 SCALABLE PHYSICAL TOPOLOGY DESIGNS WITH PERFORMANCE GUARANTEE

In this section, we propose three scalable physical topology designs and analyze their performance
guarantees. The main results in this section are summarized in Table 1. Note that the maximum
scale of different physical topologies depends on the OCS node port count R and the EPS node port
count L. A commercially-available OCS node, e.g., the 3D-MEMS based OCS [3] and the Arrayed
Wavelength Grating Routers [2], could have hundreds of ports. An off-the-shelf ToR EPS node, e.g.,
the CloudEngine 8800 [14], could have 32 ~ 64 ports. Hence, the physical topologes studied in this
section could support large-scale ODCs with thousands or even tens of thousands of EPS nodes.

Table 1. The scalability and the performance ratios of different physical topologies.

Physical Topology Maximum Number of EPS Nodes Performance Ratio 8

Guniform R 1

Geps-group RIL/3] ming {del, (F) /i85 ()
Geps mesh R ming {del | (F) /i35 () |
Gocs mesh R/2)1L/2) ming {9t (F) /()

6.1 EPS-Group based Physical Topology

Physical topology of Geps-group: Let P = [L/3]. We create C EPS node groups, each of which
contains P EPS nodes and is denoted by A.. Within each EPS node group, there are two links
between every pair of EPS nodes. Each EPS node has 2(P — 1) intra-group links, and the total
number of links in each EPS node group is P(P — 1). Each EPS node also has P links connected
to the OCS nodes to establish inter-group connections. It is easy to verify that the degree of each
EPS node is 3P — 2 < L. We use K = P? OCS nodes and divide these OCS nodes into P equal-sized
groups. We number the EPS nodes in a group from 1 to P. The p-th EPS node in a group has one
link connected to every OCS node in the p-th OCS node group, where p = 1,2, ..., P. Since the
number of ports of an OCS node is R, the number of EPS node groups of Geps-group must satisfy
C < R. Thus, the total number of EPS nodes in Geps-group satisfies N = CP < R[L/3].

THEOREM 7. For any traffic pattern f, the optimal throughput under Geps group satisfies
,U(geps-group’ = lli[ie/agvl]’B(f)-
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0oCs 1 ocs2 | i ocss

‘EPSlmAl = EPS2in 4, [ EPS31m ]73111“42 [ EPS2in 4, [ EPS31nA2 \

EPS-Group 1 EPS-Group 2

Fig. 3. Toy example of EPS-Group topology (R = 2, N = 6).

Proor. Let Q‘[‘i’ﬁ] 5 be the ideal physical topology. According to Lemma 2, we need to show that
ideal

any logical topology G; formed over Q[L 7318

Since each EPS node in Q‘[‘i’ﬁ]  has P = [L/3] number of uplinks, the following constraints must
be satisfied

can be realized as a overlay topology over Geps-group-

{ %ﬁl xi;(G) < [L/31=P. Vj=1,...N, »

Ny xj(G) <TL/31=P, Vi=1,..,N.

Note that it may not always be possible to establish a logical link between two EPS nodes in
Geps-group> especially when the two EPS nodes are in different EPS node groups and these two
nodes have different intra-group indices. Hence, we are interested in constructing G; as an overlay
topology on top of Geps-group- For every pair of EPS nodes S; and S; in Geps-group, We would like to
create x;;(G) number of virtual logical links in between. Here, a virtual logical links is essentially
a path between two EPS nodes, with each path segment occupying exactly one logical link.

For every EPS node pair (S;, S;), we classify this pair’s virtual logical links into P = [L/3] types:

e If S; and S; are in the same EPS node group, the type-p virtual logical links are two-hop
paths with intermediate node being the p-th EPS node in this EPS node group. It is possible
that the p-th EPS node is exactly S; or S;. In this case, this “two-hop path” degenerates to a
single-hop path.

e If S; and S; belong to different EPS node groups, the type-p virtual logical links are three-hop
paths with intermediate nodes being the p-th EPS node in the EPS node group of S; and the
p-th EPS node in the EPS node group of §;. It is possible that the p-th EPS node in the EPS
node group of S; is exactly S;, or the p-th EPS node in the EPS node group of S; is exactly S;.

In this case, this “three-hop path” degenerates to a two/one-hop path.
We use xf’],p =1,2,..., P to denote the total number of type-p paths between S; and S;. According
to Lemma 4, there exists an integer solution of [xZ] satisfying the following constraints:

Xij = Zplxg\fl]—l L N;
<INl <1LVi=1,.,Np=1..P;

(1)
(2 0<
(3) 0 < ZleﬂcZ“xP <PVc=1,..,C,p=1,..,P;
(4)0<
(5)

5SS

ij =
4 SR <LYj=1,.,Np=1..P;
5)0 < Zl lzjeﬂcxf’] <PVc=1,.,C,p=1,..P.
Note that xg. determines the underlying logical topology of the overlay topology G;. We need to
show that this logical topology is compatible with the physical topology Geps-group-

Intra-group Logical Topology: If S; and S; are in the same EPS node group, then the number of

(] mod P) +Z (zmodP)

links in between is Z X,

. Based on the constraints 2) and 4), it is easy to
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check that the above number is no greater than 2, which is compatible with intra-group physical
topology design of Geps-group-

Inter-group Logical Topology: Fix p = 1,2,..., P. Let S(¢,_1)p+p and S(c,—1)p+p be the p-th EPS
node in the EPS node groups A, and A,,, respectively. Then the total number of links from
S(er-1)P+p 0 S(c,~1)P4p 18 yfng = Zieﬂq Zjeﬂcz xg.. Based on the constraints 3) and 5), it is easy
to verify that 3C Y., < P, >¢

=1 =1 Yere, < P. Then, using the same arguments in the proof of
Theorem 5, we can prove that the logical topology yfch, c1,¢2 = 1,2,...,C is realizable on top of
Geps-group- This completes the proof. ]
Remark: Theorem 7 implies that S(Geps-group) = mirlf{yir‘le‘e/"‘;MB H/ pf%al ()} Geps-group is similar
to the physical topology used by Flexfly [26]. In order to prove the performance guarantee in
Theorem 7, we have restricted Geps-group to use uniform mesh for its intra-group topology, which
limits the scale of Geps-group. One could use flattened butterfly [16] for intra-group interconnect
to increase the size of each EPS group of Geps group, as suggested by Flexfly [26]. However, the

performance guarantee would become much poorer.

6.2 EPS-Mesh based Physical Topology Design

Physical topology of Geps-mesh: Let P = | L/3]. We arrange all the ESP nodes into a C X W mesh.
The W EPS nodes in the c-th row forms an EPS node group, denoted by A, ¢ = 1,2, ..., C. We index
all the EPS nodes row by row, from 1 to CW. There are 2P OCS nodes dedicated for each EPS node
group A.. For every EPS node in A, there is one bidirectional link between this EPS node and
each of the 2P OCS nodes. There are also P OCS nodes dedicated for the EPS nodes in each column.
For the w-th column, there is one bidirectional link between every EPS node in this column and
every OCS node dedicated for this column. Since the number of ports of an OCS node is R, the
number of EPS nodes in each row or each column must be no more than R. Thus, the total number
of EPS nodes must satisfy N = CW < R?.

9% 0082 |
| Eps1 | EPS2 | | EPs3
ocs3 ocs4
jocs7 ] EPS4 | PS5 | | EPs6 - 0CS 9 |
ocss
| mps7 | EPss | | EPsy

Fig. 4. Toy example of EPS-Mesh topology (R =3,N =9).

THEOREM 8. For any traffic pattern f, the optimal throughput under Geps-mesh satisfies
/J(geps-mesfu f) 2 Ilﬁf/a;J,B(f)

be the ideal physical topology. According to Lemma 2, we need to show that

ideal
[L/31.B

ideal
Proor. Let Q‘LLe;‘SJ’B

any logical topology G; formed over G can be realized as a overlay topology over Geps-mesh-
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Since each EPS node in Qi‘ie/‘gl 1B has P = | L/3]| number of uplinks, the following constraints

must be satisfied
{ N xij(G) < |L/3]=P, Vj=1,.,N, (12)
SN xi(G) < LL/3] =P, Vi=1,..N.

Similar to Geps-group, it may not always be possible to establish a logical link between two EPS
nodes in Geps mesh as well, especially when the two EPS nodes are in different rows and different
columns. Hence, we will construct G; as an overlay topology on top of Glarge. For every pair of
EPS nodes S; and S; in Geps-mesh, we would like to create x;;(G;) number of virtual logical links in
between, and classify these virtual logical links into W types:

e If S; and S; are in the same row, the type-w virtual logical links are two-hop paths with
intermediate node being the w-th EPS node in this row.

e If S; and S; belong to different rows, the type-w virtual logical links are three-hop paths with
intermediate nodes being the w-th EPS node in the same row as S; and the w-th EPS node in
the same row as S;.

We use xl.”JY ,w = 1,2,.., W to denote the total number of type-w paths between S; and S;. According to
Lemma 4, there exists an integer solution of xl‘;’ w = 1,2,..., W satisfying the following constraints:

(1) xi;(G1) = Ty x4 Vi j = 1,.., N;
(2) 0< Siea, XL x) <P Ve=1,..,Cw=1,., W;
()0<Z,1216ﬂcx <PVe=1.,Cw=1.,W.

Note that x% determines the underlying logical topology of the overlay topology G;. We need to
show that this logical topology is compatible with the physical topology Geps-group-

Inter-group Logical Topology: Fix w = 1,2,.., W. Let S(¢,—1)w+w and Sc,—1yw+w be the w-th
EPS node in the EPS node groups A, and A,,, respectively. Then the total number of links from
S(ei—)W+w 10 S(e,-yWw 18 Y, = Zieﬂq Zjeﬂc xW Based on the constraints 2) and 3), it is easy
to verify that ch 1Y, <P, ZCZ 1Y, < P. Then using the same arguments in the proof of
Theorem 5, we can prove that the logical topology Yooy €12 =1,2,..,Cis realizable on the P OCS
nodes dedicated for the w-th row.

Intra-group Logical Topology: Fix ¢ = 1,2,..,C. Let S(c—1)w+w, and Sc_1)w+w, be the wi-th

and the w,-th EPS nodes in A.. Then the total number of links from S(c_1)w.w, t0 S(c—1) W+, 1S
2 _ ZN xwz + Z W1
wiwy T Hu=1" (e—1)WHwy,u v (c— 1)W+W

we can verify that ZXVVF 25wy S 2P 2 25y w, < 2P. Take the first one for example:

w
Z] zf"’l wo T Z Z xzzz—l)w+w1 u Z Z xu (=) W+wy
wi=

According to Eqn. (13) and the constraints 2) and 3),

wi=1 u=1 =1 v=1
N N
— w2
= Z inu + va,(cfl)WH/vz (gl) <2P.
ieA; u=1 =1

Again, using the same arguments in the proof of Theorem 5, we can prove that the logical topology

2oy WL W2 = 1,2, W is realizable on the 2P OCS nodes dedicated for the EPS node group A..
This completes the proof. O

Remark: Theorem 8 implies that (Geps-mesh) = ming{ yiLdLe/a; 1B H/ y‘deal (f)}. The design of Geps-mesh
shares a similar idea as the physical topology used by 3D-Hyper- -FleX-LION [17]. Although 3D-
Hyper-FleX-LION uses a 3D-mesh instead, it is easy to generalize Geps-mesh from 2D-mesh to

3D-mesh to further improve its scalability. Notably, one critical design of Geps-mesh is that the
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EPS ports used for intra-group interconnect is “two” times the EPS ports used for inter-group
interconnect. This design allows us to attain the best performance guarantee.

6.3 OCS-Mesh based Physical Topology Design

Physical Topology of Gocs-mesh: We arrange C2 OCS nodes into an C x C mesh, where C = |L/2].
The EPS nodes are arranged into C groups, each of which contains W EPS nodes and is denoted by
Ac,c=1,2,...,C. For the EPS node group A., we connect two directed links from the transmitters
of each EPS node in A, to the ingress ports of each OCS node in the c-th row; we also connect
two directed links from the egress ports of each OCS node in the c-th column to the receivers
of each EPS node in A,. Since each OCS node has R ingress/egress ports, the number of EPS
nodes in each group must satisfy W < |R/2]. Hence, the total number of EPS nodes must satisfy
N=CW < |L/2]|R/2].

‘EPSlinAl‘ ‘EPS?inAl‘ ‘EPS:}inAl‘ ‘EPSlinAz‘ ‘EPS2inA2 ‘EPSBinAg‘ ‘EPSlinAg‘ ‘EPS?iDAz‘ ‘EPSSinAg‘

(TX side)
{008 (33)

(RX side)

ﬁi}PSlinm ‘EPS?inAl‘ ‘EPSSinAl ‘EPSlinA2‘ ‘EPSQinA2‘ ‘EPSBinA2‘ ‘EPSlinAg‘ ‘EPSZinAg‘ ‘EPS3inA3‘

Fig.5. Toy example of OCS-Mesh topology (R = 6, N = 9). Some RX side links are omitted for clear visualization.
Each EPS node in A3 is connected to two egress ports of OCS(1,2), 0CS(2,2) and OCS(3,2). Each EPS node in
Aj3 is connected to two egress ports of OCS(1,3), OCS(2,3) and OCS(3,3).

THEOREM 9. For any traffic pattern f, the optimal throughput under Gocs-mesn Satisfies
ll(gocs—mesh, f) > ,ul&e/azlJB (f)
ProoF. Let G192 be the ideal physical topology. According to Lemma 2, we need to show that

LL/2].B :
any logical topology G formed over gﬁe/azl 1B

Since each EPS node in Q‘L‘ﬁzl 1B has C = |L/2] number of uplinks, the following constraints
: Zi\il xij(g[) < I_L/ZJ = C, V] = 1,...,N,
TXix(G) < |Lj2]=C Yi=1,..,N.

Again, we construct G; as an overlay topology on top of Gocs-mesh. For every pair of EPS nodes
S; and S; in Gocs-mesh, we would like to create x;;(G;) number of virtual logical links. Each virtual
logical link is essentially a two-hop path S; — Sx — S;,k =1,2,..., N, and we use xlkj to denote the
number of such virtual logical links.

Next, we would like to divide x;;(G;) = ijvz 1 xfj, such that the xfj’s are compatible with the
physical topology Gocs-mesh- Unlike Geps-group and Geps-mesh, We need to apply Lemma 4 multiple
times to obtain a valid decomposition of x;;(G;).

c (o

Step 1: Decompose x;;(G1) = X.o—; X; ; such that the following constraints are met:

e0<3N x¥ <1Vi=1..Ne=1,..C
e 03N x? <1LVj=1..Nec=1..C

(c)) _ W x(Co—l)W+W

ij T Liw=1%j

can be realized as a overlay topology over Gocs-mesh-

must be satisfied

(13)

Step 2: For every ¢y = 1,2, ..., C, decompose x such that forany w =1, ..., W,

the following constraints are met:
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002 Niem, SN x0TV <1 Ve =16
e0<yN lzjeﬂc e W <1Ve=1,..C.
Here A. = {(c - 1)W + 1, (c—1DW+2,..,cW}.
Based on Step 1&2, we obtain an integer decomposition x;;(G) = ¢ lxl(f) k " xl satisfying
(1) 0< Zj\’lzkeﬂcxl’j <1Vi=1,.,N,c=1,.,C;
2 0<IN Srea xU <1Vj=1.,Nc=1,..,C;
3) 0< Zleﬂ ZJ 1x1] <LVe=1,..,Ck=1,..,N;
(4) 0<ZHZJ€5¢ xl] <1Ve=1..,Ck=1..,N.
W1th xk the total number of logical links needed from S; to S; can be computed as y;; =

k 1 k] + Z xik. Next, we will show that y;; is compatible with Gocs-mesh-

Recall that the OCS nodes in Gocs-mesh are arranged as a 2D mesh. Consider the OCS node in the
c1-th row and c¢;-th column. This OCS node connects the transmitters of the EPS node in group
A¢, to the receivers of the EPS node in group A,,. Then, if the following constraints are satisfied

Z yij <2, Z yij <2, (14)

j€A, ied,,

the logical topology v;j, i € A,, j € A, will be realizable on this OCS. (14) can be verified below:

N N N
J . = i
IRTEDIDITD IDIETSD IR IP YN I TS
JEA, JEA, k=1 JEA, k=1 ieAe, €A, k=1 i€eAc, k=1
This completes the proof. O

Remark: Theorem 9 implies that f(Gocs mest) = ming (2 (£)/49(£)}. The design of Gocs mesh
shares a similar idea as the physical topology used by Sirius [2]. One critical difference between
Gocs-mesh and Sirius’ physical topology is that we connect “two” links instead of one between each
connected pair of EPS node and OCS node. This subtle design allows us to derive the performance
guarantee in Theorem 9.

7 PERFORMANCE RATIO ANALYSIS

We have performed theoretical analysis for four physical topologies Guniform» Geps-group» Geps-mesh
and Gocs-mesh, and related their throughput metrics with that of the ideal physical topology. Guniform
is optimal but scales poorly. Geps-group, Geps-mesh and Gocs-mesh have better scalability but are sub-
optimal. Accoring to Theorem 7, Theorem 8 and Theorem 9, It is easy to obtain

ﬂ(geps—group) = minf{ﬂ(geps—group; f) }; where ﬁ(geps-group’ f) lll[dLea;] B(f) /ﬂldeal (f),
ﬁ(geps—mesh) = minf{ﬁ(geps—mesh, )}, where ﬁ(geps—mesb = Illﬁe/a“ B(f) /,Uldeal ) (15)
,B(gocs—mesh) = minf{ﬁ(gocs-mesh»f)}’ where ﬁ(gocs-mesh,f) = /llﬁle/azlj B(f)//lldeal(f)~

In this section, we will calculate the approximated values of f(Geps-group)> B(Geps-mesh) and B(Gocs-mesh)-
We focus on two cases below:
(1) ToE can generate multiple logical topologies to serve each traffic matrix. This setting was
adopted by [2, 19-21].
(2) ToE generates only one logical topology (i.e., M = 1) for each traffic matrix. This setting was
adopted by [4, 9, 12].
For the first case, we obtain some theoretical results in Section 7.1. The second case is hard to
analyze, and we could only obtain some approximated numerical results in Section 7.2.
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7.1 Calculating ﬁ(geps-group)s ﬂ(geps—mesh) and f(Gocs-mesh) in Case 1
DEFINITION 3. A traffic pattern f is qg-decomposable if there exists q permutation traffic matrices
Z1,Zs, s Zg and 1 + o + -+ ¢g = 1,0 < ¢; < 1, such that f < YL ¢,Z;

DEFINITION 4. A traffic pattern f is a normalized traffic pattern if the following condition is met

N N N u

LEMMA 10. For any normalized traffic pattern f, we must have p’deal(f) < BL.

PROOF Without loss of generality, we assume that the egress traffic from S; sums to 1, e.g.,
N fij= j = 1. Consider the network control policy that achieves the throughput value yldeal ).
Then p‘de"‘l( ) 2 i fij = yldeal (f) amount of traffic can be delivered from the EPS node S; to other
EPS nodes in a unit time perlod On the other hand, the total egress bandwidth of S; is upper
bounded by BL, because S; has L ports. Thus, ,uldeal (f) < BL. O

LEmMMA 11. Given a g-decomposable traffic pattern f that lasts A amount of time, if the ToE policy
allows generating M OCS configurations, then p’de“l(f) > BL(1 - 5)(1- 5TM).

Proor. We split A into M time slots, such that A( = A® = ... = AM = A/M — §. In each
time slot, L permutations can be formed because each EPS node has L bidirectional links connected
the OCS. In total, we can form ML permutations.

Let f < ?:1 ¢iZ; be the g-decomposition of f. For every permutation Z;,i = 1,2,...,q, we
configure OCSs such that Z; is formed [(ML — q)¢;]| times. It is easy to verify that

q q
D ML= q)¢i] < ) (ML - )i +1) = ML.
i=1 i=1

Hence, the above ToE strategy is feasible. Under this strategy, the bandwidth allocated to the ODC
satisfies

(ML - q)B(A/M - §) qu bz, > ML= OBQA/M-0)

A A f-

9
= D TML = giIBAIM - 8)7: >
i=1

i=1
Therefore, under the above ToE strategy and the one-hop routing, we can achieve a throughput
value w. Based on the definition of (G, f), we must have

(ML — q)B(A/M - 9) _BrL(1- L) - S_M).
A ML A

1deal (f) >

]

Note that Lemma 11 holds for any M. According to the definitions of f(Geps-group): f(Geps-mesh)
and B(Gocs-mesh) 10 (15), it is sufficient to consider normalized traffic patterns, because pldeal ()
increases linearly if we scales f linearly. Further, based on the Birkhoff and von Neumann theo-
rem [5], any normalized traffic pattern f is g-decomposable with g < N? — 2N + 2. Combining all
the above analysis with Lemma 10, we then obtain

COROLLARY 11.1. Lety(M,]) = (1 - %) (1 - 5TM), we have

PEBT e (ML TL3)Y = PG < T

-1
(maxtrn 1)
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LL/3] LL/ 3]
L

-1
max {y (M. LL/3))} < f(Gepsmet) < (mﬁX{Y(Ma L)}) ,

LL/ ]

LL£2J ax {y(M, |L/2])} < B(Gocs-mesh) <

(m [y (M, L)})_ .

When the OCS reconfiguration delay § = 0, y(M, ) can be arbitrarily close to 1 as we increase
the number of OCS configurations M. In this case, we have

COROLLARY 11.2. If5 0, then ﬂ(geps group) L/ﬂ ,B(geps mesh) = LL/3J .B(gocs mesh) = LL/ZJ

7.2 Calculating B(Geps-group)> B(Geps-mesh) and B(Gocs-mesh) in Case 2 Where M = 1

M = 1 means that only one logical topology is generated for each traffic pattern f (see the definition
of ToE in Section 3.1). When M = 1, the lower bound of y‘deal( f) given by Lemma 11 can be extremely
loose, and thus may not be useful for calculating (ers group)s B(Geps-mesh) and f(Gocs-mesh)- In
this case, we perform numerical analysis instead. Note that exhaustively enumerating all the
different traffic matrices is not feasible. We simply generate random traffic matrices to perform the
calculation. We use two approaches to generate random traffic matrices:

Approach 1: Randomly generate Q permutation traffic matrices £V, f@, ., (@ and Q pa-
rameters 0 < y1, ¥, ..., Yo < 1 satisfying 23:1 Yg=1.Letf= ZqQ:I yqf(q). It is easy to verify
that the traffic matrix f generated with this approach is a normalized traffic pattern.

Approach 2: Generate a random non-negative number for each entry f;;,i # j, and then
normalize f such that max{maxj 1{21 1 fij}, max;! 1{2 L fiji =1

For every N and every L, we generate a number of normalized random traffic patterns using
the above two approaches, and calculate throughput values ,uifif;‘;]’ (), lllLdLefé 1B (f)s lllLdLefé 1B N,
,ulLd%al (f) for every traffic pattern f. We use three approaches to calculate the throughput values:

Joint Optimization: Directly solve the optimization problem (5) using Gurobi [22].

Decoupled Optimization: First, compute a logical topology g‘l‘l) that best approximates the
traffic pattern f by solving the following optimization problem:

maxzz (Lfij = LLfi;]) xl](g(l))
stLfij] < x;;(G") < [Lfij], foralli,j = 1,2,...N, (16)

N
ink(g‘l“)) < L,Zxkj(g_l(l)) <L, foralli,j=12..,N.
k=1 k=1

Then, solve the optimization problem (5) with the logical topology Ql(l) being fixed as Q_l(l) .
Fast Approximation: First, compute a logical topology g‘l“’ by solving (16). Second, find all

the shortest paths for every EPS node pair in Q(l) Third, calculate the throughput value
based on Equal-Cost Multi-Path (ECMP) routing.

The Joint Optimization approach solves topology and routing jointly, and gives the exact through-
put values. However, this approach has the highest computational complexity. The Decoupled
Optimization approach reduces algorithmic complexity by solving topology and routing separately.
The Fast Approximation approach further reduces computational complexity by using a fixed
ECMP routing. Notably, the second and the third approaches can only compute approximated
throughput and performance ratio values.
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7.2.1 Approximating ﬁ(geps—group)) ﬂ(geps—mesh) and ﬁ(gocs-mesh)' We generate a list of (N> L) PairSZ
(7,10), (8, 10), (9, 10), (15, 10), (20, 10), (30, 16), (40, 16), (128, 32), (256, 32), (512, 64) and (1024, 64).
For each (N, L) pair, we generate a set of 60 normalized traffic patterns, and denote this set by Fn 1.
For every traffic pattern f € ¥y 1, we use the above three approaches to compute the per-traffic-

pattern performance ratio ﬂ(Q, f): G e {geps—group> geps—mesh» gocs—mesh} as defined in (15)~

0 Joint [ 1 Decoupled [0 Fast 0 Joint [ 1 Decoupled [0 Fast

"’

.

-
’4'10/ flar. gy

ot

Per-Traffic-Pattern
o o o=
g i .
e ..
g
) —
Per-Traffic-Pattern

SN DD DD DD DS
SIS S RIS I I
SOV ITH YD S ORI T NI
TYTEIITFES SN
(a) EPS-Group (b) EPS-Mesh
0 Joint Decoupled [0 Fast — Joint Decoupled Fast
Q 10* <—Ynfimished
N — . . A Unhmnished
07, . ‘ = 10:
£06 ¢ ——1 s g 10°
S = 10l
= 0.5 = ]O(
€04 T % é g 10
= 0.3 .o ! =107
= t, Z -2
£0.2 o . g
= DD DDAAD D 1073\\\'\\\\\\\\
SIS IIaIS S SIS ITISIIITISE
PRI I NY QO QP TSN
NNESNITOES AR SRS
(c) OCS-Mesh (d) Running Time Comparison

Fig. 6. Calculating (G, f) using Joint Optimization, Decoupled Optimization and Fast Approximation.

Since the Joint Optimization approach can compute the exact per-traffic-pattern performance
ratio values, we consider Bioint(G) = mingcs,; Bjoint (G, f) as the best approximation to (&) for
every G € {Geps-groups Geps-mesh» Gocs-mesh }- However, calculating Bioint (G, f) is computationally
expensive. The Joint Optimization approach can only compute fjoint(G) for the (N, L) pairs (7, 10),
(8,10) and (9,10). When N > 9, the Joint Optimization approach may not be able to compute a
solution even after running a few hours. Hence, in the following, we study how to approximate
Bioint (G) using the other two approaches.

We first use the Decoupled Optimization approach to approximate fjoint(G). For every f € Fn 1,
we compute fiecoupled (G, f) using the Decoupled Optimization approach. As shown in Fig. 6,
the values of Baccoupled (G, f) exhibit much higher variance than that of S (G, f). If we use
mingeq; Bdecoupled (G f) to approximate Baecoupled (&), the gap between the estimated value and
the true value would be too large. Hence, we adopt the following heuristic. Let atgecoupled (G p)
be the p-th percentile value among all the values of Becoupled (G, ). We aim to find p such that
adecoupled(gap) ~ ﬁjoint(g)- From Fig. 6, we can see that P(gepsfgroup) ~ 25th, P(gepsfmesh) ~ 35th
and p(Gocs-mesh) = 25th when (N, L) = (7,10), (8, 10) or (9, 10). Then, we use ddecoupled (G P(G)) to
approximate Sjoint(&) for larger data centers. However, even this Decoupled Optimization approach
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Table 2. The values of p’(G) for different (N, L)’s. When N < 9, we pick p’(G) such that af,s (G, p'(G)) =
ﬁjoint(g)~ When 9 < N < 40, we pick p’(G) such that ags (G, p'(G)) =~ adecoupled(g’p(g))~

(7,10)  (8,10) (9,10) (15,10) (20,10) (30,16) (40,16)
P (Geps-group)  36th  26th  23th 35th  33th  58th  56th
P'(Geps-mesh)  28th  31th  20th  36th  36th  56th  61th
P’ (Gocs-mesh)  48th  31th  26th  46th  45th  65th  63th

Table 3. Approximating B(Geps-group)s B(Geps-mesh) and B(Gocs-mesh) using the Fast Approximation approach.

(7,10) (8,10) (9,10) (15,10) (20,10) (30,16)
B(Geps-group)  0.34 0.34 0.33 [0.28,0.31] [0.27,0.3]  [0.25,0.28]
B(Geps-mesh)  0.24 0.23 0.22 [0.17,0.21] [0.16,0.19] [0.18,0.22]
B(Gocs-mesh)  0.45 0.45 0.44 [0.39,0.43] [0.36,0.42] [0.36,0.42]

(40,16) (128,32)  (256,32)  (512,64)  (1024,64)
B(Geps-group)  [0.24,0.26]  [0.22,0.27] [0.23,0.27] [0.24,0.28] [0.25,0.29]
B(Geps-mesh)  [0.18,0.2]  [0.2,0.25]  [0.19,0.24] [0.22,0.26] [0.21,0.28]
B(Gocs-mesh)  [0.35,04]  [0.37,0.45] [0.39,0.44] [0.38,0.43] [0.37,0.45]

cannot scale beyond 40 EPS nodes. When N > 40, the Decoupled Optimization approach may not
produce any solution after running a few hours.

We then use the Fast Approximation approach to approximate Sjoini(&). As shown in Fig. 6,
the values of fr.t(G., f) exhibit even higher variance, and the gap between mingc s, Brast(G, f)
and Pecoupled (G) Would be even larger. To reduce the estimation gap, we let age(G,p’) be the
p’-th percentile value among all the values of St (G, f). We aim to find p” such that ag (G, p’) =
Pioint(G) when N < 9 and agst(G,p') = Qecoupled (G, p(G)) when 9 < N < 40. The values of
p’(G) vary for different physical topologies and different (N, L) pairs. The detailed values are
summarized in Table 2. For every G € {Geps-group> Geps-mesh» Gocs-mesh }» We pick the minimum and
the maximum values of p’(G), and denote them by p! . (&) and py,,,(G). Then, we can generate a
range [arst(G, p)i, (G)), Aast (G, Prax (G))] to approximate Bjoint(G) ~ f(G). We summarize the
approximation results for all N > 9 in Table 3.

Note: The idea of using percentile values to estimate f(G)’s is just a heuristic. There is no guar-
antee that the true values of f(G) are indeed within the ranges provided by Table 3. Nevertheless,
we believe that our numerical estimation gives readers a sense on the magnitude of f(G).

8 CONCLUSION

We study physical topology design for ODCs, and offer a novel methodology to analyze the
performance guarantee for different physical topologies in this paper. Based on our methodology,
we prove that the uniform bipartite graph based physical topology is optimal for small-scale
data centers with N < R, while optimal physical topologies do not exist when N > R. We also
design three physical topologies that support larger-scale ODCs, and prove their performance gaps
with respect to the ideal physical topology. The methodology in this paper provides a theoretical
foundation for ODC physical topology design, and may help network operators design physical
topologies with a better guarantee.
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There are a number of interesting directions for future work. First, we do not assume any prior
knowledge on the traffic patterns while we define the performance metric f(G). In practice, different
ToR switches may belong to different production groups, and the intra-group traffic can be higher
than the inter-group traffic. It would be interesting to study how such traffic knowledge affects
physical topology design. Second, in addition to throughput, deployment/management/expansion
complexities may also affect the physical topology design for ODC. It remains open to find a
physical topology with the best tradeoff among different performance metrics for ODC.
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A NP-COMPLETENESS OF CALCULATING u(G, f)

We prove the following theorem in this section.

THEOREM 12. The problem of calculating (G, f) for a given physical topology G and a given
traffic pattern f is NP-Complete.

We prove Theorem 12 by reducing the following three-dimensional sum problem to the problem
of calculating p(G, f). The three-dimensional sum problem was proven to be NP-Complete [15].

DEFINITION 5. (Three-dimensional Sum Problem) Given a positive integer n and three non-negative
integer matrices D(i, k), E(k, j) and F(i, j), where i, j,k = 1,2,...,n and

IDWLCEDN LR MILTL
=1 k=1 k=1 j=1 i=1 j=1

does there exist a non-negative integer assignment of A(i, j, k) such that

Z?:l A(l’ j’ k) = D(l5 k)7
?:1 A(l’]’ k) :E(ks.])5 (17)
D=y AL, j k) = F(i, j).
We are now ready to prove Theorem 12.

Proor. Given an instance of the three-dimensional sum problem, we construct an ODC physical
topology G and a traffic matrix f as follows. G has 2n EPS nodes and n OCS nodes. The 2n EPS nodes
are separated into two groups, each with n EPS nodes. There are D(i, k) number of bidirectional
links between the i-th EPS node in Group 1 and the k-th OCS node; there are E(k, j) number of
bidirectional links between the k-th OCS node and the j-th EPS node in Group 2. Each link is
assumed to have its link capacity B = 1. The traffic demand from the i-th EPS node in Group 1 to the
Jj-th EPS node in Group 2 is F(i, j). There is no traffic demand within each EPS group or from Group
2 to Group 1. In total, this network has n? flows, and the traffic matrix f is an 2n X 2n matrix with
at most n? non-zero entries (see Fig.7). For topology engineering, we only allow generating one
logical topology for each traffic matrix, i.e., M = 1. Next, we will prove that the three-dimensional
sum problem is satisfiable if and only if y(G, f) = 1.

Sufficiency (=): Let A(i, j, k) be a solution of the three-dimensional sum problem. Then, we
can set up the OCS configurations as follows: for the k-th OCS, establish A(i, j, k) number of
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Fig. 7. Network topology and traffic model.

bidirectional links between the i-th EPS node in Group 1 and the j-th EPS node in Group 2. Under
this set of OCS configurations, we establish 3.}, A(i, j, k) = F(i, j) number of logical links between
the i-th EPS node in Group 1 and the j-th EPS node in Group 2. Then, if we route every flow
along its shortest path, it is easy to check that the achievable throughput (G, f) = 1. Note that
u1(G, f) = 1is indeed the optimal throughput, because the bisection bandwidth from Group 1 to
Group 2 i, Xp_y D(ik) = X, Xy X5, AL, j, k) divided by the total traffic demand from from
Group 1 to Group 2 Y.t Xy F(i, j) = X1y Xy Xiey AL j, k) is exactly 1.

Necessity (<): Let G be the logical topology such that the optimal throughput p(G, ) = 11is
achieved, and let IT = {II;,II,, ..., II,} be the corresponding configurations of the n OCS nodes.
Since the throughput is 1 under the logical topology G, the bisection bandwidth from Group 1 to
Group 2 in G; must be at least i, 3.7, F(i, j). Note that the egress capacity of Group 1 and the
ingress capacity of Group 2 are both at most

i iD(’? k)= Z Zn:E(k,j) = Z iF(i,j).

i=1 k=1 k=1 j=1 i=1 j=1

Hence, in order to deliver }}1-, ;’:1 F(i, j) amount of traffic, the following statements must be true
for G;:

(1) Every egress EPS port of Group 1 must be connected with an ingress EPS port of Group 2
throughput an OCS node;
(2) Every flow must be delivered directly from its source to its destination.

Now, let A(i, j, k) be the number of links from the i-th EPS node in Group 1 to the j-th EPS node
in Group 2 formed in the k-th OCS node. Note that there are D(i, k) number of bidirectional
links between the i-th EPS node in Group 1 and the k-th OCS node; there are E(k, j) number of
bidirectional links between the k-th OCS node and the j-th EPS node in Group 2. Combined with
the first statement, we must have 3.7, A(i, j, k) = D(i,k) and i, A(i, j, k) = E(k, j). According
to the second statement and the fact that the bisection bandwidth from Group 1 to Group 2 is at
most i, 317, F(i, j), the total number of links from the i-th EPS node in Group 1 to the j-th EPS
node in Group 2 must be exactly F(i, j). Hence, 3.7, A(i, j, k) = F(i, ).

The above analysis indicates that all the three-dimensional sum problem can be reduced to a
ODC throughput optimization problem. Since the three-dimensional sum problem is NP-Complete,
the ODC throughput optimization problem must also be NP-Complete. O

B PROOF OF LEMMA 2

Proor. Let ( gl* (m), flj(u, v)) be the optimal topology+routing solution that attains the optimal
throughput u(G, f). Next we consider u(G’, f).
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(m) " (m) be

Note that the logical topologies gl* are realizable as overlay topologies of G. Let G,

the corresponding underlay logical topology of Ql* (m)_Consider the following overlay-topology
based routing allocation in G”. For every flow from §; to S;, we allocate f;;(u,v) amount of traffic
to the overlay paths from S, to S,. It is easy to verify that the resulting throughput is y(G, f). Note
that restricting routing allocation to overlay paths reduces routing flexibility. In contrast, our TE
formulation (3)(4) computes network throughput based on the underlay topologies Qll*(m) directly,
and thus the resulting throughput must be no smaller than p(@G, f). Combined with the definition
of 4(G', ), we must have u(G", f) > (G, f). 0

C NOTATIONS

The notations in this paper are summarized in Table 4.

Table 4. Notations used in this paper

N, S N electrical-packet-switching (EPS) nodes S = {S1, Sz, ..., SN }-
K,O K optical-circuit-switching (OCS) nodes O = {0y, O, ..., Ok }.
G Physical topology G = (V, &), where V = S U O. (see §3.1).

G Logical topology G; = G1(G,II) = (V}, &) (see §3.1).

Xij x;j(G1) denotes the number of links from S; to S; in G;.

B(G) Performance ratio of the physical topology G (see §3.3).

f Traffic matrix among the N EPS nodes (see §3.1).

u(G, f) | Optimal throughput for the given physical topology G and traffic matrix f (see §3.2).
L Each EPS node has L ports.

R Each OCS node has R ingress ports and R egress ports.

B EPS port capacity.

II OCS configuration IT = {II4, I, ..., IIx } (see §3.1).

M The number of logical topologies generated by ToE for each traffic matrix (see §3.2).

fij(u,0) | Amount of traffic from S; to S; that is allocated to the link (S, S,) (see §3.2).
C, A, C mutually disjoint EPS node groups satisfying Uleﬂc =S.
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